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1, INTRODUCTION AND REVIEW 
OF PERTURBATION THEORY 


The purpose of these lectures is to study some re- 
cent developments in renormalized perturbation theory. 
The subject of renormalized perturbation theory is, of 
course, old and well developed; for large classes of 
Lagrangian field theory models, renormalization proce- 
dures and proofs of renormalizability to all orders of per- 
turbation theory have been given. : The new aspects which 
we will discuss here have been brought into focus by re- 
cent work on current algebras, which makes heavy use of 
Ward identities and of Bjorken limits involving currents, 
both of which are statements about time-ordered products 
of the type which commonly occur in Lagrangian field 
theories. Since some of these statements are obtained by 
rather naive formal manipulations of highly divergent 
quantities, it is natural to ask whether the manipulations 
are indeed correct. There is at present no general way to 
answer this question, even in specific Lagrangian field 
theory models, since no general methods for calculation in 
field theory exist. However, it is possible, and is quite 
illuminating, to examine the question within the framework 


of renormalized perturbation theory, where definite meth- 
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ods of calculation exist and concrete answers can be ob- 
tained. This track has been pursued by a number of auth- 
ors during the past several years, and will be described 
below in detail. The results show that, in perturbation 
theory, there are many cases in which the usual naive 
manipulations break down, leading to modifications, or 
anomalies, in Ward identities and Bjorken limits. These 
anomalies and their properties are an interesting mathe- 
matical physics question in their own right, as well as 
having important implications for certain current algebra 
calculations. 


1.1 Review of Quantum Electrodynamics 


and Renormalization Theory 
We will begin our study of perturbation theory 

anomalies by reviewing the usual genormalization theory, 
in the familiar case of quantum electrodynamics (QED). We 
will find that QED exhibits many of the anomalies which 
will interest us, and the generalizations to other cases of 
physical interest, such as the quark model with massive 
vector gluon and the o-model, involve questions of detail 
rather than of general principle. The Lagrangian for QED 


eee, 
is 
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L(x) = Woy: D) -mo)b (39) -3F 09 FEY (x) 
eo Hx) ¥, 809 Axe, - 
with (x) the electron field, AY (x) the photon field, Si a 
= BA (x) /ox ~8A (x)/ ax” the electromagnetic field strength 
tensor, y: iaj= ya /ax" and with “ep and M9» respectively, 
the electron bare charge and bare mass. From the 
Lagrangian, we find the equations of motion for the fields, 
(iy DT) -mg) $09 = egy, AM) HO0) F 
aFhM(x)/ax' =e, I(x), i 
Pod = $69 yuo. 
Using the equation of motion for (x) to calculate aj (x) /axh ; 
and assuming that no subtlety arises when we apply the 
chain rule of differentiation to the product of two field oper- 
ators at the same space time point, we find 
aj(x) Jax = aU x)/ax yb (x) +H dy" ap (x)/ ax" (3) 
= Wx)[ imytieoy AN (3) ]4(2) HHG0[ -imp-iegy,, AM (x) }4(x) 
= 0, 
which is the usual equation of current conservation. Finally, 
the canonical anticommutation relations of the spinor 
fields are 
{yb (x, t), vl (y, t)}= 6 6°(x-y) ’ (4) 
am a> ape 


with @,B = ie ...,4 the labels of the spinor components, 


and, if we use the Feynman gauge, the canonical commu- 
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tation relations of the photon fields are 

[ A, (28,04, (yt) /at] = ~ig, 8 (xy). (5) 
Eqs. (1) - (5) are the basic equationsof QED. 

The usual method for dealing with these equations 
is, of course, to work in momentum space and to expand 
in a perturbation series in powers of eo: This leads to the 
familiar Feynman rules, which we summarize as follows: 
(i) For each internal electron line with momentum p 


wel 
we include a factor i(p~-m, tie) and for each vertex a 


0 
factor Ban . For each internal photon line of momen- 

F : (ana wel 
tum q we include afactor ey Te)) 
- : 4 4 . 
(ii) There is a factor fa L/(2n) for each internal 
integration over loop variable £ andafactor -l for each 
fermion loop. 
(iii) For each external photon line there is a factor 
= NZ, where a is the photon polarization four-vector 
and Z3 is the photon wave-function renormalization. For 
each external electron line entering (leaving) the graph 
there is a factor NZ, u(p, s)[ NZ, u(p,s)], and similar 
factors for external positron lines, with Zz, the electron 
wave-function renormalization. Disconnected bubbles and 
self-energy insertions on external electron and photon 


lines are excluded. 
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Using these rules, we can construct the invariant 
Feynman amplitude WL for any process, to any order of 
perturbation theory. As is well known, divergences are 
encountered which must be removed by a renormalization 
procedure, which we will now briefly sketch. Let us de- 
fine the electron propagator S(P). the photon propagator 


v 
Dia)" and the vertex part TD (p»p') by 


ist(p) = fedex e'P”* < 0] TH(x)H Op] O>, (6a) 
pon(qy = faxe T *<oj 1 a"(xa" (0))| >, (6b) 
Sip) Epa) SP’) (6c) 
I @ dtyeeaee = <of T(H>9)5, (OK yD] O>. 


They have the following diagrammatic representations: 


p KVR p 
Mot COON) Ky 
iSi(0) —— ie — 
g 


p 


qu 
iptid’” I~ 


if +p! 
eae, 


The vertex part is proper; that is, it cannot be divided into 
two disjoint graphs by cutting a single line. The electron 
and photon propagators can be expressed in terms of the 


proper electron and photon self-energy parts, defined by 


(the blob includes proper 
diagrams only with the 
two electron ends removed 
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(the blob includes proper 
diagrams only with the 
two photon ends. removed) 


ie’ mq) = 


For the electron propagator, we find 


a pee. 


. RES, RR tg) 

i i i 

ym, | tee) Tae [ -i2(p)] J-m, 
which sums to 


! = 1 ee 
S.(P) = #-m-2(p) (7) 


Similarly, writing 
DA qh? = Sgr Dia) + longitudinal terms (8a) 
and using the fact that current conservation requires nq)” 
to have the form 
mq)” = tq-gh”4qh ”) ma) (8b) 


we find that a similar summation gives us 


1 


Di(q) ==> — . 
a” [1+ ef mq?) ] 


(9) 


The reason for defining the propagators and vertex 
part is that all divergences reside in these quantities. To 
see this, we note that the superficial degree of divergence 
of a graph is given by 


D = 4k - 2b - f, (10a) 
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b = number of internal photon lines, 

f = number of internal electron lines, 

k = number of internal-momentum integrations. 
Letting 

n = number of vertices 

B = number of external boson lines, (10b) 

F = number of external fermion lines, 
and using the topological relations 

1D LS CAR SS aly (10c) 

B+ 2b=n, 
we can rewrite D in terms of the numbers of external lines 
above, 

D=4-5F-B. (11) 

The condition for a graph to converge is that D<0O for 
the graph itself and for all subgraphs contained inside the 
graph. From Eq. (11), we learn that the potentially danger- 
ous types of graphs are (a) the electron proper self energy 
part 2(p) (D=1), (b) the proper vertex part ees) (D=0), 
(c) the photon proper self-energy part Rian) (D=2), (d) the 


proper vertex of three photons 


and the proper photon-photon scattering amplitude 
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The three photon vertex vanishes because the photon is odd 
under charge conjugation. (Furry's theorem.) Although 
D=2 for the photon proper-self-energy part, two powers of 
momentum are used up to form the qe y- oy a term in 
Eq. (8b), and thus fea has only an effective divergence 

D wee = 0. Similarly, in the case of photon-photon scattering, 


four powers of internal momenta are used up in forming 


electromagnetic field strengths end —€ -q Eton 


pep jy p 
each of the four external photons. Hence this graph has 
Doce = -4 and is highly convergent. 

Having shown that divergences are alWays associated 
with self-energy and vertex parts, we can now state a pro- 
cedure for studying, and then removing, the divergences of 
an arbitrary graph. Given an arbitrary graph, let us define 
the skeleton as the new graph obtained by contracting all 
self-energy and vertex parts into points. [ In doing this, we 
write my =m - 6m, with m the physical mass, and treat 
6m as part of the electron-self-energy part. Hence the 


electron propagators appearing in the skeleton are all of the 


-1 
form (p-m) -| Clearly, the skeleton graph is always finite. 
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If we can devise a procedure for making the self-energy and 


vertex parts finite, we can then obtain a finite value for our 


original graph by making appropriate insertions of the finite 
self-energy and vertex parts on the skeleton. For skeletons 


with three legs or more, the insertions can always be made 
in a non-overlapping way, and the recipe is simple to imple- 
ment. For skeletons with two legs (electron and photon 
self-energy parts themselves) there are situations which 


necessarily involve overlapping vertex insertions, such as 


this is what makes proofs of renormalizability so difficult. 
The recipe for making the self-energy and vertex 

parts finite is the following. First, we choose 6m = m-m5 
such that 

ém - 2(p)=0 at fp=m, (12) 
guaranteeing that Se has a pole when # is equal to the 
physical electron mass m, 

o; 

sa aa for ~ >m. - (13) 

Z, is the electron wave-function renormalization constant. 


Similarly, we define a photon wave function renormaliza- 


tion constant by examining the behavior of the photon 


is 
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propagator near mass shell, 


=z, giv 
238 


es 
Di Ae > + longitudinal terms, for q +0, (14) 


q 


and a vertex renormalization constant by examining the 
zero momentum transfer limit of the vertex with the elec- 


tron lines on mass shell, 


=i 
= : 15 
DtPeP)| jem 41 Yp (15) 


The renormalization recipe consists of rescaling the self- 
energy and vertex functions and the bare charge so as to 

. ~ ~ Vv ~ 
define renormalized functions Sip), Di (a) and ieee ) 


and a renormalized (physical) charge e, 
' =97 @ 
Sip) = 2, SE 


Nee aad oper | Ld 
Dita) = Z, Dita), (16) 


(p) 


aioe 
E ! =Z is ; t 
PP ae) 


The remarkable fact is that Eqs. (16), when used to ex- 
press the tilde functions in terms of the physical charge 
and mass e and m, lead to finite values of the tilde 
functions for all values of the four-momenta p and p'. 
That is, all of the infinities can be removed into the re- 
normalization constants Z., Z. and Z.. It further turns 


1 z 3 


out that, as a consequence of current conservation, one has 
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i = fa (17) 
When Eqs. (16) are substituted into a skeleton graph with 
external legs removed [ item (iii) of our Feynman rules 
specifies that self-energy insertions in external lines are 
to be omitted], they give the graph obtained from the 
skeleton by making renormalized self-energy and vertex 
insertions, times a product of renormalization factors, 


which is clearly 


Zz n 
- fo = = 
n f-n _b-5n (1s) 


(ZA Z, Zz, Z, = Z Z 
Upon using the topological relations of Eq. (10c), Eq. (18) 
reduces to 
(19) 
which is exactly canceled by the product of external line 
factors NZ, and NZ, specified in item (iii) of our 
Feynman rules. Thus, our Feynman rules, with the re- 
scalings of Eq. (16), always lead to a finite renormalized 
matrix element WL. 

The proof that the rescalings do really make the 


self-energy and vertex parts finite is based on mathemat- 


¥ 


ical induction: one assumes that the procedure makes all 
graphs of.order n-2 in e finite, and then demonstrates 


the convergence of the rescaled graphs of order n.. We 


1 
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will briefly sketch the proof in the cases of the vertex and 
electron-self-energy parts, since the arguments involved 
are simple and involve concepts which will be useful to us 
later on in our discussion of anomalies. The proof in the 
case of the photon self-energy part is made complicated 

by the overlapping divergence problem, and will be onme: 
In order to prove renormalizability of the vertex part, we 
first formulate an integral equation which it satisfies. To 
do this, let us define an electron-positron scattering ker- 


nel K(p',p, qd). » which represents all diagrams of the 


B, y6 


B p-q_- 4 


a 


form 


with external leg propagators removed and with disconnected 


diagrams and diagrams of the following two classes omitted, 


The lowest order contribution to K is 


1) ae ief 
K! Mp! »P) aye” = (y") 
q 


(20) 


rm" 5p’ 


coming from the diagram 
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In terms of this kernel, we can write an integral equation 
for the vertex part, according to the following diagram- 


matic representation: 
p,6 p,d 


We get 
! 
Bes ee Sires as £4 (35, ipa) Peder) 
(21) 
is! 1 1 
XiSi(p +4)] , Kip! ta Pta dig V5! 
or, in a condensed notation, 
ae 1 t 
rey-/{r Si, Si. K. _ (22) 
If we define a rescaled kernel K by 
oe 2 
K = Z, K, (23) 


then Eq. (22) can be rewritten in terms of rescaled quanti- 
ties as 

K. (24) 
We wish to show that when the theory has been made finite 
to order n-2, the renormalization constant defined by 


Eg. {15) makes T finite in order n. Since K begins in 


yy 
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order ei see Eq. (20)], we can get the order n contri- 
bution to T by substituting the order n-2 contributions 
tos a and K into the right hand side of Eq. (24): 


clus sO NS: SE =e) 5, lak 3 2)e(n-2) (25) 


The definitions of the rescaled vertex, Eq. (15) and (16), 
tell us that 
it ; = (0) (26) 
p (p P)| fem 


which implies that 


zs Pa = ic. Gish Ta Shen Ke pie ee (27) 


(n) 


determining 2) in terms of known quantities. 

Note that the statement that the right hand side of Eq. (26) 
is proportional to a (divergent) constant times y involves 
no assumptions: the right hand side is a dimensionless 
Lorentz vector function of m, and therefore must be pro- 
portional to Yu , the only Lorentz vector in the problem 
when # and #' have both been replaced by m. Substi- 
tuting Eq. (27) into Eq. (25), we get 


(n-2) gin-2) e(n-2) ~(n-2) 
= fT oe Rl tepiem — (28) 


_ fp pdn-2) a{n-2) 2(n-2) ~(n-2) 
ier so 


Now, using the induction hypothesis, it is an easy matter 


to show that ail subintegrations in Eq. (24) involving some, 
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but not all of the internal lines, are finite. Thus the only 
divergence is a logarithmic one connected with the overall 
subintegration in which the four-momenta passing through 
all internal lines become large simultaneously. This over- 
all divergence is, however made finite by the single differ- 


encing of Eq. (28), and hence zn) 


p 


gent. We have therefore established that the vertex part 


is seen to be conver- 


=a is multiplicatively renormalizable. The important 

thing to note about our argument is that it has proceeded 
entirely from the integral equation of Eq. (22), but in no 
way depended on specific properties of the vector-vertex 


y.. Since the pseudoscalar and axial-vector vertices in 
vu 


quantum electrodynamics satisfy similar integral equations, 


5 Say ee 
= 2 K, 
are vas f a Sie Se 


5 


5 (29) 
Payee Ssh 


it follows by an inductive argument identical to the one 


given above that these vertices are also multiplicatively 


renormalizable, 
5 -1~5 
Ir (ppp y= Z, LF (psp')s 
5 cme (30) 
M(p,p')=Z2) 0 {pxp')s 


with ZA and Zp divergent constants. 


Next, let us turn our attention to the electron 


propagator Sj.(p)- Although overlapping divergences are 


1S 
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present here, the overlapping divergence problem can be 
circumvented by using an important connection between the 
propagator and the vertex part known as the Ward identity. 
To obtain the Ward identity, we multiply Eq. (6c) by (p-p'y > 
giving 


(p-p')" Sip) TF. (ps P' SEP") (31) 


-tp-p')" fdtxa4ty e'P * et %< of 1p (305, (OFC y)| O> 


4 4 
S(e=p")" fa xd 


- eilP'-P)- x ip’: Y<o| T( 0)5 29H) | 0> 


fab aby eMPUPI OPIY; 2 col 10H(0)5, (20H y)) | > 
B 

=i fateaty oP) * FP Yo] r(y (0) 5,9) Bon) 
+ 8(x pM TLjg(x)»4(0)] Hy) +8 (545-¥ 9) TO (0)L J gh + By) 1) 10>. 
[ In going from the first line to the second line on the right- 
hand side of Eq. (31), we have set x~>-x, y>y-x, and used 
translation invariance of the T-product. In going to the 
next line we have integrated by parts, and in the final line 
we have used the standard formula for the time derivative 
of a T-product.] Using Eq. (3) to evaluate the first term 
in the final line, using the canonical commutation relations 
to evaluate the two remaining terms, and comparing with 
Eq. (6a), we get 

(p-p' "St (p) Epee! )SE(p') = S(p')-Si(p), (32) 
or multiplying by Sip) < Shp" aA 


1\h 'j- ea =) ’ ' =. 
(p-p') Trae )= S\(P) -Si(p ) (33) 
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which is the Ward identity. Now, when #'=m, Eqs. (7) 
and (12) tell us that St(p')"'= 0. Hence 
s'_( i 1, r ' 
pip) =(p-p') I (p.p May aeee. (34) 
which immediately implies that i is finite to order 
n, since Z) af is. Furthermore, examining Eq. (34) in 
the neighborhood of ~ = m, we have 
-l -1 
a ~S! = =i) ' 
22 (b-m) &SE(P) | gary = (PPE (PP) | en 
aay em 
~Z, (p-m), _ (35) 
which tells us that Zz, = Z5: as claimed. We see, then, 
that the Ward identity plays a very useful role in discussing 
the renormalization of QED. In deriving the current con- 
servation condition in Eq. (3) and the Ward identity in Eq. 
(16), we have made with impunity the type of dangerous 
manipulations referred to in the opening paragraphs. It 
turns out, however, that these manipulations are justified, 
and the Ward identity and other consequences of vector 
current conservation are valid in all orders of perturbation 
theory. In other words, in QED with only the vector cur- 


rent Ue considered, there are no Ward identity anom- 


alies. 
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2. THE VVA TRIANGLE ANOMALY 

To get our first example of a Ward identity anomaly, 
we will consider the axial-vector current ix) in quantum 
electrodynamics, 

500 = Wd y, veh09- (36) 

This current plays no role in pure quantum electrodynamics, 
but appears when the weak interaction between electrons 
and neutrinos is taken into account within the framework 
of the local current-current theory. {To see this, we note 
that in the current-current theory without intermediate 
boson, the leptonic weak interactions are described by the © on 


effective Lagrangian 


ait oft 
Log = (G/N2) ne (37) 
where Gx 107°/M is the Fermi constant and where 
proton 
xX = A — xX 
ee Y (l-y,)u+ voy (l-y,)e (38) 


is the leptonic current. In addition to the usual terms des- 
cribing muon decay, Eq. (37) contains the terms 
(G /N2)Ey,(l-¥.)¥, 9 yU-¥,)i 
+ ey, (I-y,) v Vy (l-y.)e] ; (39) 
which describe elastic neutrino-lepton scattering. It is 
frequently convenient to rewrite Eq. (39), by means of a 


: : a 
Fierz transformation, in the form (the so-called charge 
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retention ordering) 
= => is 
(G/N2)[ Hy, (-y,) HY y U-y,) ¥, 
— a —s xX = 
te y, (1 Ys) ev EY (i Y;) v] : . (40) 
which clearly involves the muon and electron axial-vector 
currents as well as the corresponding vector currents.} 
Proceeding in analogy with our treatment of the vector 
current in the last section, we use the equations of motion 
to calculate the divergence of the axial-vector current, 
aj) (x)/ax = Wx)[ imotiesy AM Ox] yohx) 
bo 0 0'H 5 
re . 2 p- 
+f 2 im, tie A’ (x 41 
Ux) ve[imptieny, AN (x) ] Wx) (41) 
= Zim, i (x), 
with 
o a 
5°) = Woy. (9) (42) 
the pseudoscalar current. Defining axial-vector and pseu- 
doscalar vertex parts by analogy with Eq. (6c); 
5 
t 30 ; ' Ss! t 
Si(P) yP p') Sip") 
4 ip*x -ip'- nein 
= - fab diy eP *e"P'*%eo] Ty (2952 (O}Hy)) |0>, 
S'(p) T° (p.p') St(p') i‘. 
me : F 
4 4 ip*x -ip'-y 5) A= 0 
=- fdxdye?P*e <0| TCH (x) 5” (0)4(y)) | O>, 
a derivation precisely analogous to that of Eq. (31) gives 
the naive axial-vector Ward identity 


5 ot ee 
(p-p')* 2 (p,p! )=2my F'(p,P)+S(P)” Ys tYsS(P') « (44) 
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2.1 Ward Identity in Perturbation Theory 
We wish to examine whether the naive formal 
manipulations which led to Eq. (44) are actually valid in 


, 5 
perturbation theory. Defining vertex corrections a and 


Ie by 
S =y y. + he 5 
Be Bb 5 b (45) 
5 5 
PS Ye 
and using Eq. (7), we may rewrite Eq. (44) as 
ryH A? ; ree ' . 
(p-p') eee )=2m )A°(p,p')-2(p)y--v¥-2(P')- (46) 


In order to derive Eq. (46), let us divide the diagrams 
contributing to A? (p»P") into two types: (a) diagrams in 
which the axial-vector vertex Mts is attached to the 
fermion line beginning with external four-momentum p' 
and ending with external four-momentum p; (b) diagrams 
in which the axial-vector vertex Th Ys is attached to an in- 
ternal closed loop. Because the axial-vector current is 
charge conjugation even, 2 Furry's theorem tells us that 
the number of photon lines emerging from the closed loop 
must be even 


re 
(1) yl) (k) Wives k+l) Y2n-1)  ¥2n) 
Pp ptP, Pip, PtP ee ae 1p PB 
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A typical contribution of type (a) has the form 
2n-1 k-1 : 
Ph) fee al L 
Si, jek B+p,-m, | u oto -m5 Yi¥5 z' iets), 
eae Ru 1] (2n) 


Tes) 


where we have focused our attention:on the line to which 


cara | Ce (47) 
a ; mJ 

the Bets vertex is attached and have denoted the remainder 
of the diagram by (...), Multiplying Eq. (47) by (p-p')" 


and making use of the identity 
SSS ee 
+p, -m Ys p'+p.-m, ptp, -m oYs 
k 0 ke) ake Q 
x—— —- tae 
p'tp -m p+p -m, ¥5'%5 yp +p -m 
k 0 k 0 eo) 
gives, after a little algebraic rearrangement, 


alas (oe 108 


1 
A FLY dom, |” Fo, 7™0%s 


(48) 
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2n-l 
(j)__. 
Xz TR -M> Ben] ah 
‘ie 1 
Gy) one (2n) 
erat LY FB =m, vO ONS 


2n-l F (2n) 


; ()__ 
Veh. rom) 


The first, second, and third terms in Eq. (49) are, respec- 


Gee (49) 


tively, the type-(a) piece of Ke and the pieces of -2AP)y, 

and -Y,2(p' ) corresponding to the type-(a) piece of is in 

Eq. (47). Summing over all type-(a) contributions to A ; 
we get 

a 

(p-p')* am 

=2m o* 


(p,p') 


(2p, p')-Zp)yg-¥e2(P'). (50) 


We turn next to contributions to h of type (b). A typical 


term is 


fagay |e 
nly (j) De) Get 
fae nT TE ay rt+p.-m , Tt omy HS 


Multiplying by (p-p' yr and using Eq. (48) gives 
2 a 1 é 
fate trix > ny fv : Rl) at 
k=] j=l lL r+B,-m 1h r+p-™m, o¥s 
2n 
1 A 
x err ary el fy) — = f- b 
k o/ E j 
2n 
4 : 
Ket fats wty? n jy) —4 
Jak th ; 0 


] 
Ys jai] rig 8 om, |} (anys (52) 
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The first term in Eq. (52) is the type-(b) contribution to 
ie corresponding to Eq. (51), while making the change of 
variable r+ r+p' -p inthe integration in the second 
term causes the second and third terms to cancel. This 


gives, when we sum over all type-(b) contributions, 
5 (b) 5(b) 
mM 
The Ward identity of Eq. (44) is finally obtained by adding 


(p-p')PA7*"'(p,p!) = 2myA” (py p'). (53 
Eqs. (50) and (53). 

Clearly, the only step in the above derivation which 
is not simply an algebraic rearrangement is the change of 
integration variable in the second term of Eq. (52). This 
will be a valid operation provided that the integral is at 
worst superficially logarithmically divergent, a condition 
that is satisfied by loops with four or more photons, that is,. 
loops with n>2. However, when the loop is a triangle 
graph with only two photons emerging, 

ko ‘ ie : ey 
Yo a 


+ diagram with 
photon lines 
tee ; ony interchanged 
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we have n=1, and the integral in Eq. (52) appears to be 
quadratically divergent. Actually, since tr{y.y 4H = 
0, the integral in the n=1 case is superficially linearly 
divergent. Since it is well known that translation of a lin- 
early divergent Feynman integral is not necessarily a valid 
operation, 2 we suspect that Eq. (53) breaks down for the 
triangle graph. 

To see that this really does happen, we make use of 
an explicit expression for the triangle graph calculated by 
Rosenberg. a The sum of the triangle illustrated above and 
the corresponding graph with the two photons interchanged 


is 


a 
0 dr me 
R_ s2f (“I ey et -iepy,) 
eae o pK (ne +K)-™ 0's 


i 7 i 
* Fomg (0p) Femmg YHYS) 


This expression is linearly divergent, but as in the case of 


(54) 


the photon self-energy part, current conservation requires 
that the photons couple through their field-strength tensors 
Ke to. Ke &b 5 kc soko e', using up two powers of momen- 
OQ ~ (4 22 a Lat 
tum and leaving a convergent integral with D ff = -l1. The 

S 
simplest way to make use of current conservation in practice 


is to first write down the most general form for the axial- 


tensor aa consistent with the requirements of parity 
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and Lorentz invariance, A little thought shows that this is 


(55) 


with the Ns ...,6) Lorentz scalar functions of kk and 


k,- The requirement of Bose symmetry, So aay k,) = 


age 2) 1 implies that 
Aik), k,) = -A,(k,, k)) 
A3(k)> k,) = +Ac (Kk, k)) (56) 
A, (ig) k,) = ~A,(k,, k))- 

Imposing the condition of current conservation, ky R = 


op} 


KP R = 0 gives us relations between A,, A, and the 
2 copy 1 (4 


remaining A's, 


Z 

= ca 

A Fk k, A, +k, Aj, 
Zz 


A, = k A, + k- k, Ay: 


(57) 


Now A each appear in Eq. (55) multiplied by three 


3,4, 5, 6 
powers of external photon four-momentum, and therefore 
will each involve a highly convergent Feynman integral with 
D = 1-3 = -2, On the other hand, the scalars A and A, 
each multiply just one power of momentum, and therefore 


are represented by formally logarithmically divergent 


Feynman integrals with D ose = 1-1=0, But current con- 
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servation saves the day, since it allows us to calculate Ay 
and A. directly from the convergent quantities A 0 

Z 5.4, oy 
Introducing Feynman parameters and doing the r integra- 
tion in the standard manner, we find 


2 
A,(kjsk,) = -lén” Ly (kjk), 


2 (58) 
A,Us, k,) =l6on [ Lolkp k,) “Jy of Kk) J ; 
with ; pe ve ; 
ib (UR pfs) Sil teks dy x y [ y(l-y)k 
si, 2 0 0 1 (59) 


2 Z, -l 
+x( 1-x)k,+2xyk,- k,-mp ] 


In order to check the Ward identity, we will also 
need an expression for the triangle graph with Ma Y, re- 


placed by 2m Defining 


oYs: 


-ie 


a 2mpoR_ = ra ete emery ) 
(2a) di (2) ys © 


i i 
~ (-ie,y ) Zyl, (60) 
F, My O'p mG 0°5 
we find by straightforward calculation that 
he 
R =k k 
Tpleloee opt 


zZ 
B =o M plo o( ky» k,)- 


(61) 


We are now ready to calculate the divergence of 
the axial-vector triangle diagram. If the Ward identity 
holds, we should find 


[r a 
(kirk hae ou 72m Ri (62) 


Oop 
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but from Eqs. (55) - (61) we find, instead, 
ag 
-tk + = 
Uk, KB, ow 2m oR, +8 ky ky “Peet (63) 


We see that the axial-vector Ward identity fails in the 
case of the triangle graph. The failure is a result of the 
fact that the integration variable in a linearly divergent 
Feynman integral cannot be freely translated. 
22 Impossibility of Eliminating the Anomaly by a Subtraction 
The question now immediately arises, whether it 
is possible to redefine Rae by a subtraction or in some 
other manner, so as to eliminate the Ward identity anomaly 
of Eq. (63), but without introducing any new types of anom- 
alous behavior? A subtraction term, in order to preserve 
the expected behavior of Sen » must have the following 
properties: (i) It must be a three-index Lorentz axial- 
tensor. (ii) It must be symmetric under interchange of 
the photon variables (ko) and (k,, p). (iii) It must bea 
polynomial in the momentum variables k) and k,- This 
requirement follows from generalized unitarity, which says 
that discontinuities of err with respect to external vari- 
ables are related to Feynman amplitudes for intermediate 
state processes by the Cutkoskyrules. Since taking a dis- 
continuity renders the Feynman integrals in Eq. (54) con- 


vergent, the discontinuities of ae have no anomalies, 
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and R. as satisfies generalized unitarity by itself. Thus 
the subtraction term must have vanishing discontinuities, 
i.e., it must be a polynomial. (iv) If we set k, = [s (O). 
k, = -€Q+€R+S, with Q,R,S arbitrary, andlet §-o, 
the subtraction must diverge at worst as § times a power 
of fn &. This requirement follows from Weinberg's 
theorem, . which states that when the external momenta 
of a Feynman graph approach infinity as above, the larg- 
est power appearing is ¢PMAX, where DAX is the 


maximum of the superficial divergences of the graph and 


of its subgraphs. For the triangle, 1. Since 


MAX = 
aor already has asymptotic behavior consistent with 
Weinberg's theorem, so must the subtraction. We note 


for future reference that when R = 0, 


(apa 
je Ss i — re 4 
eon 1 EQ k5 £Q + p'-p)>+8r EQ arene O( fn §). (64) 


(v) The subtraction must have the dimensionality of a 
mass. (vi) The subtraction must satisfy the require- 
ments of vector current conservation. 

It is easy to see that it is in fact impossible to find 
a subtraction satisfying these six conditions. The first 


five conditions are only satisfied by a term of the form 
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U ; 
amine , but this term does not satisfy condition (vi)! 


Thus, while it is possible to define a subtracted triangle 
diagram Bou which has arnormal axial-vector Ward 
identity, 
; ia Ze qf 
R =R +47 ¢ (k/-k,) , 
TPL. opp Topp 1 2 


rv 
os + ! = 
OF k,) Sa ag 


(65) 


it violates vector current conservation, 


jes a 
1 opp. 1 2 Topp (66) 


2 a 
ce Uo = 4 p dl 
2 aa a a3 a “To pH 

All we have succeeded in doing is substituting one diver- 
gence anomaly for another. Similarly, if we introduce 


projection operators in order to force all divergences to 


have the correct values, as in 


pte -+ jr" +42m,R_ ,qe-- ; 
opp Suv ~ qe Sop Bae cpr pez! 
kok} i> ok (67) 
Rit = (g a i a 2p Re” t ; 
opp ok 2 pn Z b 
= aL 


we introduce spurious kinematic singularities, in violation 
of condition (iii). We see that the situation is like the pro- 
verbial square peg being inserted in a round hole--we can 
fix the triangle diagram in one respect only by making it 
anomalous in some other respect. The anomaly really con- 


sists, not of Eq. (63) by itself, but rather of the impossi- 


bility of finding a redefined triangle diagram which simul- 
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taneously satisfies all of the six requirements above. 


Failure to appreciate this chameleon-like quality of the 
anomaly has resulted in erroneous claims in the literature 
that the anomaly can be eliminated. 

In the remainder of these lectures, we will always 
use the expression Rp for the triangle, rather than the 
subtracted expression Re which has normal axial-vector 
but anomalous vector Ward identities. Since, a priori, it 
would appear that the vector Ward identity is no more 
sacred than the axial-vector Ward identity, the choice re- 
quires some words of justification. We note, first of all, 
that enforcing vector current conservation is essential if 
we want the triangle to describe the physical coupling be- 
tween a neutrino-antineutrino pair and two photons. The 
reason is that since two photons can never be ina state 
with J =1, the coupling of the J=1l state of the vy pair to 
two photons must vanish. Expressed in terms of oer : 
this requirement states that if cy is an arbitrary spin- 
one polarization vector satisfying f- (k) +k, )=0, and if (e), ki) 
and (€5) k,) are photon variables satisfying ey ky =e,-k, = 


(a fa 


2 
k, =k, = 0, we must have Than arse R = 0. It has been 
1 Z 1 2° opp 


7 
shown by Rosenberg that Eqs. (55) - (58) do satisfy this 


condition. On the other hand, the subtraction term. in 
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Eq. (65) does not satisfy this condition, and hence ane 
does not, and so cannot describe a physical vy-pair--two 
photon coupling. Secondly, we will see below that the 
relations between the Ward identity anomaly and com- 
mutator anomalies take a particularly simple form when 
vector current conservation (and hence gauge invariance) 
are maintained. Finally, the most interesting application 
of the triangle anomaly, the derivation of a low energy 
theorem for A decay, is independent of which definition 
of the triangle is used. So again, it proves convenient 
(although not essential in this case) to maintain gauge in- 
variance. 


2.3 Anomaly for General Axial-Vector Current 


Matrix Element 
Let us now return to the diagrammatic analysis 
which we left off at Eq. (63). Clearly, the breakdown of 
the Ward identity for the basic triangle will also cause 
failure of the Ward identity for any graph of the type il- 
lustrated below, in which the two photon lines coming out 
of the triangle graph join onto a "blob" from which 2F 


fermion and B boson lines emerge. 
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From Eq. (63) for the divergence of the basic triangle 
graph, it is possible to show that the breakdown of the 
axial-vector Ward identity in the general case is simply 
described by replacing Eq. (41) for the axial-vector- 


current divergence (which we have shown to be incorrect) 


by 
@ 
Oo ; ae) 0 §o Tp 
—2= =2 == , 
Ox, i, im)j (x) + re re (x) F eer (68) 
Eq. (68) is easily verified by using the following 


Feynman rules for the vertices of in ae and 


fo ..Tp 
(a,/4n) Bo) baae Cate 
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Operator Vertex Factor 
5 
J, (8) Bien, 
—~_o— SS) Wy 

5 eed 

(x) 5a 
ay <a e <—_ ¥5 
Ps Gir (a) « ee 200 oF 
4n tctlp —>—e—< Cat 12) Tp 


[ @o= e6/4n] 
Using Eq. (68) we can easily see how the Ward identity for 
the axial-vector vertex is modified.~ Defining F(p,p' )by 
S'(p) Fip,p' )St(p')= - fax diye *e*P'Y (69) 
XK <0] T(x) F(0) F7?(0) Egg z ply) LO>, 
then we find 
(p-p')" Pr (psp')= 2myP"(p,p! )+S4(p) "Ye ty,Se(P) 
-i(a)/4n) F(p,p'), (70) 
which replaces Eq. (44). 
2.4 Coordinate Space Calculation 
So far we have worked exclusively in momentum 
space. However, the fact that Eq. (68) shows the anomaly 
to have a simple form in coordinate space suggests thata 
coordinate space derivation should be possible. To proceed 
in coordinate space, let us confine ourselves to the case 
of a c-number electromagnetic field and let us regard the 


5 ee 
axial-vector current jy as the limit of a nonlocal current 


in which the fields oy and W are evaluated at separated 
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space-time points, 


ja ae = lim i. AcE) A {7la) 
las 


ee €) = Wat) y ys Oe Sjexpf -ie og dg» A(L)] . (71b) 
The line integral in Eq. (71b) is necessary in order to in- 


sure invariance of joe) under the gauge transformation 
aa 


oO (3, 


ib (x) 


AM (x) + AB (x) +2208. (72) 


Expanding the exponential out to first order in € and then 


using the equations of motion to calculate the divergence 


gives 
iB) _ € € : x : 
ia (x,e€) =Wxt y Y Me ery en e,A (x)]+higher order, 


5 3 
be tu (xe) =H (xt 3 )Y Re hee: siicie, « oe rae 


ee AM (x-5)-AP(x+5)]} + 2imoj 5( x, €) 


iso No ; 
eg fy ox, Ay (x) + higher order 


23 : lt a : 5 j 
= J oce) ie ot) t + 2im oJ (x,e) + higher order. { 73) 


Taking the vacuum expectation of Eq. (73), we get the 
divergence equation for the generating functional describing 
the coupling, through a single closed loop, of the axial- 


vector current to an arbitrary number of external c-number 


photons, 


ts) 25 
aoe <0 | j, (xe) [0 > (74) 


vi 
a 5 PA, 5. ne, , 
= ieg<0|j (xe) e, |0> sae Zim) <0]; (x,€)| O>+ higher order, 
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The first term on the right hand side of Eq. (74) is formally 
of order ce, and is neglected in the naive derivation of Eq. 
(41). A careful calculation shows, however, that 
AB : -l 

li, (x, €)|0> is of order e as e-0, so that in fact 
the first term makes a finite contribution as ¢« > 0. Car- 

: oo Jt 
rying out the details gives 


ie)<0|j (xe) €, [0> FPN 
: (75) 


%0 


=> ee Fe) + Ole), 
in agreement with the vacuum expectation of Eq. (68). Thus, 
the anomaly can be obtained by the equation of motion ap- 
proach, provided that one is careful in handling the singu- 


lar operator products which appear in the axial-vector cur- 


rent. 
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3. CONSEQUENCES OF THE TRIANGLE ANOMALY 
Let us now examine some of the consequences of 
the anomalous axial-vector divergence which we found in 
the previous section. We will see that the anomaly pro- 
duces changes in certain standard results having to do 
with renormalization of the axial-vector vertex and with 
Y,~symmetry. We will also find that Eq. (68) leads to a 


low energy theorem for the vacuum to two photon matrix 


element of the naive divergence 2im oJ ; 


the generaliza- 
tions of which have interesting physical implications in 
decay. 

3.1 Renormalization of the Axial-Vector Vertex 

Let us begin with an analysis of the behavior of 

the axial-vector vertex under renormalization. As we re- 
call, according to Eq. (30) both the axial-vector vertex 
and the pseudoscalar vertex are multiplicatively renorm- 
alizable, with respective renormalization constants Z 
and Zy: Let us now ask whether these renormalization 
constants are the same as, or are simply related to, the 
electron-wave function renormalization Z3: We will 
first find the answer which follows from the naive axial- 


vector Ward identity of Eq. (44), and then see how it is 


changed when the anomaly is taken into account, as in Eq.(7Q. 
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In order to talk in a precise way about the infinite 


renormalization constants m Z Z, and Zp? we will 


Ope 2 A 


follow the standard procedure of introducing a.cutoff A into 
our Feynman rules, so that the renormalization constants 
become finite functions of A which diverge as A+oo. There 
are many different ways. of introducing a cutoff which ac- 
complish this. [ One particular way is specified in detail in 
the next section. | As long as we deal only with low-energy 
theorem type questions, in which all external momenta re- 
main small compared with the cutoff, the precise details of 
how the cutoff is introduced are irrelevant. In particular, 
no ambiguities in order of limit are involved in a calculation 
in which external momenta are allowed to approach zero 
while the cutoff approaches infinity. On the other hand, we 
will see that in Bjorken limit calculations, in which ex- 
ternal momenta approach infinity, the question of whether 
the external momenta remain much smaller than the cutoff, 
or become much larger than the cutoff, as both approach in- 
finity, becomes of crucial importance. 

To proceed, we start from the naive axial-vector 
Ward identity of Eq. (44) and set p =p’, so that the axial- 
vector vertex term on the left-hand side vanishes, and then 


multiply through by the electron wave function renormaliza- 


4] 
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tion Zo: This gives 

2m), P(p,p) = -(Z,8(P) vet¥Z,8_(P) 1 (76) 

S Bp) vey Ste), 

and since the right-hand side of Eq. (76) is finite (i.e. A- 
independent in the limit of large A) , we see that the left 
hand side, 2m Z 1°( P,P ), is also finite. In Section 1 we 
saw that, for general p and p’, r (p, p’) is always made 
finite by multiplication by a renormalization constant Z5° 


Z. are the same, uptoa 


Hence we conclude that 2b and zm 2 


finite factor, 
am)Z, TES = finite. i772) 
Next, we substitute into the naive axial-vector Ward identity 
the expressions of Eqs. (16) and (30) for the renormalized 
electron propagator, axial-vector vertex and pseudoscalar 
vertex, and multiply through by Z 


A’ giving 


ons 


(p-p MF, po!) = SK 2) Pep) (78) 


D 

Sl) Ve Se) ] 
Let us now differentiate with respect to the cutoff A. The 
tilde quantities, by construction, are A-independent in the 
limit of large A, as is the ratio of renormalization con- 
stants in Eq. (77) and hence the entire square bracket in 


Eq. (78) . So we get simply 
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poe Zz 
A ae (p, p)+5i(p)'y,ty,5t (PY a (79a) 


which ee es er 


Boca 


0=— (==); 
oA Z, 


(80) 
Zz JZ = finite. 

Eqs. (77) and (80) tell us that, up to arbitrary finite factors, 
the axial-vector and pseudoscalar vertex renormalizations 
are just Zz, and ém)2Z,> respectively. 

When we replace the incorrect, naive Ward identity 
of Eq. (44) by the corrected Ward identity of Eq. (70), part 
of this conclusion must be modified. Referring back to the 


r 
Feynman rules for the vertex of a F P » we see that 


“totp 
when there is no net momentum transfer into the vertex, sa 
that k,=-k the antisymmetric tensor factor Ke ae € van- 

Poe? y b 2 ‘totp 
ishes. Consequently, when p = p', the additional term 
Flip, p') in Eq. (70) vanishes, and so Eqs. (76) and (77) are 
still valid. Thatis, even in the presence of the triangle 

5 . F ree 

anomaly, ém,Z,0 (p,p') is still finite. 


On the other hand, the presence of the term F in Eq. 


(70) changes Eq. (79a) to read 


Z 2m ,.Z 
A Ome. = 5 ~ -i 
ee a, 5. p)48'(p)” y247.8 ip)” 
a F 55 | 


9 -iay i: 
+— [a 12 Fip.')] = 0 é (79b) 
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The presence of the extra term proportional to F in 

Eq. (79b) prevents us from drawing our previous con- 
clusion of Eq, (80), that Z fz, or ZT (p.P") are finite. 
We expect that even after multiplication by Z there will 
still be divergent terms in the axial-vector vertex. Such 
terms first appear in order a of perturbation theory, 
as a result of the diagram 


p jo) 
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which, by use of Eq. (64), is easily seen to be logarith- 
mically divergent. In heuristic terms, this divergence 
is not removed by multiplication by Z, because Zz, is 
obtained from the theory with only vector currents pre- 
sent, and does not "know" about the existence of the 
axial-vector triangle anomaly. Introducing a cutoff by 
replacing the photon propagator eT done by 
“ig. [ free ce tie) | we find tae 
Z, 03 (PP!) = V5 (1-Hay/n) n/m} (81) 

+ Xy X finite + at Xfinite + Oa), 

or equivalently (up to an unspecified finite factor) 


z,=2Z,[1 + lay/m) n( A [(mn7)+0( a) | : (82) 


3.2 Radiative Corrections to Vv, 4£ Scattering 

As an application of Eq. (81), let us consider the 
radiative corrections to y, £ scattering, where f isa 
} or an e. As we saw in Eq. (40), after Fierz transfor- 
mation the terms in the local current-current Lagrangian 
which describe vt scattering become 

(G/N2)[ Hy, (U-va)e BY -¥5)%, oe 

+S y(I-y,) e By (-y,)0] 

The radiative corrections to Eq. (83) are simply obtained 


by calculating the radiative corrections to the charged- 
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lepton currents HY, (-y.)H and ey, (I-yva)es without any 
reference to the neutrino currents. Application of our 
Feynman rules shows that the effect of radiative correc- 


tions is to replace the matrix elements ayia avs any: 


Pe) te) by 
ZT zit) pias 
Mu) 72 Jays (84) 


Be zie) (ey. te 
eae: |) Beene 


5(p, e) 


with ae e) aad a the proper vector and axial- 


(pH, e) 


vector vertices and with Zz, the wave-function re- 


normalization factors coming from item (iii) of the Feynman 
rules. From the usual vector-current Ward identity, we 


know that ral a and AaB are finite. On the 


other hand, Eq. (81) tells us that 


,e) S(t, 2 Byae 
a aay ey yf le Hay/n) ta K/en°)] 


+ a, X finite + a’ finite + Of ae), 


(85) 


which means that, on account of the presence of axial- 
vector triangle diagrams, the radiative corrections to Vane 
and ie scattering diverge in the fourth order of pertur- 
bation theory. This result contrasts sharply with the fact 
that the radiative corrections to muon decay or to the 
scattering reaction ae eva + are finite to all orders 


; : 11 
in perturbation theory. The crucial difference betweenthe 
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two cases, of course, is that because of separate muon 
and electron-number conservation, the current Py, (l-y,)e 
cannot couple into closed electron or muon loops, and 
thus the troublesome triangle diagram is not present. 

Two points of view can be taken towards the diver- 
gent radiative corrections in yt scattering. One view- 
point is that we know, in any case, that the local current- 
current theory of leptonic weak interactions cannot be 
correct, since this theory leads at high energies to non- 
unitary matrix elements, and since it gives divergent 
results for higher-order weak-interaction effects. Be Thus, 
it is entirely possible that the modifications in Eq. (83) 
necessary to give a satisfactory weak-interaction theory 
will also cure the disease of infinite radiative corrections 
in vt scattering. The other viewpoint is that we should 
try to make the radiative corrections to v,t BCusten ing 
finite, within the framework of a local weak-interaction 
theory. It turns out that this is possible, if we introduce 
Ne and ie scattering terms into the effective Lagrangian 
so that Eq. (83) is replaced by 

(G/N2) [Hy (1-¥,)H ey (1-y,)e] 


ey ae 
Peevey, Pov (l-y,)/ 1 - (86) 
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This works because the troublesome extra term in Eq. (68) 


is independent of the bare mass m.,, so that it cancels 


0 


between the muon and electron terms in Eq. (86), giving 


(pH) 


CI ee = See (e)— 
x, [HY Y,H- eY, Yel = 2imy ey 


PY -2im), 5° ° (87) 
Application of the argument of Eqs. (76)-(79) then shows 
that the radiative corrections to Eq. (87) are finite. What 
has happened is that the e-triangle and ,. -triangle contribu- 
tions to the total ne scattering amplitude contribute with 


opposite sign and regulate each other, 


total 

ve= 
e c 

scattering 


Experimentally, it will be possible to distinguish Eq. (86) 
from Eq. (83) by looking for elastic scattering of muon 
neutrinos from electrons; the present upper bound is still 
consistent with Eq. (86), but is getting very close. 


3.3 Connection Between Ys Invariance and a Conserved 


Axial- Vector Current in Massless Electrodynamics 
Next, let us discuss the effects of the axial-vector 
triangle diagram in the case of massless spinor electro- 


dynamics [ Eq. (1) with m )=0 ] - We will find that the 
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triangle diagram leads to a breakdown of the usual con- 
nection between symmetries of the Lagrangian and con- 
served currents. As in our previous discussions, we 
begin by describing the standard theory, which holds in 
the absence of singular phenomena. Let { &(x)} = 
(B(x), },(x), js} and {8, 5} be a set of canonical fields 
and their space-time derivatives, and let us consider the 
field theory described by the Lagrangian density 
A(x) 2L[ {8}, {0,8}]. (88) 
To establish the connection between invariance properties 
of =f and conserved currents, we make the infinitesimal, 
local gauge transformation on the fields, 
ie] = 0 ee) !, (89) 
and define the associated current J® by 
g°=-6 £ /6(3, v). (90) 
Then, by using the Euler-Lagrange equations of motion 
of the fields, we easily Bec that the divergence of the 
current is given by 
as” = -6 L/ov. (91) 
In particular, if the gauge transformation of Eq. (89) with 
constant gauge function v, leaves the Lagrangian invar- 
iant, then 5 L£/bv=0 and the current J° is conserved. 


Thus, to any continuous invariance transformation of the 
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Lagrangian there is associated a conserved current. Itis 
also easily verified that the charge Q(t) =f aca Tee t) as- 
sociated with the current i has the properties 
dQ(t) /dt=0, (92a) 
[ Q, ® (x) ] =iG (x). (92b) 
Equation (92b) states that Q is the generator of the gauge 
transformation in Eq. (89), for constant v. 
Let us now specialize to the case of massless elec- 
trodynamics, with Eq. (89) the gauge transformation 
W (x)-> [1 + iy, vd 14 (29). (93) 
When v. is a constant and m)=0, this transformation 
leaves the Lagrangian of Eq. (1) invariant, so that accord- 
ing to Eq. (91), the associated current J~ should be con- 
served. But calculating hie we find 
J°=-8£/8(3 v) =“py"y.4 : (94) 
which according to Eq. (68) has the divergence 


9 J*(a)/4n) FO" (x) FP ( x}e (95) 


EoTp 
Thus, Eq. (91), which was obtained by formal calculation 


using the equations of motion, breaks down in this case. 


We see that because of the presence of the axial-vector tri- 


angle diagram, even though the Lagrangian (and all orders 
of perturbation theory) of massless electrodynamics are Yo 


Perturbation Theory Anomalies 


invariant, the axial-vector current associated with the Ys 
ee SO Clee Oa WIL Lac: 
transformation is not conserved. 

However, it is amusing that even though there is no 


coaserved current connected with the Ys transformation, 


there is still a generator ou with the properties of Eq.(92). 


To see this, let us consider the quantity ac defined by 


ote aes “0 .£. A(x) 
10 = ae ae (x) or (96) 
referring to Eq. (68), we see that 
ae i, (1-0. (97) 


ox 
p 
25 age el 
Although ue is conserved, it is explicitly gauge-dependent 
and therefore is not an observable current operator. But 


the associated charge 
@ 


B= farxjex=farx(blooyb(+—La- WAT (98) 
is gauge invariant and therefore observable. According to 
Eq. (97), 2 is time-independent, and its commutator with 
(x) (calculated formally by use of the canonical commuta- 
tion relations) is 

[ 2, 00] =-yeb G0 = iL iy.b OO]. (99) 
Also, as we will see below, because of an implicit photon 
field dependence of ie implied by Eq. (68), a does com- 
mute with all the photon field variables. Thus, @ is the 


conserved generator of the Ys transformations. 
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3.4 Low Energy Theorem for 2im gi (2) 

Finally, we will show that the anomalous axial- 
vector divergence equation, Eq. (68), leads to an inter- 
esting low energy theorem for the vacuum to two photon 
matrix element of the naive divergence 2im,i- First let 
us note that we have derived Eq. (68) by considering the 
triangle without radiative corrections, but have omitted 


the contributions of diagrams such as the ones shown: 


Yu's 


These diagrams are also linearly divergent and hence may 
also have divergence anomalies of their own. Since the 
anomalous terms must be Lorentz pseudoscalars satisfying 
conditions analagous to the six conditions on possible sub- 
traction terms listed in Subsection 2.2, one easily sees that 
they must have the same form as the lowest order triangle 
anomaly in Eq. (68). We take into account the possibility 
of divergence anomalies coming from radiative corrections 
to the triangle diagram by replacing Eq. (68) by 


i) .& eee 70 Eo _Tp 
eee = ai 
Dx, (x) im j (x)+ 4, (1tO)F EF Cera (100) 


Perturbation Theory Anomalies 


We will use Eq. (100 as the basis of our derivation of the 
low-energy theorem. 

To proceed, we take the matrix element of Eq. (68) 
between the Pao om |0> and the two photon state 
<y(kye » ¥(ky€ 2) | - Since the only pseudoscalar which can 
be formed from the four-momenta kj» k, and the polariza- 


; * 
tions €_,€ 


% 
1 © of the two photons is Ke kee * 


p 
2 *1°2 “ttep’ 


the matrix element of each term in Eq. (100) contains this 


expression as a factor, 


5 
Sui 
Bd 
ee. 
<y(k), € p(k,» € 2) | zim )j | o> (101) 
=O poe Uae 
4 Eo Tp 
1 § TT ¥G¢ * ae 
= 2 atl 
oo “2 2’ exo \ OT 2 
H(k,+k,) 


The matrix element of Eq. (100)can be rewritten in terms of 
the amplitudes F, G, H as 
c = . : 102 
F(ky k,) G(k, k,) + (1+C) H(k, k,) (102) 

To derive the low energy theorem from Eq. (102), we 
make use of a remarkable kinematic property of the matrix 

1 

> 5 

Mm = as : j |O>. A 

element An (4k, 9, 9) yikys€ )yv(k, eli, | Ss we 
have noted in the previous section, the requirements of 


Lorentz invariance, gauge invariance and Bose statistics 
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"require this matrix element to have the general form 


#2 ao Cake 
Cee 1 See erea 2°2 *trpp 


£7 E oe 
eC kok 
Cea Ko exon Dh eo 
‘ 


‘ € 
k +C,k k? k.- 
Be a trp 620 1 2 -_ 


_ (103) 


with 


fe 
a Sy Nara 


6’ 
kk), 


je 


C, (kj), k,)=-C)(k, 


C, (ky) k)=-C,(k,,k,). 


e = ki C tk): k,C 
(104) 


The matrix element of the divergence of the axial-vector 
current is proportional to (ig Hey) 972, Using the algebraic 
identity satisfied by the six four-vectors a,...,f, 
(af) | bcde]+ (bf) | cdea] + (cf)|deab| 
+ (df) | eabc|+ (ef) ]abca] =0, (105) 


(af) = a> » labedy= aoe va" Sear 


i =f= = = =e" = % i 
with a=f k) b k,, c k+k,, d e and e e5° we find that 


(y+ 97, can be rearranged into the form 
€ oT 2% el 


re ae, ‘trop’ 


i = 
(k) +k,) Wt, = [ C3-C,] kk, k ky (106) 


[ In obtaining Eq. (106) we have used the fact that for on- 
2 
shell photons ky = KS = 0; in the off-shell case the ad- 


ditional terms 


2 i= ¥q Pod 
k “ky 
( *c,- Cc.) k, ke es oa (107) 
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are present. ] Comparing Eq. (106) with Eq. (101), we see 
that 
F(k,° k,) CE k: k, (108) 
F(0) = 0 
which gives us a low energy theorem relating the vacuum 
to two photon matrix element G of the naive divergence to 


the corresponding matrix element H of the operator 
io Tp 
(a/4n) Eo Saat! 
G(0) = -(1+C) H(0). (109) 
To lowest non-vanishing order in perturbation 
theory, C can be neglected (it represented possible radia-~ 
tive corrections to the triangle) and H(0) can be evaluated 
from the Feynman rules preceding Eq. (€9), giving 
H(0) = 2e/n, 
(110) 
G(0) = -2a/n. 
This result for G(0) could, of course, have been derived 


without all the fuss directly from the lowest order 


expression for G given in Eq. (61), 


eee: 
~ie 
op eee 0 Cg to tp 
G(0) =[ ie, €, (lam, / ky kif, & ee ee =I =0 
2 { 21) D 1 
-e 
0 0 2a 
Sp aol eller = porns (111) 
ee 8 eh tiee,” °C) * 


However, as we shall see in detail in the next section, the 
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real significance of the low energy theorem is that Eq. (110) 


for G(0) is exact, even when all radiative corrections are 
ZOE: SE eA NEE WONEEIEN AS COME NCS BES 


carefully taken into account. 
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4. ABSENCE OF RADIATIVE CORRECTIONS 

We must now deal with the question, raised in the 
last section, of whether radiative corrections to the tri- 
angle modify the anomalous axial-vector divergence equa- 
tion. That is, what is the value of the constant C in 
Eq. (100), and how is the low energy theorem of Eq. (110) 
modified by radiative corrections? We will find the re- 
markable result that C =0 and that Eq. (110) is exact to 
all orders of perturbation theory. This conclusion can be 


understood heuristically by noting that radiative correc- 


tions to the basic triangle involve axial-vector loops with at 


least five vertices, which, unlike the lowest order axial- 
vector triangle, do satisfy the usual axial-vector Ward 
identities. Thus, when virtual photon momenta are held 
fixed, the complicated radiative correction diagrams have 
no divergence anomalies. Since the virtual photon four- 
momenta appear essentially as parameters on both sides 
of these Ward identities, one expects that as long as the 
virtual photon integrations are not too badly divergent, the 
Ward identities will continue to hold even after the integ- 
rations have been performed. The purpose of the present 
section is to support this heuristic argument with more 


detailed calculations, and, in particular, to show that no 
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problems are caused by the usual renormalizable infin- 
ities in the radiative corrections to the triangle. ie 
4.1 General Argument 

We begin by developing a general argument, valid 
to any order of perturbation theory, which shows that 
Eqs. (68) and (110) are exact. The basic ideais this: As 
we have seen’in the preceding section, the multiplicative 
factor Z5 which makes matrix elements of the naive diver- 
gence term in Eq. (68) finite, does not remove the diver- 
gences from matrix elements of the axial-vector current 
term on the left-hand side of Eq. (68). Thus, there is no 
simple rescaling which simultaneously makes all terms 
in Eq. (68) finite, and so itis simplest to deal with Eq. (68) 
directly, even though it involves unrenormalized (and hence 
divergent) fields, masses and coupling constants. In order 
to make our manipulations of these divergent quantities 
well defined, we construct a cutoff version of quantum 
electrodynamics by introducing a photon regulator field 
of mass A. The cutoff prescription allows the usual re- 
normalization program to be carried out, so that the elec- 
tron bare mass mo and wave function renormalization Z5 


and the axial-vector vertex renormalization Z become 


A’ 


specified functions of the renormalized charge and mass, 
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and of the cutoff A. In the cutoff field theory it is straight- 
forward to prove the validity of Eq. (68) for the unrenor- 
malized quantities. We then derive the low energy theorem 
for the matrix element <2y| 2im,j” |0> » with the cutoff still 
present, and finally let the cutoff approach infinity to geta 
low energy theorem for the renormalized matrix element of 
the naive divergence. 

We introduce the cutoff by modifying the usual 
Feynman rules for quantum electrodynamics which were 
stated in Section 1. Our new rules read as follows: 

(i) For each internal electron line with momentum p we 


P| 
include a factor i(p-m,+tie) and for each vertex a factor 


0 


eM. . For each internal photon line of momentum q, 


: (4 eo) 
we replace the usual propagator eo +ie ) by the 


regulated propagator 


: A 
“ae one ae 2 eT 
q tie q -A tie gq tie q -A tie 
(2) 


(ii) Let M° “(q) denote the two-vertex vacuum polariza- 
ip 


tion loop illustrated below, 
—~C en 


: dor 1 1 13 
(Dy So aT Yom ney Bigeye |) 


by (2m) an) 
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(2) 


Wherever II ‘(q) poten eoes we use its gauge-invariant, 


subtracted evaluation 


(2) nee (2) oy. qa4 
mq) y-4 By (0)}. (114) 


All vacuum polarization loops with four or more vertices, 


such as Be 
| | | 
Pf 
i 


| | 


are calculated by imposing the current conservation con- 


7a eee 
4,4) (1 Ng )- 


dition; as we have seen, this suffices to make them finite 
without need for further subtractions. 

nee : 4 4 : 

(iii) As usual, there is a factor fa £/(2n) for each in- 
ternal integration over loop variable £ anda factor -l 
for each fermion loop. 

(iv) We use the standard, iterative renormalization pro- 
cedure outlined in Section 1 to fix the coupling é and the 


0 


electron bare mass and wave function renormalization Mo 


and Zs: as functions of the renormalized charge and mass 


e and m and the cutoff A. For finite A, the quantities 


a 


ey My and Z, will all be finite. The reason is that 


regulating the photon propagator (plus gauge invariance for 


loops) renders finite all vertex and electron self energy 


parts and all photon self-energy parts other than oe, suchas 


Perturbation Theory Anomalies 


The self-energy part n'?) has already been made finite 


by explicit subtraction. Note that the coupling Eo is not 
the same as the "bare charge'! eo in Eq. (1), but rather 
is related to it by 3 
e 
~2 ” @) 
e, = 2 (2) g (115) 


1 + ey TT“ (0) 
That is, eo is a so-called "intermediate renormalized" 
charge, obtained from the bare charge by removing only 
those divergences associated with the lowest order vacuum 
polarization loop and its iterations. 
(v) We include wave-function renormalization factors z2 
and z2 = e/é) for each external electron and photon line. 
This simple set of rules makes all ordinary elec- 
trodynamics matrix elements finite. We may summarize 
the rules compactly by noting that they are the Feynman 
rules for the following regulated Lagrangian density: 
(x) = 2 g(x) 4 1). 
L520 = Worliy: Dmg) P00 FMM) (116) 
+ ae BEPM 3) BATA x) AR), 


Ll) = -8Hoy, ¥O29 (AP gta M0 | 
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(2) R BV Rpv 
+E FEF’ (x)+F 59) le 
HOO LE O04F 09] DE GdtF (39) 
where AN is the field of the regulator vector meson of 
mass A, and F(x) = 3A B08 AS (20 is the regulator 


2 2 
field-strength tensor. The term containing c! een! ) 


(0) 
is a logarithmically infinite counter term which performs 
the explicit subtraction of the two vertex vacuum polariza- 
tion loop in Eq. (114). The regulator free-field Lagrangian 
density is included in Eq. (116) with the opposite sign from 
normal; hence, according to the canonical formalism, the 
regulator field is quantized with the opposite sign from 
normal. That is, we have 

[ Alt, #), oR Ly, #) /at] = ig 8 (x-y), (17) 
in contrast to Eq. (5). Since the sign of the bare propagator 
follows directly from the sign of the commutator in Eq. 
(117), the regulator bare propagator is opposite in sign 
from the photon bare propagator, as required by Eq. (112). 

Having specified our cutoff procedure, we are now 
ready to introduce the axial-vector and pseudoscalar cur- 
rents Ke and ee and to study their properties. First 
we must check whether all matrix elements of these cur- 


rents are finite when calculated in our cutoff theory. The 


answer is yes, that they are finite, and follows immediately 
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from the fact that all of the basic fermion loops involving 


one axial-vector or one pseudoscalar vertex, 


are made finite by the imposition of gauge invariance on 
the photon vertices, without the need for explicit subtrac- 
tions. Thus, we can turn immediately to the problem of 
showing that Eq. (68) is exactly satisfied'in our cutoff 
theory. 

To do this, we consider an arbitrary Feynman 
amplitude involving i. » with 2F enema fermion and B 


external boson lines 


jp 
Proceeding as in Section 2, we divide the diagrams into 


two categories, type (a) and type (b), according to whether 
the axial-vector vertex Yu Ys is attached to one of the F 
fermion lines running through the diagram, or is attached 
to an internal closed loop; respectively. Typical type-(a) 


and type-(b) diagrams are drawn below: 
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Q=p-p' 


| 


Vv 
a an 
yD yl) ys ft) feet) en) 


Pp pt, Pep, PotR eet 


RK 
xy 


ft 


TAY, AA? YXKVYY RY OY RN RRR ®y, 
ROE RA ROS 


2-2 res ee 
(a) 
2F B 


: 
Hu 


oS 


_——— — 
ee Se 


TIP 2 rep KH 72 
(+1) 
y uel) bi cuss Q 
(b) 


For the type-{a) diagrams we find that, just as in Eqs. (47) 
-(49) of Section 2, the derivation of the Ward identity in- 


volves purely algebraic manipulations of the string of 
y alg g 
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fermion propagators on the fermion line containing ote” 
Since the integrals over the four-momenta of the photon 
propagators joining the fermion propagator string to the 
shaded "blob" (i.e. the integrals over Py» ae Ps) are 
all convergent in our regulated field theory, it is safe to 
do these algebraic manipulations inside the integrals. The 
first term on the right-hand side of Eq. (49) gives the 
type-(a) contribution to the Feynman amplitude for 2impi” 
corresponding to the type-(a) diagram for if which we 
started with. The two remaining terms in Eq. (49) give 
the usual "surface terms" which arise in Ward identities 
from the equal-time commutator of ie with the fields of 
the external fermions of momenta p and p'. Thus, as 
far as the type-(a) contributions to the Feynman amplitude 
are concerned, the divergence of i is simply 2im,i”s 
with no extra terms present. We next turn to a typical 


type-(b) contribution, which we may write as 


Die Pe ree, eeey 
ones =e {Pl 


L(Gaise...- > Deal p=fa" rT 2) LY Am 


(k) 1 1 a {ip 1 
XY Fim, | Fe -om, bal 7,-O-m,) 


where we have focused our attention on the closed loop and 


— 


have again denoted the remainder of the diagram by (...). 
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The same straightforward algebra as before shows that 
the divergence of Eq. (118) can be rewritten as 
) 


Rahn. ee 
L(Q;iQ VuYsiPy OE) ye 


= L(Q;2im (119) 


Gye rit) Pon-l 


tifd’r Priv, iA yam} s my * re =m b- 

As we have seen, for ieee with n=2, the residual 

integrals in Eq. (119) cancel and we get the Ward identity 
L(Q:iQ"Y, Yip), 1o+2Pa,_)=UGQi2imyy, iP» ---+P,__))4120) 


Again, since the integrals over Pye+++P5,_) are all con- 


1 
vergent in the regulated field theory, the manipulations 
leading to Eq. (120) can all be performed inside these in- 
tegrals. This means that the type-(b) pieces containing 
loops with n>2 all agree with the usual divergence equa- 
: th A: : ae) ; ; 
tion @ (2 = zim)j (x). Finally, we must consider the 
case of the axial-vector triangle, with n=1. As is now 
familiar, this diagram has an anomalous Ward identity, 
which in our regulated electrodynamics adds to the normal 
axial-vector divergence equation the term 
z fo REC aratp RTp 
(&/4n)[ F (x)+F (x)}[F "(x)+F vee wane (121) 
i~ afh 
ae 5/4. 
To summarize, our diagrammatic analysis shows 


that the axial-vector divergence equation in the regulated 
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field theory is 


ab ho) =2im gj (x) Hay /4n) Fo (xi Pave 
RE 


EoTp 


RTp 


Ha)/4m)[FO (PRP +F §( pF TP) PR (3) PRT 2] 


Ye éotp” (122) 
Equation (122) is identical with Eq. (68), apart from the 
terms involving a which arise from our explicit inclusiond 
a regulator field and apart from the fact that Eq. (122) is 
written in terms of the intermediate renormalized charge 

and field strength. To see the full equivalence with Eq. 

(68), we note that the intermediate renormalized quantities 


used in this section are related to the unrenormalized ones 


used in Section 2 by 


Pd Eo 


é ) =e,(F) (123) 


o! intermediate unrenormalized. 


renormalized , 


The crucial point is that the coefficient of the anomalous 


term is exactly &/4n and does not involve an unknown 


power series in the coupling constant coming from higher 
orders in perturbation theory. 


The diagrammatic analysis which we have just 
given may be rephrased succinctly as follows: If we use 
the regulated Lagrangian density in Eq. (116) to calculate 
equations of motion, and then use the equations of motion 


to naively calculate the axial divergence, we find 


68 Stephen L. Adler 


Ke) “ 2im)i (x). (124) 

Extra terms on the right-hand side of Eq. (124) can only 
come from singular diagrams where the naive derivation 
breaks down. In the regulated field theory, all vir tual 
photon integrations converge and therefore cannot lead 
to singularities giving additional terms in Eq. (124). Hence 
breakdown in Eq. (124), if it occurs at all, must be assoc- 
iated with the basic axial-vector loops, without internal 
radiative corrections. But, as we have seen, the axial- 
vector loops with four or more photons satisfy Eq. (124), 
so the basic triangle diagram is the only possible source 
of an anomaly. 

Having derived our basic result, we turn next to the 
low-energy theorem for 2imi (x) which is implied by 
Eq. (122). Taking the matrix element of Eq. (122) between 
a state containing two physical photons and the vacuum state, 


using the definition 


. 
oN. 
<yik,,€,) y(ik,€,)|¢ 2im,j” o> 
Va ge haa aaa) 0? 
. A finite 
a 
0 R 
(FET p PRES) pTPyPRTP) (125) 
oTp 
F ° 
ak eon eee ve 2 
"5 0"20) "2 i682 “eee ee ee 
AA eo) 
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and proceeding exactly as in Eqs. (101)-(109), we find the 
low energy theorem 

G (0) = -H (0). (126) 
We wish this time to calculate H Af 0) to all orders in per- 
turbation theory. There are two types of diagrams which 
contribute to HA(k: k,), as illustrated below, where we 


have used the symbol @® to denote the action of the operator 


(a)/4m(F Os PRE yo pTPy RTP) , 


tot p 


(b) 


In the diagrams (a), the field strength operators attach 
directly onto the external photon lines, without photon- 
photon scattering. The effect of the vacuum polarization 


parts and the external-line wave-function renormalizations 


“a 


is to change @, to a, giving 


(a) 


0 


H (0) =2a/n . (127) 
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In diagrams (b), there is a photon-photon scattering be 
tween @ and the free photons. As a result of the anti- 
symmetric tensor structure of the anomalous divergence 
term, the vertex @ is proportional to k tk,- Also, the 
diagram for the scattering of light by light is itself propor- 
tional to kk,; since photon gauge invariance implies 
that the external photons couple through their field strength 
tensors. Thus, the diagrams (b) are proportional to 

kk, (k) +k) and are of higher order than the terms which 
contribute to the low-energy theorem, giving us 


ota 


H A( 0) ¢ (128) 


Combining Eqs. (126)-(128), we get an exact low-energy 


8 
G ,(0)= -2a/t . (129) 


theorem for the operator 2im 


So far in our discussion we have kept the cutoff A 
finite, so that G (0) is a matrix element calculated with 
our modified Feynman rules. However, we have seen that 
all matrix elements of Zimoi- become cutoff-independent 
in the limit A+oo. Defining a renormalized vacuum to two 
photon matrix element of the naive axial vector divergence, 
G(k,- k,), by taking the limit 


Sa RE ms 
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we get from Eq. (129) the low energy theorem 
G(0) = -2a/n. (131) 

The observant reader will notice that our definition 
of the renormalized matrix element in Eq. (130) appears 
to differ from the skeleton diagram construction des- 
cribed in Section 1. According to the skeleton expansion, 
an arbitrary renormalized matrix element of the naive 
divergence (and the vacuum to two photon matrix element 
in particular) can be constructed by writing down the ap- 
propriate skeleton graphs and inserting the renormalized 
propagators and vertex functions S, Di. T and ne 
These quantities are defined as the A-independent limits 


pean qe 
a Re 


1 (132) 
Poo QE = ' 
me Al 63 oe 
~ = li ; 
oe Pees Z, at 
me — thie s59y 74 r’; 
~ A-00 0-2 . 


that is, the skeleton expansion construction consists of 
taking the A-oo limit first in vertex parts and propagators, 
and then substituting onto the skeleton. In Eq. (130), how- 
ever, these operations are performed in the reverse order; 
the cutoff dependent vertex parts and propagators are sub- 
stituted onto the skeleton, all integrations are carried out, 


and then finally the A->oo limit is taken. Can this inter- 
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change of order make any difference in the final value of 
the renormalized matrix element which is obtained? A 
simple inductive argument shows that the answer to this 
question is in the negative. Let us suppose that the two 
procedures give the same answer for all matrix elements 
of e of order n-2 in perturbation theory. For all matrix 
elements of order n which have convergent skeletons, 
the two procedures must obviously agree. According to 
Eq. (11), the only cases which have potentially divergent 
skeletons: are the pseudoscalar vertex part itself, and 

the vacuum to two photon matrix element. For the pseu- 
doscalar vertex part, the two constructions agree, by 
definition. For the vacuum to two photon matrix element, 
a possible difference AG between the two constructions 
must have the following properties: (i) AG must be a 
polynomial in the photon momentum variables k and k,. 
This restriction follows from generalized unitarity, which 
relates discontinuities in the nth order diagram to lower 
order matrix elements, for which the two constructions 
agree, by hypothesis. (ii) AG must satisfy the require- 
ments of Weinberg’ s theorem, since both constructions do. 
This again means that if we set k 


= 8 (0), ik =-EQ+tERH+S 


1 2 


and let € oo, AG must diverge at most as € times a power 
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of fn €. Together with gauge invariance, the property (i) 


implies that AG has the form 


~ * * 
AC ae? eee 
Z 8700 


2 ie >< polynomial in k 


v k,, (133) 
but this diverges at least as mG in the Weinberg limit and 
violates property (ii). Thus we must have AGs 0. We 
conclude that the two constructions agree in nth order, 
and by induction, in all orders. Consequently, the low 
energy theorem of Eq. (131) applies to the renormalized 
matrix element G obtained from the usual skeleton expan- 
sion and makes the remarkable statement that all order 


2 


@,a@,... contributions to Gi ‘k,) vanish at k "k= 0, 


1 1 


4.2 Explicit Second Order Calculation 
Let us now briefly outline a calculation which ex- 
plicitly checks Eq. (131) to second order in perturbation 


theory. We wish to calculate the sum of the six radiative 


correction diagrams to the Ventas Yo triangle, 
¥5 


cE 5 
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and to verify that they cancel to zero. The first step is to 
calculate the renormalized quantities T (psP' Nn oe 
and St(p). The most straightforward way of doing this is 
(a) to calculate the unrenormalized quantities ae ; r° and 
Sh using the cutoff Feynman rules, (b) to use Eqs. (12) and 
(13) to compute the renormalization constants My and Z,° 
and (c) to use the recipe of Eq. (132) to find the tilde quanti- 


ties by taking the limit A~oo. This procedure gives, to 


second order, 


2 
et 1 2 2m ¥P. 
Ftp.) aos Coane , eae fay ayy tofeetcslel is : 
ion” 0 0 zmti-z)y 
2} } 2 2 4nty.P, 4] 
Q H(1-z)e], YON APE YGF 2 
a (p,p')= he 2 accra 8y ee eee 
ae T er m +l-z)y 
St) py=[ p-m- E77, (134) 
ae a 2s 
#2) 4-2 —— 5 ee 25, 13] = ae 5| 
er -p z(l-z)+zm +(l-z)p 4 
a DD 2 3 
_ mn? -p2(1-2)" & p Pi tH4m°P, 


=p cll-e\hemnee(ieeiee | ee 
D=ly"2"~yz)p"t{(I-y)-2"-(1-y)z] p'“42yll-y)2°p- p' tam +(l-2p, 
with 
Ny = -2m“y,-2[ (1-ztyz)p" -y2x)] (135) 
Xy,[(1-yz)p-(1-y) 2p" ] +4m[(1-2yz)p, +(1-22+2yz)p!], 
N=4m*-4[(1-yz)p-(1-y)zp']-[(1-2-+yz)p'-yzp] +2m(p-#"), 


2 
Pi =z +2z2-2, a 1-2z, 
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8, = 4m-7, z= 4m-29. 

The quantity p- is a fictitious virtual photon mass sup- 
plied to avoid logarithmic infrared singularities in the 
individual radiative correction diagrams. (The sum of the 
six radiative correction diagrams, however, has no infra- 
red divergences because of cancellations of the trouble- 
some terms.) As a check on our arithmetic, we note that 
Eqs. (134) and (135) satisfy the vector Ward identity 

(p-p')” Bipsp') = Sip) = Sep") (136) 

a F F 

as well as the additional relation 

0 = 2m F(p,p) + Sip)” y<+ v, Sip) (137) 

6 F Gy) UG eae : 

which follows from the p=p' case of Eq. (70). 

The next step is to substitute Eqs. (134) and (135) 


into the skeleton diagram 


ak. 


giving the lowest order triangle plus the six radiative cor- 
rection diagrams illustrated above. The final step is to 
Taylor expand around the neighborhood k,=k,=9, since 

G0) is the coefficient of the first nonvanishing term in this 
expansion. Although the integrals for general k) and k, are 
very formidible, the leading Taylor coefficient is not very 


complicated. Some straightforward algebra and integrations 


75 


76 ; Stephen L. Adler 


then show that the contributions of the radiative correc- 


tions to G(0) do indeed cancel, as required by Eq. Qi? 


Perturbation Theory Anomalies 

5. GENERALIZATIONS OF OUR RESULTS: 

7 DECAY; OTHER WARD IDENTITY ANOMALIES 

Our discussion so far has dealt exclusively with the 
VVA triangle anomaly in QED. Let us now generalize our 
results in two directions. First, we will study the conse- 
quences of the VVA anomaly in other field theory models, 
especially in the so-called s-models, which satisfy the 
partially-conserved axial-vector current (PCAC) condition 
as an exact operator identity. We will find that extension 
to this class of models of the low-energy theorem derived 
above leads to a prediction of the ast 2y decay rate. Com- 
parison with experiment provides evidence against the 
quark model with fractional quark charges. Second, we 
will briefly examine other triangle, square and pentagon 
diagrams to see which have anomalous, and which have 
normal, Ward identities. 

5.1 The o-Models 

As we have just noted, the o-models are a special 
class of field theory models in which PCAC holds as an 
operator relation. ie Since we are interested primarily in 
the neutral axial-vector current (which can couple to two 
photons through the triangle diagram), we consider a 


truncated version of the s-model in which the charged 


UU 
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axial-vector currents do not appear. This simplified 
model contains only a proton (), a neutral pion (7) anda 
scalar meson (co), with Lagrangian density 
ee -1 : 
pe = bfiy: im -G ot +o tiny,)] wu 


Cy Tap Ae 
+o [40° +4g 00" +1 *\+e0(e ie 


a duel 285° o + eae Tal 


(138) 
2 ra 2c’ 

+ 3[ (om) "+ (ac) ] - 28, (7 to). 
In writing Eq. (138) we have chosen the fully translated 
form of the o-model, with 

<0 os | 0. =) 26 (139) 
to all orders of perturbation theory. The neutral axial- 
vector current is generated by making a chiral gauge trans- 
formation on the fields with position dependent gauge para- 
meter v(x), 

pb —> (l+ zi vv) ; 

-l 

To viene o) « (140) 
cee cee 
Eo c> &o o VT . 
es the recipe of Eq. (90), we find 

-1 
-5L /8(a'v) =U ty us to 8.n-m3 ote, am, (I4la) 
3) 
Me a/b ra ea (141b) 
B 120 

Thus, as claimed, the divergence of the axial-vector cur- 


rent is proportional to the canonical nion field. The var- 


ious parameters appearing in Eq. (138) have the following 
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significance: 

(i) Go is the unrenormalized meson-nucleon coupling con- 

stant; 

(ii) Bo is related to the bare nucleon mass my by Go/go= 
TAX) 

(iii) ue is the bare meson mass which appears in the bare 

o and wm propagators (q-4e + Ache 
(iv) the term rl 4o°+ 4g 50 otn )tgo(e tn) | is a chiral- 
invariant meson-meson scattering interaction; 


1 A, ff 2 : ‘ 
o+o +7 ) is a chiral-invariant 


De 
( v) the term 2H( 289 
counter term ‘which is necessary to guarantee that 
<0| 6£/éa0 |0 > = 8, <0|6Z /6 (a, 0) | 0> =0, (142) 
as is required by the Euler-Lagrange equations of motion 
and translation invariance. Eqs. (139) and (142) fix He to 
have the value 
Z = (Bn Pan Cen es 
= a 7s 
Ho =< 0|Gog vy Apl48q(30 + 7 )+4g0c(0 +m )] JO>. (143) 
The effect of Mo which is formally quadratically divergent, 


is to remove the "tadpole" diagrams of the type 


so that the condition <0|c|0> = 0 is maintained in each 
2 
order of perturbation theory. It is easily seen that the Ho 


counter term simultaneously removes the quadratically 


ie) 
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divergent parts of the m- and s-meson self-energies. Con- 
sequently, the remaining bare quantities appearing in the 
Lagrangian (Gp» Bo? H)> as well as the wave-function re- 
normalizations, are at most logarithmically divergent, and 
the theory is no more singular than is QED. nt 

For our future work, it will prove convenient to re- 
write the PCAC equation, Eq. (14lb), as follows. First, we 
introduce the pion wave function renormalization constant 
Z,, which enables us to express Eq. (14lb) in terms of the 


3 


renormalized pion field vr, 


a 
2 


at i? = (ui /aglZ5)* (144) 


rv 
Next, we define the pion weak decay amplitude f by writ- 
ing 
<m(ej|ie]0 >= (Zqq)7#(-14, /u2) £ 2 (145) 
nN 0 IN T 5 
with » the physical pion mass. [ In the full version of the 
o-model, in which the neutral axial-vector current has 
charged isospin partners, f. is just the amplitude for 
weak charged pion decay. ] Taking the divergence of Eq. 
=k. 
(145), substituting Eq. (144) and using <m(q)|a'|0> = (249) 3 
we find the relation 
“(n> fg NZ%)? = £ NB (146 
ii O cee T . ) 
So we can eliminate the renormalization constants from 


Eq. (144) and rewrite the PCAC equation entirely in terms 
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of physical quantities, 
5 z 
dj? =(t_/N2)n. 
i, =f /N2be (147) 
So far, we have only discussed the s-model in the 
absence of electromagnetism. To include electromagnetism, 
we simply add to the Lagrangian density the terms 
Vv 
ee Se oY, pa”, (148) 
py 
Because of the triangle diagram, the PCAC equation of 
Eq. (147) is modified to read 


a 2 pete, 


= (f. Ie a T otek (149) 


EoTp’ 

with the factor 4 in the anomaly term in Eq. (149) just a 
reflection of the factor } appearing in the nucleon term in 
Eq. (14la). By introducing appropriate regulated Feynman 
rules and.carrying out an analog of the argument of the 
previous section, one can show that Eq. (149) is exact to 
all orders of perturbation theory in both the electromagnetic 
and strong interactions. In other words, neither virtual 
photon nor virtual meson radiative corrections to the tri- 
angle diagram change the coefficient of the anomaly term. 

All of the above considerations carry over directly 
to the isospin and full oo generalizations of the sigma 
model. In the full 5U, case, the proton # is replaced 


by a fermion triplet (Yi bo: v3), the scalar and pseudo- 


scalar mesons are replaced by nonets, and the axial-vector 
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5 
current i, becomes the third component 3, of the 
axial-vector current octet. The anomalous PCAC equation 


now becomes 


a 
sar 5 eS ee 150 
F) F=f, /N2) tS ae ee fLetp’ (150) 
2 
S =-2 g.Q., 
ice 
with co the renormalized neutral pion field, with Qe the 


charge of the jth fermion and with 8; the fermion coup- 


Se 
lings appearing in the expression for 23, in terms of 


elementary fields, 


33,7 


Again, Eq. Ue is exact to all finite orders of perturbation 


“8; 4, y ars i + Meson Terms. (151) 


theory. The interpretation of the expression for S is that 
the total coefficient of the anomaly is the sum of contribu- 

tions from triangle graphs involving each of the individual 

elementary fermions. 

Equation (150) generalizes even further, to models 
in which the naive divergence D; (i.e. the divergence of 
¥;, in the absence of electromagnetism) is not a canon- 
ical pion field. Because the argument of Section 4 depended 
primarily on the multiplicative renormalizability of the 
naive divergence, we would bie the equation 

3 se > D; + get pit pl, (152) 


EoTp 


to be correct in any renormalizable field theory in which the 
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: : : 5 
naive axial divergence D 


3 is multiplicatively renormal- 


izable. Since, by the argument of Eqs. (76) - (79), multi- 
plicative renormalizability of the naive divergence implies 
finite Z,/Z, in the absence of electromagnetism, we may 
rephrase the above statement by saying that in any renorm- 
alizable field theory with finite axial-vector renormaliza- 
tions EA By in the absence of electromagnetism,we ex- 
pect Eq. (152) to be exact when electromagnetic effects are 
added. As long as oy is a smooth interpolating field for 
the pion, we may effectively make the replacement 
D, ~=(f_ /N2) man Eq. (152) for small extrapolations away 
from the pion mass shell. Thus, Eq. (150) is the correct 
PCAC equation, even in the more general class of models. 
5.2 Low Energy Theorem for 7 eecay 

As we saw in Eqs. (125)-(131), the anomalous axial- 
vector Ward identity equation gives an exact low energy 
theorem for the vacuum to two photon matrix elements of 
the naive axial divergence. Since the naive axial divergence 
in Eq. (150) is the a field, the low energy theorem in this 
case gives us a statement about the re 2y decay amplitude, 
extrapolated off shell to zero pion mass. » The standard 
BPert tion of the «--62y amplitude F"(k)- k,) is 
.) ae 


<y(k,+€,) vl k,, e,) |( oe wm o> (153) 
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1 
a eee tee F"(k,-k 
=(4icg*a0! “i “2° “2 “eqego ees 

Comparing with Eqs. (125)-(131), we see that the low energy 
theorem becomes 

~ -2 7 

G(0) =» (f /N2) F (0) = S(-2a/m), (154a) 
that is 

; 2 
F"(0)-= (-a/m) (2S) N2 p ye (154b) 
0 : 
According to Eq. (154b), the off-shell 7 +2y amplitude is 
directly proportional to the anomaly term in Eq. (150). If 
the anomaly term were omitted [ i.e., if Eq. (147) were 
used to derive the low energy theorem], one would obtain 
instead the prediction 
T 
ig (O)) SG) - (155) 
ee 0 : 20 
which states that the m +Zy decay is suppressed. Let 
us briefly discuss some of the implications of Eq. (154b). 
0 

(i) The experimental nt decay rate predicted by Eq. (154b) 
depends on the parameter S, which in turnis determined 
by the charges and axial couplings of the elementary ferm- 


ions. In the triplet-model, consisting of an SU.-triplet 


5 
of fermions (Hy Ho: #3) =(p,n,\) interacting by meson 
exchange, the axial-vector couplings are (gy 8583) = 

(3, -3, 0), and U-spin invariance of the electromagnetic 


current requires the respective charges of (H 245243) to be 


(Q, Q-1, Q-l). We immediately find 
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2 


Seo - Yom =o-8-0,. =2foro-n . (156) 


AV” 
where Qav denotes the average charge of the fermions 
participating in the charged ®-decay currents. We find, in 
the fractionally-charged quark model, that Q=2/3 and 
S = 1/6, while in the integrally~charged quark models with 
Q=land Q=0, we find respectively S=+} and S= -4, 
Using the formula 
fy CANNY 
= (uw 7 /64n Mere) |"; (157) 
: : P 3 : 
taking the experimental value i = 0.96 and approxi- 
F ; 2 : 
matimating F'(u ) by its off-shell value F"(0), we find 
for the a decay rate 
= I 
T =0.8 eV for aly 8 (158a) 
-1 1 
T =%7.4eV for S= +5 5 (158b) 
The experimental decay rate quoted by Ros Prfela- sl 
a = (1.12 + 0.22) io. 17 37 +1. 5)eV,(159 
A ca sec (7.37 +1. 5)eV, ) 
and may be as large as ll eV if recent Primakoff effect 


2 (ale : i 
experiments turn out to be more reliable than earlier 


counter experiments included in Rosenfeld's average. In 


any case, we see that the fractionally charged quark model 
is strongly excluded, while the integrally charged models 
with triplet charges (1,0, 0) or (0,-1,-1) are in satisfactory 


agreement with the experimental rate. Note that the ap- 


parent spectacular agreement between Eq. (158b) and Eq. (159) 
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is somewhat fortuitous, both because of the uncertainty 

in the experimental rate and because of the expected 
10-20 percent extrapolation error involved in PCAC argu- 
ments. For example, if instead of using the experimental 
value of f in Eq.(154b) we use the Goldberger-Treiman 


relation 
2 
V2 p 8, 


ee MV8 4 , 
M\= nucleon mass, 


(160) 


as pion-nucleon coupling constant +13. 6, 
an = nucleon axial-vector coupling constant ~1. 22, 
the theoretical prediction in the S = a8 cases is increased 
-1 
by 20 percent, toT = 9.1 eV. 
(ii) The comparison which we have made with the experi- 
0 
mental +t decay rate tells us that |s| 0.5, but does not 
determine the sign of S. However, there are a number of 
different ways of determining the sign of S, all of which, 
fortunately, seem to agree! The first method is to study 
ip + : 5 
w +e vy decay, the vector part of which is related by 
isospin rotation to F" and the axial-vector part of which 
can be estimated by using hard pion techniques. The 
an, WAS ; 
analysis, using the experimentally-measured vector to 


axial-vector ratio for this process, gives a positive value 


of S. A second method is to make use of forward me photo- 
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production, where one can observe the interference between 
the Primakoff amplitude 


ay T 


which is proportional to ae and the forward strong inter- 
action amplitude. The sign of the latter can be determined 
by finite energy sum rules from the known sign of the pion 
photoproduction amplitude in the (3,3) resonance region; the 
. 24 esiish 56 sols ‘ 
analysis again indicates S. positive: A third method con- 
sists of comparing Eq. (154b) with an approximate expression 
0 : : Z5 3 ; 
for the s +2y amplitude derived by applying a pole domin- 
ance argument to proton Compton scattering dispersion re- 


lations, 
T K 1 
i oe ore ss (161) 
g. ™N 
aS = proton anomalous magnetic moment = 1.79. 
0 ; : 
Eq. (161) gives a wm +2y rate of 2.0 eV, in fair agreement 
with experiment. The comparison again gives S positive. 
(28) 
A fourth method which has been proposed is to use 


Compton scattering data on protons to try to measure the 


interference of the pion exchange piece, 


87 


88 a Stephen L. Adler 


which is proportional to EF’, with the nucleon and nucleon 
isobar exchange pieces. The problem with this roposele” 
is that one does not know whether to take the pion exchange 
piece in its Born approximation form, ten) or in the 
polology form mele Since t is negative in the 
physical region, this uncertainty leads to a sign ambiguity 
and renders the method dubious. In any case, with fair 
certainty one learns from the first three methods that S 

is positive. This means that the triplet model with Q=1 
and triplet charges (1,0, 0) is favored. 

(iii) Although we have shown that Eq. (154b) is exact to all 
orders of perturbation theory in an interesting class of 
theoretical models, we have not dealt with the possibility 
that Eqs. (150) and (154b) are modified by nonperturbative 
effects. For example, should the coefficient S receive 
contributions from triangles involving bound states of the 
fundamental fields as well as from triangles involving the 
fundamental fields themselves, or would this be double 
counting? The answer to this question is not known. Our 
neglect of possible nonperturbative modifications in the 
analysis above is pure assumption. 


(iv) Let us now backtrack from quantitative predictions to 
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the more general question of how we know that = decay 

is not really a suppressed decay, as would be suggested 

by PCAC with the triangle anomaly omitted. There is in 
fact an interesting experimental test, a which strongly 
suggests that ae decay is not suppressed. To see this, let 
us return to the suppression. argument in the case when one 
of the final photons is off mass shell, say Ki #0. As we 
have seen in Eqs. (106) and (107), the vacuum to two photon 
matrix element of oa in this case is proportional to 


ET #0 ¥p 
55, eee 


see that while the on shell part of the amplitude (in the ab- 


ac +B Ke] » with B of order unity. We 


sence of the anomaly) is suppressed by a factor te the 
photon off-shell dependence is not suppressed. Since the 
off-shell amplitude is measured in the reaction =e ie 
the suppression argument predicts that the KS dependence 
of this process will have the form 1+ (B/u dk, which has 
a much larger slope than the form 146/m) (with sae the 
p-meson mass) expected in the absence of suppression of 
the ae 2y decay. A recent Presaumeniont of this slope 
gives a matrix element lta Ke, with a =(0.01 + 0. 11) /p°. 
Clearly, ,this is strong evidence against es Zy suppres- 


sion, and therefore some mechanism, like the triangle 
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anomalies which we have discussed in such great detail, is 
definitely needed to avoid the suppression prediction of 
Eq. (155). 
5.3 Other Ward Identity Anomalies 

So far, we have dealt exclusively with the VVA tri- 
angle diagram and its Ward identity anomaly. Let us now 
briefly examine the question of whether there are other dia- 
grams with divergence anomalies. We begin with a study 
of the Ward identity relating the AAA and the PAA (P = 


eligi al fermion triangle diagrams, 


Y p'5 ny, 5, Y 9'5 iy) Ys 
“VA PAA: r- 


Defining 


4 
dr i 
| (-1) Txf (-iy_y,) 
one (eae F, + ‘- my G25 
i r i 
Tomy (aa Ys) 7-K-m, Ys} (162a) 


aoe 
——£ = 4 (7) Trf a -iy, Ys) 
Pag are Ft i : 
X Fmt Hyp) ea — - (162b) 


we find, by manipulations under the r-integrals which ig- 


nore the linear divergence in see » the naive Ward identity 
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5 5 
cpu = 2%oR,, (163) 


B 
(k, +k) R 
To search for possible corrections to Eq. (163), we must 
first make the definitions of RO and Re precise. The 
opp op 
latter quantity is given by a convergent integral and so is 
uniquely defined, but the integral in Eq. (162a) for R° tt 
p 
is linearly divergent, and hence its precise value depends 
on the choice of origin for symmetric integration. How- 
ever, A is uniquely specified if we require that it be 
Bose symmetric under interchange of any pair of vertices. 


So our question becomes that of finding the extra terms (if 


any) which appear in Eq. (163) when the Bose-symmetric 


evaluation of the AAA triangle is used on the left-hand side. 


One way of doing this would be to explicitly calculate Rae 


and its divergence, as we did in our discussion of the VVA 
case in Eqs. (55)-(63). But this is not actually necessary: 
we can answer our question by comparison with our result 
for the VVA triangle. To see this, we note that arguments 
similar to those of Subsection 2.2 show that any anomaly 

term in Eq. (163) must be independent of the fermion mass 
m., so that it suffices to consider the case m= 0. When 


0 


m,= 0, the simple relation 


0 
(~iy.vg) 7 (iv ¥5) = (-iyg) 7 (4y,) (164) 
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indicates that Eq. (162a) is formally identical to Eq. (54) 
for the VVA triangle aan in the m= 0 limit. Remem- 
bering that aly is obtained from Eq. (162a) by symmet- 
rizing with respect to the three vertices, this tells us that 
in the ™ = 0 limit Re aye k 2) is related to R. qe oui: 
by 


5 1 
=(— A k 


oF KR cp k,)] 3 (165) 
Taking the divergence of Eq. (165), and using the fact that 
Aa is divergenceless with respect to the first two indices 
(the vector indices) and has the third index divergence given 
by Eq. (63), we find 


-(k,tk,)" a Ose) a a aren (166) 


ne oor, 
when m4= 0. Thus, the AAA diagram has a divergence 


anomaly whichis I/3 of the anomaly in the VVA diagram. 


Comparing with Eq. (163), we see that for general m, Eq. 


0 
(166) becomes 

-(k, +k az 

( OM Re vl ky k,) 2m Re + (80 2 igyi8 ek; “eae o71et) 
which is our final result for the AAA Ward identity. Note 
that Eq. (166) has the interesting implication that even in 


the m= O limit, it is impossible to construct a quantum 


electrodynamics in which the photon is coupled to the axial 


Perturbation Theory Anomalies 93 


vector current, since the AAA triangle diagram cannot be 
made to simultaneously satisfy the requirements of Bose 
symmetry and current conservation. 

There is yet another way of obtaining Eq. (167) for 
the AAA diagram [ and also our old results of Eq. (63) for 
the VVA case] without performing a full explicit calcula- 
tion. This is to introduce a regulator mass M, by sub-. 
tracting from Eqs. (54) and (162a) the corresponding ex- 
pression with My replaced by a 

ay 


= ee eee te 
(2m)* “con (an) 


vva} s 


(168) 
-i PREG 


as r 
22f —,(-l) Tr{l, a} 
(aay opp fen AAA 


i 

vas y+ rae qo ethe ) a as =425 YF, -m Be 
i 

oF: =m,‘ ee iegY aN ae 


i 
‘AAA Fh =| an ct Ns) Loe ae 


i : i : i 
aie aN aah (YG ¥5) FM, [1Y 55) amen ™M, Nee 


Because the subtractions in Eq. (168) remove the linear 

; REG . 
divergences in both the VVA and AAA cases, Sai will be 
automatically divergenceless with respect to the first two 


indices and ce will be automatically Bose symmetric, 
op 


with no need for additional subtractions. Thus, the quanti- 
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ties R and R 2 are simply the limits of the corres- 
TPP. Pe 


ponding regulated quantities as Mo> oO, 


=. Jk 1é 
Tp My © San a (169) 
R? = R? REG 


To study the axial vertex divergences, we use the fact that 
since the regulated triangles have no linear divergences, 
they have no Ward identity anomalies, but rather satisfy 


the normal Ward identities 


HR REG 
+k +k,) = 2m R, p Mo cpl mo=M (170) 
vy 5 REG 5 
(k,+k,) a =2mpR, -2MyR- =M," 
Taking the limit M,> © » we find 
rw 
-(k +k =2m,_R li 
( 1 2) eae 0 op ~ My-00 2MoR, olin >-M 
(fi 5 5 ees) 
-(k, +k = 
(+k) Re op 2MoR, - tae 2MoR, ie vod 
0 0 0 
As we saw in Eq. (61), R 5 is given by 
o 
R = 16K) 8 : of Reade 172 
wpe ot 2 “Ero p aie od) 2)? (222) 
and a simple calculation shows that 
5 oF 2 
R =kk = 
oo 1 ees m o[ 2(1, +19) Ing] : (172b) 


Thus, it is easy to evaluate the limits in Eq. (171), giving 


1 l-x 
; ET 2 -1 
2M.R =- ass 
5 0 rp!mo-M, SS eaon8 Mol fayi-m4 


2.6.7 
= 80 re 2 ‘ (173) 
ToP 1 l-x 
; 5) Op = 
-. lim 2M faa 
ee Tle, : 2MoK e708" MoJ axJoay 
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2,-1 2 ee 
fe - = = 
X [2(xty)-1](-Mp) = (80° /3)ky k, er 
in agreement with Eqs. (63) and (167). Thus we see that 


from the regulator point of view, the divergence anomalies 


result from the failure of the regulator term in the naive 
divergence to vanish in the limit of infinite regulator mass. 


Let us now turn to the question of whether larger 
loops than triangle diagrams can have Ward identity anom- 
alies. This question has been carefully analyzed, in the 
case of fermion loops, by both the e-separation meee 
discussed in Subsection 2.4 and by the regulator peiad. 
discussed immediately above. In addition to considering 
vector and axial-vector vertices, the analyses allow scalar 
and pseudoscalar couplings as well, and internal degrees 


of freedom (such as SU. or isotopic spin) are also per- 


3 
mitted. The results may be summarized as follows: 

(i) No loops involving scalar or pseudoscalar couplings 
have Ward identity anomalies which cannot be removed by 
appropriately chosen subtractions. The only loops with 
true anomalies, which cannot be removed, are ones with 
only vector and axial-vector vertices, with the number of 
axial-vector vertices odd. If subtraction terms are chosen 


so that all vector index Ward identities are normal, the 


following loops have anomalous axial index Ward identities: 
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the VVA and AAA triangles, the VVVA and VAAA squares, 
and the VVVVA, VVAAA and AAAAA pentagons. The tri- 
angle anomalies are the ones which we have already dis- 
cussed, and are the only anomalies when internal degrees 
of freedom are absent. The squares are anomalous be- 
cause the naive Ward identity derivations for them involve 
a translation of integration variable in linearly divergent 
triangle diagrams. In the case of the pentagons, the naive 
derivations involve a translation of integration variable in 
logarithmically divergent square diagrams, which is al- 
lowed, but the Ward identities become anomalous as a re- 
sult of the counter-terms which were added to the square 
diagrams to satisfy the vector current Ward identities. 

All diagrams larger than the pentagons have normal Ward 
identities. 

(ii) A compact and explicit description of these Raomelicer 
may be obtained by introducing external scalar (S), pseudo- 
scalar (P), vector (vl) and axial-vector (Ar) fields which 
couple to the respective currents, and which allow us to 
write a simple generating functional for all of the fermion 
loop diagrams. [ Note the change in notation from our dis- 
cussion of QED, where ah denoted the (vector) photon 


field. ] We start with a Lagrangian density which we write 
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as 
L(x) = L(x) +L), (174) 
L o(*) = Uxiy- []-m)4(2), 
L (x) =U x) B(x) Hy Pl) ty, Ud ty, yeAN(3) +m 9] Ud), 
with each of the fields S(x), P(x), V(x), AY(x) a matrix 


in the internal space, 


S(x) = Z a S_(), P(x) = = ES P (x), 
(175) 
v(x) = ZX, vi(x), ARS EN AM x). 


The fields Si(x) --. are the external fields and the mat- 
rices re -.. are their respective coupling matrices. The 
matrix 4m supplies fermion mass splittings. Going 
over to the conventional interaction picture, the S-matrix 
is formally defined by 

got explifd*x L(x}, (176) 
with T the time ordering operator. If we take the fermion 
vacuum expectation < 0|f |0 > and drop disconnected dia- 


grams, we clearly get a generating functional for all of the 


closed loops. Defining vector and axial vector currents by 


AF ((s% a og? (x) = -i * ia 


at Bvi( x) a 6 AN x) 


the calculations described above lead to the divergence equa- 


tions 


ar Fx) = D 4%)» 
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ag? (x) = Dox) eee Tr, OXF OIE (x) 


teh tore” (x) + oi Aix) AMx) Fy 4s) 


+S irhh x) A°(x) A "43 aan Og EY Oey A Cx) (178) 


- = ahixy a% 9 AM 9 AOD, 
with Tr, a trace over the internal degrees of freedom, 
with 
FAY (x) = a vtay- a vipat VOU, Vt} 
“if AMG, AN OO], (179) 
FHM = ah AM x)- 8 AM) -i[ VEO), AMO] 
“if AMGx), V0], 
and with dD, and D° the naive vector and axial-vector 
divergences. From Eq. (78), all of the fermion loop 
Ward identities are easily generated by variation with re- 
spect to the external fields. 
(iii) Finally, we note that a calculation similar to the one 
described above shows that there are no boson loop Ward 
identity anomalies. 
As a result of the fact that no loops involving scalar 
or pseudoscalar couplings have Ward identity anomalies, it 


é 0 
is easy to see that w +2Zy, and the SU,-related pe raceaten 


3} 


0 
n>2y and X +2y, are the only cases in which the anom- 


alies alter the usual current-algebra-PCAC predictions. 
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In particular, the anomalies which we have discussed do 
not alter the predictions of current algebra in the trouble- 


some n>3m decays. 
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6. CONNECTION BETWEEN WARD IDENTITY 
ANOMALIES AND COMMUTATOR 
(BJORKEN-LIMIT) ANOMALIES 
As we have seen, the VVA Ward identity anomaly 

implies other anomalies as well, such as in the renormal- 
ization of the axial-vector vertex and in the behavior of 
yY, transformations ‘in massless electrodynamics. In the 
present section, we will see that the Ward identity anomaly, 
also implies that anomalous commutators are present: that 
is, the divergence anomaly requires that certain simple 
commutators, involving the electromagnetic potential and 
the currents, have values different from the canonical ones 
obtained by naive use of canonical commutation relations. 
The actual, correct expressions for the commutators will 
be deduced from our formula for the triangle diagram by a 

: , . 33 34 
technique introduced by Bjorken and Johnson and Low, 
usually called the "Bjorken limit" method. Commutator 
anomalies are not a new phenomenon; in the usual QED 
without axial-vector currents, anomalies in potential- 
current commutators ("seagulls") and in current-current 

: 35 

commutators ("Schwinger terms") ~ have been known for 


some time. The two anomalies in QED are related, and 


cancel exactly when the divergence of a covariant matrix 
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element is taken, guaranteeing current conservation. The 
distinguishing feature of the commutator anomalies as- 
sociated with the triangle diagram is that when the axial- 
vector divergence is taken, the seagull and Schwinger term 
do not cancel. ae Rather, they combine to give the diver- 
gence anomaly found in Section 2, giving an alternative 
interpretation of the divergence anomaly as the result of 
non-cancellation of seagull and Schwinger term. 

We begin our discussion by reviewing the seagull 
and Schwinger term, and their cancellation, in QED and 
also by outlining the Bjorken limit method. Then we will 
apply the concepts which we have developed to the VVA 
triangle diagram. 


6.1 Schwinger’Terms, Seagulls, the Reduction Formula 
and T and T* Products in QED 


Let us consider the equal-time commutator of the 
time and space components of the ordinary electromagnetic 
current in QED, 

[iglst), ily t]- (180) 
By naive use of canonical commutation relations, we find 
for this commutator the value 

[4 ie t) p(x, t), p hy, thy yy, bly 0] 


3 t (181) 
aust at) leon | lx, 4) 0. 
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It is easy to see,however, that Eq. (181) is false. To prove 
this we take the divergence a/dy.. of Eq. (180) and use cur- 
rent conservation, which tells us that 0/dy je 4 = 
-(9/dt) joly t), giving 

O=[ jot TI (yO) =-[ igh 2 iglyst)] (182) 
if Eq. (181) is valid. Taking the vacuum expectation value of 
Eq. (182), setting x = y and inserting a complete set of in- 
termediate states to evaluate the commutator, we find 

O01 Ig ig(x t)] Jo > 
= 2 <0] jo(x, t)|n><n| x Jig x ) | 0>-<0| = ig t) |n><n] j glx, t) | O> 

= 2i B(E,-E,)| <0] jg(x, 9 [n>]? (183) 
All the terms on the right-hand side of Eq. (183) are greater 
than equal to zero, so Eq. (183) can be satisfied only if 
<0|j (x, t) |n>=0 for all intermediate states n, which is 
manifestly untrue. Thus the commutator of Eq. (180) can- 
not vanish, as the naive use of canonical commutation re- 
lations suggests. 

In order to understand this result, let us follow the 
procedure of Subsection 2.4 and define the ere gohccmponen. 
of the vector current as the limit of a non-local current, 


with spacelike separation ¢, averaged over the direction of 


ey 


foes 
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j.ly.t) = lim) av j ty, te), : (184) 
a aon ~~ xt+s5e 
S 7 = 1 2 wm [om 
ily: tie) = + (ytze, thy v(y-ze, tlexplieg J dé-A(f,t)], 
aera 


Substituting Eq. (184) into the commutator of Eq. (180) and 
evaluating by using canonical commutation relations, we 


find 
Wy-ze ,thexp[... ] (185) 


Eq. (185) at first glance appears to vanish, because of the 
factor ¢« infront, but an elementary calculation shows 


that 


z 


2 3 
(e°)" 


(186) 


<0|j (y, tie) |0> = 


with n a numerical factor, so that Eqs. (184) and (185) 
give 

Lips. t), i (y.t] = 8_ 8 (x-y) lim n/(3e%) (187) 

Jo ae oJ. y: “ "tr aed a0 pe 
+ possible operator term. 

The divergent c-number term on the right-hand side of 
Eq. (187), called the Schwinger term, eliminates the para- 
dox of Eq. (183). In QED, it appears that no operator term 
is present, so that the Schwinger term is pure c-number, 
but this is not true in other field theory models. 


Clearly, giving the space-component of the electro- 
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magnetic current an explicit dependence on the electro- 

magnetic potential will alter the potential-current com- 

mutation relations. Thus, from Eq. (184) we find 
[i.(y>t), aA (x, t)/at] 


= lim, av ily tie)[iege- Aly, t), BA (x, t)/at] (188) 


Coal nan 


(oma 


=, 2... 5°(x-y) lim) n/(3e°), 
whereas the naive value “of this commutator, computed with- 
out the € -separation, would be zero. We note that the 
anomalous commutator in Eq. (188) has the same coefficient 
as the one in Eq. (187); this is not an accident, but rather 
is necessary to preserve the gauge-invariance of the theory. 
To understand this, let us study the matrix element for the 
photon scattering process y¥(k)) + A> Yk,)+B, with A and 
B arbitrary states of the theory. Applying the LSZ reduc- 
tion forenele to the initial photon, we find that this matrix 
element is proportional to <By(k,) 14,0) | A>. Applying the 
reduction formula a second time, to bring in the final 
photon, gives 

iN 


<By(k,) 15, €) AS = e M., Gee 


n “i 4 eal N 
M = : 
is vam |e xe <B| T(A (22)j,,(9)) | A>. 


. , : Bas : ; 
As usual, gauge invariance requires that €.M be invariant 


under the gauge transformation e re cu vkoy? which im- 
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plies that 


N 
a = 0) - (190) 


; 2 
Let us now rewrite Eq. (189) by bringing the operator a. 
inside the time-ordered product, so that we can use the 


2h N 
equation of motion ee A= ey) ° 


Keeping all equal-time 
commutators which arise from time derivatives of the time 


ordered product, we get 


vik = at rat ik_+-x <B|T RX : 0 {A> 
eee, Jdxe © {ey <B] Mi (95,(0) 


ne : 
+ 8 (xp) <B][BA (x) /Oxq, 5, (0)] | A> 
nN 
+ (8/ax)[ &(x_)< BI[ A (39) 5,(0)] Ave ale (191) 
Even with our €-separation present, the third term on the 
right-hand side of Eq. (191) vanishes. The second term 
vanishes when either y= 0 or \}=0, but when » and Xd are 
both spatial components it is just the anomalous potential- 
current commutator of Eq. (188), 
rN s S » Ne) 4 Q 2) 
6(xq)[A (x) /0%.5,(0)] = -egig, - 8 B1o)8 (x) Jim n/(3e). 
i (192) 
Eq. (192), which is colloquially called the "seagull" term, 


describes the coupling of two photons to an electron line at 


the same space-time point 


which results from the potential-dependence of the electro- 


magnetic current. 
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To see that the seagull term plays an essential role 
in maintaining gauge invariance, let us multiply Eq. (191) 


by k By an integration by p-rts and by use of Eq. (3) 


2° 


(current-conservation},the contribution of the first term on 


the right-hand side of Eq. (191) becomes 


0 f Te USS r ) 
wae ee — <B| T(j (x)j,(0)) | A> 
EO 3 ny i m (193) 
£0 EN goes = 0 ; 
= 0 0 INS 
TER; IE fa'xe <B]6(%9){ 5 (29,5,(0)] | 


This expression is just the Schwinger term, and on substi- 


tution of Eq. (187) becomes 


( rn» 0 ) 
20 Ba 8 810 


ako9 N43 


-ik 2 
<BIA > lim, n/(3e). (194) 
Thus, because of the presence of the Schwinger term, the 
divergence of the T-product term in Eq. (191) is not zero. 
But, combining Eqs. (191) and (192), we see that the diver- 


gence of the seagull term is 


ieee, re ) 
2. 08. 2 8x0 2 
2k 9 Z, = BA > dim) n/(3e No (195) 


which just cancels away the Schwinger term contributions 
and gives Eq. (190) for the total matrix element. So we 
see that gauge invariance is maintained by a cancellation 


between the divergence of the seagull term and the Schwinger 


term. 
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Equation (191) is frequently rewritten in the form 
_ si Aunt e2: % el: 
Mi" GE, fa'xe <B| T*(j (20), (0) A>, (196) 
with the T*-product defined as the sum of the T-product and 


the seagull term, 


TH I*05,(0)) = TY) (x) i) (197) 


+ eget e, )8 (x) Lim, W/(3e"). 

As we have seen, because of the Schwinger term -seagull 
cancellation, the T* product satisfies the simple current 
conservation equation 

2S THI") 5,(0)) = 0. (198) 

Ox 
Also, the T*-product transforms as a 2-index Lorentz ten-- 
sor. (It is covariant because its matrix elements are the 
covariant Feynman amplitudes.) On the other hand, since 
the seagull term is not Lorentz covariant, it is clear that 
the T-product is not Lorentz covariant either. In other 
words, the properties which are naively attributed to the 
T-product are actually satisfied by the T¥-product, and 
not by the T-product, when Schwinger terms and seagulls 
are present. 

6.2 The Bjorken-Johnson-Low Method 


Although we have found the e-separation method to 


be useful in the above discussion, the method leads to 
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inconsistencies when applied to more general types of 
commutator anomalies. a7 That this is so should not be too 
surprising since the averaging procedure of Eq. (184), 
which excludes timelike separations,is clearly non- 
covariant. If we include timelike separations to try to 
get a covariant definition of the current, we are no longer 
allowed to use canonical equal time commutation relations 
to evaluate the current-current commutators, but instead 
must use dynamics (the geneor of motion) to follow the 
time evolution of the fields. Once we have to do this, how- 
ever, we might just as well abandon our canonical pro- 
cedure entirely, and instead calculate equal-time com- 
mutators as the limit as t +0 of unequal time commutators, 
with the latter calculated directly from Feynman diagrams. 
The Bjorken-Johnson-Low limit gives us a simple way of 
doing this. 

We consider the T-product of two operators Ji and 
J and take the matrix element between arbitrary states 


A and B, 


<Bl fdtx et * 75, (x) F,,.(0))|A>. (199) 


(1) (2) 


This matrix element has an analytic continuation into the upper 


half do plane given by the retarded commutator 
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<B| fd*x et Kx )[ J (2)5T,2.(0)] lA > (200) 


aan () 
= f at o'r), 


0 : 
Olt) = <BI farx eo eis (x, t), J (0)] JA >. 


(1) (2) 
Let us now let Io approach infinity in the upper half plane, 
that is, we set do = iR, R-o. To find the behavior of Eq. 
(200), we Taylor expand @(t) about t= 0, 

p(t) = o(t) |, ott #1, ot Saree (201) 


which on substitution into Eq. (200) gives 
fos) 


-Rt _ 3 ee 

fat e P(t) =F 4(t)|, ot = Gite) etree 202) 

Thus we have learned that the matrix elements of the equal 

time commutators | J,,,,J LOT his J eee are just 
Pay a3 Lei! PH a2] de 

the coefficients of a5 ae: --. as we take dp * 100 in Eq. 

(199): 

(x) J, ,,(0))| A> (203) 


im <Bi fd’xe 7 *nJ 
hee) 


(ly (2) 


=) a 2: 


(1) 
+ (~ig,)77<B| farxe*t = [0J, (x5 #)/ats J, 9, 
This formula is the recipe of Bjorken and of Johnson and 
Low. Clearly, the series in Eq. (203) cannot be extended 
arbitrarily far; a necessary condition for it to be valid out 
to power ay) is that the Taylor coefficients ot) iP 0? 
0 <j <n-l must exist. Although Eq. (203) has been formu- 


lated in terms of the T-product, it can be applied to the T*¥- 


(0)] | ol APt- 
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product as well. To see this, we note that the x-dependence 
4 j rea! 
of the seagull term consists of 6 (x) and possibly, a finite 
4 c 
number of derivatives of 6 (x), and therefore the Fourier 
4  iq-x F 3 
transform fa xe (seagull) is purely a polynomial 
in Go Hence from a Feynman amplitude, or T*-product, 
we obtain a T-product to which Eq. (203) can be applied by 
dropping polynomial terms in Qo which do not vanish as 
Gp~ 200. 
The equal-time commutator defined by Eq. (203) 
has the nice property that, barring pathological oscillatory 
: 40. 4 Ree 
behavior, it agrees with the usual definition of the com- 
mutator as a sum over intermediate states. To show this, 
we write the Low equation for the left-hand side of Eq. (203), 
4 ia: 
<BP die 2 I 


(xx) J. 5 )(0)] A> 


(1) 
4o~ Uo 


( 
fore) 
| ' 
=if dq) (204) 
-00 
with p the spectral function 
p (a d-) = (20) Z <B|J,,,|n><n|J,,,]A) 8 *(qtp -p_) 
AB =" *0 A (1) (2) Bien. 
3 4 
-(27) 2 <B >< > = 
(2m) I5,5) 12 n| Jayla 6 (atp -P,)- (205) 
Provided that the spectral function does not oscillate an in- 
finite number of times [ and it cannot in perturbation theory, 


where we will be applying Eq. (203)], when the coefficient 


-1 
of Io exists it is equal to the integral 
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090 F 
F895 Papa 9%)» (206) 

which is just the usual sum-over-intermediate-states 

definition of the commutator. 

In conclusion, we note that the results of Eqs. (187) 
and (188) for the Schwinger term and seagull in QED, which 
were obtained above by the €-separation method, can 
equally wel be obtained by applying the Bjorken-limit 
technique to the vacuum polarization tensor M(qh”. 

Nothing will be lost, then, by abandoning the € -separation 
method of determining commutators in favor of the recipe 
of Eq. (203). 


6.3 Anomalous Commutators Associated 
with the VVA Triangle Anomaly 


Let us now apply what we have learned to the lowest 
order VVA triangle diagram. We start with the two photon 
to vacuum matrix element of the axial-vector current, 
<0 52 (0) | Vk,» €)v(k,, € Allee and apply the reduction formula 
once to pull in one of the initial photons. This gives 

5 a 
i > 12 
<0] 5. (0) | UK), € )¥(K,»€ 5) [4k Kp! 
oop 4 <-ikjx 2 2D x 
=- ; > 2 
sie, fd xe D7, <0] TG) (20) | yc, e2)> [2,4] 
BE ey 207 
=a e ol eo 2m) Ee oo ote k,): (207) 
with R the explicit expression for the lowest order tri- 
o 


angle diagram given in Eqs. (55)-(59). [ Since, in Eqs. (207)- 
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(214), we work to lowest order only, we omit the usual 


i 
wave-function renormalization factor Z3 from Eq. (207).] 


Bringing Dé inside the time-ordered product, as in Eq. 
(191), we get 
4 miky XP? a) oy 2d 7 
fd'xe D,<9| TE, (VA (9) | yUik€ 5) 


=A k,_ +B ueer ok (208) 
H Hor 


c 10 10) is 


with A and B the seagull terms 
Lo ho 


aS) 
A zifaex aa 5(x44)<0|[ A_(20),52(0)] | y(k,»€ 2). 


BS = fa* el ee OLA. 120} Lyk, € 2), (209) 
A x) = 0A ( x)/d Xo 
and with Cir. 10) the T-product 
C, gtkyg) = ey fadix ent ¥<o] 165210) 520) | Wk,+€ 2) -a19) 
= e,J dix eff Kitk2)° X<o| TU 20295, (0) lyk, .€,)>. 
Let us first show that the assumption that no commutator 
anomalies are present leads to a contradiction. If all com- 
mutators are given by their naive values, ene and B__ vanish 


and no Schwinger term appears when we take the axial-index 


divergence of Suae so that 


Ae 4 
< 0fa" 3? |yOgge )v(k,,€,)>1 2k, 9 # (A) 


: 5 + 
“i(k, +k)" <0] 57 |i) © )v(k,+€ 2)? [2k 9]? (211) 
ao ae m 
aan [ -i(k, +k,) (c (ki) ] 

4 i(kj+k): ae 
= ol A e,Jd = ee *<0| TA" 5. 1(0)5,(0)) | yc, € 5)> 
(B) 
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Substituting Eq. (68) into Eq. (21l), we get from term (A) 
the matrix element of Zim, i” plus a contribution from 


the anomaly of order ef 


On the other hand, from the 
term (B) in Eq. (211) we get the reduction formula for the 
matrix element of Zim, js plus a contribution from the 


2 
at least, but the order e 


anomaly which is of order SS 0 


0 
contribution of the anomaly is missing: Thus, our assump- 
tion that all commutators have their naive values is in 
contradiction with the anomalous axial-vector divergence 
equation of Eq. (68). 

To determine the required values of the anomalous 


commutators, we use the k,,—ioo limit discussed above. 


10 


The seagull terms in Eq. (208) have polynomial dependence 


on ko? while Eq. (203) tells us that the large k) limit of 


0 
C is 
po 2 
“9 7 4 iky 3% 5 
+ eee we < j ’ j 0 r > 
os Sara Jdix eb 25(3)<0| Li (26 + 5 (0) I] vik y€,) 
+ higher order. (212) 


=) 
Thus, the equal-time: commutators [Apts 5 (0)) , 
; 5 25 : Aye 
{ j d[j , 0)] are to be identified, re- 
[A sx). 5,(0)] and [ 5,(2)s5,(0)] 
spectively, with the parts of Saar behaving like kj 9: l and 
ko as Kio becomes infinite. From Eqs. (55)-(59), we 


find 
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€ ae out »k,) (213) 
ae aw 
en “(Re ae pite Topp? 00° Orpp 8 p0 Or op 


+ kp B-e_ git ) 


20° Orpy OF OT Pp. 


oe 


a Eool!-8o)KrE NT pp ceeo “aTou 


+ (terms which vanish when o=0 or 
= 0} +O(k ro In Kk, 9) 
Comparing Eq. (213) with Eqs. (209) and (212), we find the 
equal-time commutation relations 
[ Aj). 52 0] LA gio ty] =0, (214) 
[ A (29, 50ly)] ={ -2ieg/m)6 (x-y)B "Uy, 
[ A252] =Uiag Mo xy Ey), 
[ Jol)» ioly)] =(-ieg/2m Bly): V8 (x-y), 
[ i,(*).iely)] =(-ie9/4n"[ Bl) V7, 8° x-y)] 7 
[ 5g 521y)] seg /4n)[ELy) AT, 8 cry] 8, 


with 
Bix) = [Tx Abg] =e". aS, 
ax” 


t et a ,90 
E(x) = -A (x) - SA (x), (215) 
ox 
We have only listed the current-current commutators con- 
taining at least one time component, since these are the 
only ones which appear when divergences with respect to the 


vector or axial-vector indices (¢ or ,) are brought inside the 
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time-ordered product in Eq. (210). All of the nonvanishing 
commutators in Eq. (214) are anomalous in the sense that 

if they are calculated by naive use of canonical commutation 
relations they vanish. 

It is easy to check that the anomalous commutation 
relations of Eq. (214), together with the reduction formula 
of Eqs. (208)-(210), correctly reproduce the known diver- 
gence properties of the lowest-order triangle diagram. To 
check gauge invariance for the photon which has been re- 

o 


duced in, we multiply Eq. (208) by ky and use vector cur- 


rent conservation, giving 
KT fratx Bet aa <0] T(520) A (>) lvls,» €5) > 
= aie etl X5(.0) <0] [A (x), 5°(0)] [yik,.€,)> (216) 
~ie, f a'x esl X5(x,) <0] [ Jol)» 52(0)] lyik,.€,)>. 
Substituting the commutators of Eq. (214), we easily see 
that the seagull and Schwinger terms on the right-hand 
side of Eq. (216) cancel, as expected. To check the axial- 
vector divergence of the triangle, we multiply by ~i( +k)", 
as we did in Eq. (21l). When seagulls and Schwinger terms 
are kept, term (B) of Eq. (211) becomes 


i : “2 
UMA) 0] 194520) 5,00) | vO» €2)> 


EG; 4 
-ie{e fa xe 
ily: cusreataes 
#i fedex eA *o( xg) -(iy He)" <0] [A (20), 5( 00] lyik,.€5)> 


5 
tie) <0] [5 (x), j9(0)] Ivik,,€,)>)}- (217) 
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Using Eq{214) to evaluate the seagull and Schwinger terms 


in the heavy square brackets, we find 
4 ikj- x Le ° aS) 

fahx bl o(x )C-(kyt,)” <0] [A (2), 5 (0)] |e et 2) 
: ; 3 at 

tie, <0] [ 5,(x).59(0)] | yvik,.e,)>) [ (20) 2k, 9] 

etic eno” = 218 

ane j(e9/2m ) ky k, “tat? o> 
which is just the axial-divergence anomaly obtained by sub- 


stituting Eq. (68) into term (A) of Eq. (21l).. We see that 


the anomalous axial divergence arises from a failure of the 


. Me 
Schwinger term eel and the seagull [ a ] to cancel. 


As a point of consistency, we note that the pseudoscalar- 
two-photon triangle Sl Eq. (60)] has the asymptotic be- 
havior Ro nae as ki g> ioo. . Thus the naive equal- 
time commutation relations 
oD er . 5 
[A (9), Fy) ] =[ Al(*). 7 (y)] =0 (219) 
remain valid, and no extra seagull terms are picked up 
when the one photon reduction formula is applied to the 
: ; 25 
matrix element <0| 2im)j lyk), ek. € 2)? 

We proceed next to check whether the commutation 
relations of Eqs. (214) and (219) are formally consistent 
with each other, with the equations of motion, and with the 
electromagnetic-field canonical commutation relations of 


Eq. (5). We start with the equation of motion 
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(a Cpe 
AAV A =e, j 220 


and the divergence equations satisfied by the currents 


5 
ix, ty ance jm (axa), 
ix ) a ) 


De A 

Bt Jo ap Mi: 0, (221) 
@) AS 
pelo’ © Vv: a = Aa °+(2a/n)E * B. 


We proceed to combine Eqs. (5), (220) and (221) with Eqs. 
(214) and (219). All the commutators which we write down 
are at equal time, with xy on t. 
(i) From [ A), 59(y)] =0, we deduce 
[A (20), Joly] 1A ,009.(2/at)ig(y)] =0. (222) 
On substituting Eq. (221) for (9/atjoly) and using 
[A (0),5°y)] =[ A271 =0, we find 
[A,(09, 52(y) BLA (39), 2a9/m)Ely)- Bly)]}. (223) 
Using the canonical commutation relations we then get 
(x)»J xy) ] =0, ite (224) 
[A ei Cy) ] =(-2ia o/me (x-y)B ry) 
in agreement with Eq. (214). 
Caverrom [ Alo). i¢ly)] =0, we deduce 
[A (20), igly)] + Ag( 9 (8/at)J9(y) ] =0. (225) 
Substituting Eq. (221) for (9/at)j(y) and Eq. (229 for Ag(x)» 
and using the commutators [ Ag(*), ioly)] =[ Ag(s5(y)] = 


[Ag(2).3'(y)] =0, we find 
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: 5 Bae : 
[epi g()s Joly] =-[Ag(), (2e9/mEly)- Bly) ] 
=(-2iag/™)Bly)- V8 (x-y)» (226) 
that is, 

[ in). ily) ] =(-ie, /2m) Bly) V6 (x-y) (227) 

Jo Jo VA 0 nai yi x ne ety hd 
in accord with Eq. (214). 

(iii) In a similar manner, the relations obtained by 
time differentiation of [ Ad, icy] =-(Ziag/n)6 (x-yyB"(y) 
and [ Jg()+ icy] =-(ie,/2n”) Bly): V8 (x-y) are found to be 
consistent with Eqs. (214), (219), (220) and (22). 


(iv) Finally, to check the consistency of quantiza- 


tion in the Feynman gauge, we must verify that 


le 
atl 
> 


+ VA (228) 
and L remain dynamically independent of the axial-vector 
current. Thatis, we must verify that 
Ae} 
[ L(x), 5 (y)] =0 (229) 
and that 
° A5i 
[ Ux), j(y)] =0. (230) 
Equation (229) follows immediately from the first line of 
Eq. (214). To check Eq. (230), we substitute Eq. (220) for 
o. ~) Prac 
Ay and use [ Aol) i (y)] =0, giving 
[ Lx),5°(y)] =[ e,) (x), 5ly)] +[ V_- A(x) i (y)] (231) 
p "0 My Xm : 
Substituting commutators from Eq. (214) then shows that 


right-hand side of Eq. (231) vanishes. 
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We conclude that the commutation relations of 
Eq. (214, which were obtained from the triangle graph in 
lowest-order perturbation theory, are consistent with the 
equations of motion and canonical commutation relations. 
Moreover, the fact that Eq. (224) for [ A(x), ily] and 
Eq. (227) for [ig i¢(y)] were deduced from simpler, 
exact commutators and equations of motion suggests that 
Eqs.(224) and (227) are themselves exact to all orders of 
perturbation theory. The values given in Eq. (214) for 
[A Coenen ey ee and [{ j Glan cannot, on 

ve s r 0 0 s 

the other hand, be deduced from the consistency argument. 
To see this, we note that the consistency checks of items 
(iii) and (iv) above are unchanged if we modify these com- 


mutators to read 
ia 


[ A (30, 52) ] 2 (x-yye 7 *B y)~1e 98 (x-y)S* Ly), 
-ie ; ; 
[5,09 Jg00] = pl Bbaxsy, 6° -yl Ho tx-y)8" yi], (232) 
4z. ~ 
1e = ; a 
[igl*) ily) ] =—SL Bx, 6 (x-y)]°-i 2 f67(x-ys"*y)] 
4n om Ox 


with s* *(y) a pseudotensor operator. In other words, the 
consistency check does not rule out the possibility that 

higher orders of perturbation theory may modify Eq. (214) 
by adding Schwinger terms and seagulls of the usual type, 


which cancel against each other when vector or axial-vector 
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divergences are taken. Itis expected on general grounds 
that the seagull commutator [ At*), iy)] does not involve 
derivatives of the 6 function and the Schwinger term com- 
mutators [5,09 59v] and [ ig) 52ty)] do not involve 
derivatives of the delta function higher than the first. [This 
structure for seagulls and Schwinger terms was found in 
the pure QED example discussed above in Subsection 6.1. ] 
Under this assumption, Eq. (232) represents the most gen- 
eral form for these commutators consistent with Eqs. (220) 
and (221). 

Using Eq. (224), we can easily complete the argu- 
ment, sketched in Subsection 3.3, that the operator 

B= faPxl i360 + (ay/n) Ad: VAC] (233) 
is the conserved generator of the Y5 Peay ee in 
massless electrodynamics. We have already shown that om 
is conserved and that it satisfies the correct commutation 
relations with the fermion fields. We now show that ee 
commutes with the photon field variables, From the first 
line of Eq. (214) we find 

[ a, A ty] =[@, Ad(y)] =0, (234a) 


while from Eq. (224) we find 


Shoe es , a ; 
[Q Aly] -| fa x sgt AC} [fax Bat: Xl) As] 
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Zie@ 2 Zia 
B (y)- 


r 
mo ty) = 0, (234b) 


as required. 
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7. APPLICATIONS OF THE BJORKEN LIMIT 

The Bjorken limit formula of Eq. (203) has been 
extensively applied over the past several years to the 
study of radiative corrections to the hadronic Bp decay 
and to the derivation of asymptotic sum ravesad and asymp- 
totic cross section acieteane for high energy inelastic 
electron and neutrino scattering. In all of these applica- 
tions, it is assumed that the equal-time commutators ap- 
pearing on the right-hand side of Eq. (203) are the same 
as the "naive'' commutators obtained by straightforward 
use of canonical commutation relations and equations of 
motion. As we have seen in the previous section, in the 
case of vacuum polarization and triangle diagrams in QED, 
this assumption is not borne out, and we find cases in which 
the Bjorken-limit and the naive commutator do not agree. 
Because of special features of the diagrams which lead to 
these counter-examples, they do not directly invalidate the 
applications of Eq. (203) mentioned above. However, when 
detailed perturbation theory calculations are made ona 
wider class of dinpracaanen one does find anomalous com- 
mutators which invalidate all of the above-mentioned ap- 
plications, In the present section, we will briefly derive 


various consequences of the Bjorken-limit formula in the case 
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when anomalous behavior is neglected. Then, in Section 8, 
_we will discuss the changes that result from the presence 
of perturbation theory anomalies. 
7.1 Radiative Corrections to Hadronic B Decay 

We begin by considering the theory-of second order 
radiative corrections to hadronic 6 decay in the local cur- 
rent-current theory of weak interactions. For definiteness, 
we will discuss only the vector amplitude for the specific 
process of neutron decay, n>p+e + v.- The lowest order 


matrix element M for this process is represented by the 


diagram 


with Fiou the component of the hadronic current to which 
the leptons couple. The radiative corrections to this process 
come from the following four diagrams (As before, the wavy 


line denotes a virtual photon) 
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Although the fourth diagram involves the axial-vector cur- 
5 : : : : 
rent See Tn it has a piece which contains the pseudo- 


tensor Fath wee and therefore transforms as a vector coupling 
and contributes to the radiative-corrected vector amplitude. 
The three radiative correction diagrams on the first 
line can be analyzed by the standard methods of time com- 
ponent current algebra, without the use of Bjorken limits. 
In the approximation of zero momentum transfer to the 
leptons (an eminently reasonable approximation, since the 
ratio of the leptonic momentum transfer to the nucleon mass 


is of the same order as higher order electromagnetic cor - 


: : 47 
rections) one finds the remarkable result that these three 
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diagrams sum to a universal, structure-independent, 
divergent correction to the vector amplitude, 


5M. first Wine 2 = (in a® \M, 


(235) 


M=(G/N2) ue ee, 2) <p| H 


14+i2 yp (0)|n a 


Here G= G cos 96 is the effective Fermi constant, and A 
is the mass of a regulator photon which has been introduced 
to permit evaluation of the integrals. The fourth diagram 
cannot be treated by using solely the techniques of time- 
component current algebra, but it can be evaluated by use 
of the Bjorken limit. The contribution of this diagram may 


be written as 


second line_ tee kG 


oe re se M(l-y¥,)v, 
(en ye Ne 2 


sell fs + seagull] (236) 


6M 


with 
4 ik-x EM 5 
= -i < j 0 Pazar 

T,(k) = afd e <p] TG 0) HP,» (00) [n> (237) 

and with £ the electron four-momentum, m the electron 
.EM : < 
mass and j ok the hadronic electromagnetic current. 
Making our approximation of zero momentum transfer to 
the leptons, we drop £ and m Since the factor multiply- 
ing the seagull is oddin k and since we expect the seagull 
4  ik-x,4 

to be proportional to fa xe *6 (x), anyon is k-independ- 


ent, the seagull drops out and we get 
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7s 4 ~ 
second line -ie clhijz (¢ — o K 
=— | -— - k).(238 
5M 7 “J rhe PO-y5) vy T,,,()-(238) 
TT 


In order to isolate the divergent part of Eq. (238), we need 
only calculate the large-k behavior of ek According 
to the Bjorken limit formula of Eq. (203), the large-k, be~ 


havior of T; os is given by 


5} 
ae ky ico kj fax e” = Z5(xq)< ellie M00 FH, Ol n> 


(239) 


In order to evaluate Eq. (239), we will adopt a specific 
model of the strong interactions, in which the basic fields 


are a fermion SU,-triplet => Ww 2? v3) with electric 


charges (Q, Q-l, Q-1l), bound by the exchange of SU,-singlet 


3 
vector, scalar and pseudoscalar bosons. The electromag- 


netic and weak axial-vector currents in this model are given 


by the simple expressions 


EM 


i, = YOOACY #00, RE YOY V5 V20, 
Q 0 0 1 Yee ooe 
Xo = OS O-1Om a: dy = 10 0 0 
0 0 Q-1 o oO : 


Let us further make the assumption that the equal-time 
commutator appearing in Eq. (239) is the same as the naive 


canonical equal time commutator, giving 


EM 5 4, = 
Stel, 2). isa, (0) =6 PIMA YD OVO, YoY, V5) Mx) 
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4 — 
= 8 (x) Wary Z0 oA }¥g¥,+ YoV Ys] (24) 


FED RE ALT C VoYgs Yo¥ Yoh) HC) 


The second term on the right-hand side of Eq. (241) is 
pure axial-vector in character, and so can be dropped. 
Using the elementary relations 


z = 16Q30- = 
2A AL} = HQHQ-YAL=Q, dL, ae 


= = -Zie iT 
eo mee 0G. 2i Opa 
the first term can be rewritten as 


ere Q cc) (243a) 


Ty 
AV *cOpn Fisi2 
which, on substitution into Eq. (239) gives 


-ZiQay n 

es Seer < > 

Tol, ico Ee ae pie... (n>. (243b) 

Let us now define*® the auxiliary tensor a by 
-2i1Q 


AV r 7 
See < bee © > 
o a Ke oe P| isi2!" ae 


@ 
ry i A = = 


-1 

zero faster than k as ky> ion. Arguments based on dis- 

: a) me 
persion theory can then Se used to show that oe de- 

-1 

creases faster than k as k approaches infinity in an 
arbitrary direction, which means that to extract the ultra- 
violet divergent part of Eq. (238), we need only evaluate the 


k-integrals with Tea replaced by oh This is a com- 


pletely straightforward calculation, which gives 


second line 3a 2 
=— j 4 
6M re (in A y2Q,,M (245) 
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Adding Eqs. (245) and (235), we get for the total second 
order radiative correction to the vector part 
2 
Se c 246 
6M = (l+2Q,.)4n AM ( ) 
Thus, if Chee = - 4, which corresponds to the choice of 
triplet charges (0, -1, -l), the radiative corrections are 


finite; for other choices of Q, , such as the value +4} 


Vv 
favored by our analysis of te 2y decay, the radiative cor- 
rections diverge. A similar calculation can be done for the 
axial-vector part of the amplitude and for more general B 
decay processes, with again the conclusion that the radi- 


ative corrections are finite only for Qa = -3, If the 


W 
analysis leading to Eq. (246) were correct, one could adopt 
one of two points of view (just as in our discussion of purely 
leptonic processes in Subsection 3.2): (i) The radiative 
corrections should be finite in the local current-current 
theory, requiring the choice Q,. = -4; (ii) The radiative 
corrections need not be finite, since the divergence in Eq. 
(246) is a weak one which becomes a significant correction 
to the weak decay amplitude only for large values of A, 
where the local current-current theory must fail in any 
case. In actual fact, we will see that when interactions of 


the fermion triplet with the mesons are taken into account, 


the assumption of identity of the Bjorken-limit and naive 
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commutators used to derive Eq. (246) breaks down. As a 


result, ev.en the choice Qa = -4 leaves the radiative cor- 


Vv 
rections infinite, and so the second point of view seems to 
be the more reasonable one. 

We note, in conclusion, that the analysis given above 
also applies to the second order radiative corrections to p- 
meson decay. Since the average charge of the 1 -meson and 
the p -neutrino is -3, Eq. (246) predicts that the radiative 
corrections in this case are finite, as is indeed found both 
by explicit calculation and by the Ward identity arguments of 


Subsection 3.1. 


7.2 Asymptotic Sum Rules and 


Asymptotic Cross Section Relations 
We consider next the use of the Bjorken limit formula 
to derive asymptotic sum rules and asymptotic cross section 
relations for lepton-nucleon scattering. In inelastic electron- 


nucleon scattering, one observes the reaction 


e(k,) + aa e-( kk.) + I(p,): (247) 
e ky e. 
if i 
< Virtual Photon 


with e. and er the initial and final electrons, with N the 
i 


nucleon (typically, a free proton or a neutron bound ina 
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deuteron) and with I’ any inelastic hadron final state. Four- 
momenta of the particles are indicated in parentheses, In 
the experiments done at SLAC and other laboratories, 
one measures the incident and final electron energies E, 
and E, and the laboratory scattering angle @ between the 
electron directions, but obtains no detailed information a- 
bout the conposition of the state T. Thus, the experiment- 
ally measured differential cross section is ae/d0, dE 
with 2 the final electron solid angle. Since the matrix 
element for Eq. (247) is proportional to < (Pp ,) ie N(p)>, 
after squaring, averaging over hucleon spin and summing 
over final states [T we are clearly measuring the quantity 
22 nip) lin | Tle )><lp Li, YN) (2) 8(p --P-a), (248) 
spin(N), is Ls a * i 

q=k, - ky, 
which is essentially the imaginary part of the amplitude 
for forward Compton scattering of virtual photons of emaeeye 


2 
=q onthe target nucleon. Using Lorentz invariance and 


gauge invariance, Eq. (248) can be rewritten in the form 
TRC We ee erty ee ey 


V=q'Pp, My = nucleon mass, 


and in terms of Wy and Ww, the experimentally measured dif- 


ferential cross section is 
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2 
2 Eb 
Cig ae fo. = Cpl) (Z 2,8 
a0 ,dB, Taye 2Wi(v.q )sin (s)+Wo.4 )cos (5)] .(250) 


Roughly speaking, at small scattering angles one measures 
Ww, and at large scattering angles one measures Wi: In the 
neutrino scattering reaction 
vo + Np) > w(k,) + Mp), (251) 

the doubly differential cross section is given by a formula 
similar in form to Eq. (250), but containing a third term, 
proportional to (E,+E,) sin’), arising from vector-axial- 
vector interference. 

Rather than considering the physically realistic 
electron-nucleon and neutrino nucleon processes them- 
selves, we will illustrate the application of Bjorken-limit 
techniques to these reactions by studying the cross sections 


for the absorption of fictitious charged, isovector virtual 


photons by nucleons, 


ND x 


These cross sections differ only in isospin structure from 
the corresponding virtual photon cross sections appearing 


in the electron scattering case, and differ from the cross 
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sections appearing in VN and UN scattering in that the axial- 
vector current terms have been omitted. The results which 
we will obtain for the simpler, fictitious reactions are read- 
ily extended to the realistic cases. 

To proceed, we first develop some properties of the 
nucleon-spin averaged amplitude for the forward scattering 
of isovector photons, from initial isotopic state b to final 
isotopic state a, on a nucleon target. This is given by 
(M n/aa) yw prP? nay = 2 pea N) ~if d*x pa ee 

X <N(p) | THA (40 Fy, (0) | Nop) > (252) 


= seagull i a 2 ~i fax at *<N(p) | T( Ta x) A (0)) | N(p)>, 


n(N) 
Buy ley SN Aq She 
where, as before, the seagull term is a polynomial in Qo: 
.osince we have seen that amplitudes involving only vector 
currents have normal Ward identities, by using both isospin 
current conservation and the ordinary time component cur- 
rent Anse we find that the divergence of Eq. (252) is 


given by 
eee et * 
ager pr={Po/My) 2 Plo — 


X <N(p) | 6(%5) [ Hol), (0)] | Nip) > 
(253) 


= i 
= (B/G ae Nr 


ptM,, 
= pire, | ake, ao 
N 


Perturbation Theory Anomalies 


[ For notational convenience, we have omitted the initial 
and final nucleon isospinors, and so Eqs. (252) and (253) 
are really matrix equations in isospin space.] If we ex- 


amine the Born approximation to ae brlP? q); 
BBORN, o cten(eoe ty Ca LA ty, 
aL br P> q)= r 2M) IVa 2 Y¥\2 ptt) 24, 


1 l 
a A-M,%u 2h) 


*BORN 


AON (p,q) agrees with Eq. (253), 


we easily see that qh a 


_*BORN 
d that 


) agrees with the \-index analog 
of Eq. (253). This means that the non-Born part of Eq. 
(252) is divergenceless, and therefore Eq. (252) has the 
general structure 

* BORN 


T (p,q=T eT wd) 
area au bhP eS 1 anld @M-B, az 


-2 z V V 
-s == Guphe 25 
+My T,,,(9 * on 24, (Py 3.4) (255) 
q q 
In writing Eq. (255) we have eliminated vy in terms of the 
dimensionless variable 
2 
w==q JV. (256) 


To proceed further, we separate off the isospin dependence 


of the non-Born amplitudes, 


it) 
a ane ab 


: : * ei 
the crossing symmetry relation ae) pri» qg=Ty ane -q) 


implies that the (+) amplitudes are even and the (-) amplitudes 


(q°,0)= Ty 2 (4 7,0) (E03 per hae vo) EA, 24,15 (257) 
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are odd functions of w. A standard forward dispersion re- 
sia 5 

lations analysis, very similar to that for the familiar case 
(+) 


of pion-nucleon scattering, shows that the amplitudes T; > 


satisfy the following Tee relations, 


1 
Teg?) = 47.0)- fast; (qoo)#Wy(qe—— +), 
= 1 1 
o eof [w, iean-w! ae oN - I _ 
l 
Da: wayecol So EWH(qse')t W3(q0] (S <5 
1 
TH (qe) = a So TW Jlase!) Wilds ol (sae + 
with absorptive parts given by 
3 
-(2m) (Po/My) # spin) PN) {2° i iF Pep 
X<D(pp)|2- 2H + i F,)|Nip)> 6 *(p rP-9): (259) 


= Wyte N-a AN + M yWitas oe) 1a)(P 25 say) . 
q 


The structure functions wr 2 appearing here are the 
charged-photon analogs of the electron scattering structure 
functions defined in Eqs. (248) - (249). In writing Eq. (258), 
we have assumed one subtraction each for ne [ the sub- 


(=) 


z 
traction constant qT (q ,0) vanishes by crossing sym- 


metry] and no subtraction for rt 


2? as is suggested both 


by perturbation theory calculations and by a simple Regge 
apercn? for the high energy (large v, small w) behavior 
of the amplitudes. 


Having finished our preliminaries, we can now de- 
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rive a so-called asymptotic sum rule satisfied by the 
: ac Ae ; ae penee 
structure functions WT (q ,w) in the asymptotic limit as 
Z 
q>-oo. Referring back to Eq. (255), we set q=p=0, 
» =A=1 and take the Bjorken limit do 10- Using 


qs. (254) - (258), we find that 


% «lo 
> Bsn - ' 
TarvilP Vy Zico 2%? ail 2 g Ze hes Jo. ss (de ? 


ee =2 (26D) 
-W,(q ,w')]}+ symmetric in a,b + O(qy# nq)» 
while applying the Bjorken-Johnson-Low recipe of Eq. 
(203) to Eq. (252) gives the alternative evaluation 
* : vr x 
Dt? es oo Polynomial + q9 (Po /M eee ie, 


% 6(x¢5)<N(p) | [34 (x, 0), ,(0)] | N(p)>+ O( a5 tng). 
To calculate the equal-time commutator appearing in Eq. 
(261), we will again adopt the SU,-triplet model of the 
strong interactions described in the preceding subsection, 
and again we assume the identity of the Bjorken-limit and 
the naive canonical commutator. We thus get 
6(x [F(x 0), A (0)] 
= 8(x_) [Hx 0) 32 ¥, M3, 0), WO) EA, y, 0) J (262) 
= 8(x) Dol 3h, 2,14, 
and the right-hand side of Eq. (261) becomes 
polynomial + a5 EA, ary] + Of a5. fn qo). (263) 


Comparing with Eq. (260), we thus get the asymptotic sum 
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rule 


2 
nities? 

= i ' = 5! e 64 

0 Prison: do! [W)(q 00" )-W) (a 0')] (264) 


The value 0 appearing on the left-hand side of Eq. (264) is 


peculiar to the SU,-triplet model; other field theoretic mod- 


3 
els, which also satisfy the Gell-Mann time component cur- 
rent algebra, have different values for the space-space 
commutator of Eq. (262) and therefore lead to modified sum 
rules. For example, in the algebra of fields model, ue the 
commutator in Eq. (262) vanishes and the left-hand side of 
Eq. (264) isl. Eq. (264) is readily generalized to the phys- 
ically realistic cases, where it yields a similar sum ures 
for the Ww, structure functions in vy and V-nucleon scattering, 
and an inequality for the WwW, structure functions in electron- 
nucleon scattering. We note finally that in the usual form in 
which Eq. (264) appears in the literature, the Born terms 


are not separated out of W,; if the Born terms are included 


v 
in W) the left-hand side of Eq. (264) becomes, respec- 
tively, -l in the quark-model and 0 in the field algebra 
cases. 

A useful alternative form of Eq. (264) is obtained by 
recalling that the usual fixedeee sum rule, following from 


the local time component algebra alone, ag is in our present 


notation 
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2 
dat; =, 2 | 
ge Wola pa! )=W3(q 40") ] . (265) 


w! 


Multiplying Eq. (265) by 2q°/M,, and adding to Eq. (264), 


we get the modified sum Pale 


0 = yim 2f aur (La? Poel teu] (266) 
q’ > -co 
with 
2 
¥F 2 Pad i 
w wee 


the total longitudinal cross costings for inelastic charged- 
photon-nucleon scattering. Eq. (266) has a very interesting 
analog in thecase of electron scattering, obtained by Callan 
45 ‘ : ee F 
and Gross by a more complicated derivation involving the 
EM : 
commutator 6(x loin M/2x. ce |], which appears as the 
2 

coefficient of the do term when the recipe of Eq. (203) is 
applied to the T-product of two electromagnetic currents. 


In the quark model, this analog reads 


Se i domi tae). | (268) 
q > -00 


and since Goo is positive definite Eq.(268) has the very 


strong implication that 


lim Beta’. =O (269) 
q~ -00 


for allwin the range 0<w<2. Just as in our previous 
examples, the derivation of Eq. (269) involves in a crucial 
way the assumption that the Bjorken-lrmit commutator and 


the naive canonical commutator are the same. 
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8. BREAKDOWN OF THE BJORKEN LIMIT 
IN PERTURBATION THEORY 


As we have greatly emphasized, all of the applica- 
tions of the Bjorken limit method discussed in the preceding 
section involve the assumption that the commutators appear- 
ing in the Bjorken-Johnson-Low recipe can be evaluated by 
naive application of canonical commutation relations. We 
have also seen, in Section 6, that this assumption is not 
generally true in perturbation theory, since it fails, for 
example, in the simple case of the triangle diagram. Con- 
sequently, itis natural to ask whether the assumption is 
valid for the Compton-like perturbation theory diagrams 
involved in the applications of Section 7; we will find, upon 
detailed examination, that it is not, and that all of the 
applications fail in perturbation theory. For definiteness, 
we will consider the SU,-triplet model described above, 
consisting of a fermion triplet bound by the exchange of 
SU,-singlet boson "gluons'' which can be spatially scalar, 
pseudoscalar or vector in character. It will not be pos- 
sible to test the applications of the Bjorken limit in pre- 
cisely the formulations given in Section 7, where we al- 
ways assumed involvement of a nucleon, which appears 


(conjecturally) in the gluon model only as a complicated 
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multiparticle bound state. However, it is easy to see that 
the derivations of Section 7 are equally valid if the nucleons 
p and n are replaced by the first two fermion triplets b 
and bos with the nucleon mass My replaced in the kine- 
matic formulas by the triplet mass m. Eq. (246) then be- 
comes a statement about radiative corrections to the vector 
amplitude for the triplet B-decay a v +e +V while 
Eqs. (264), (266) and (269) become asymptotic sum rules 
and cross section relations for charged photon-triplet and 
electron-triplet scattering. It is the validity of these re- 
lations which we will directly test in perturbation theory. 
8.1 Computational Results 

We begin by summarizing the results of some per- 
turbation theory calculations in the triplet-gluon model. 
In order to treat simultaneously commutators involving 
scalar, pseudoscalar and tensor currents as well as the 
usual vector and axial-vector currents, we introduce the 
abbreviated notation 


Pe ya, ee ey.) 
(1) (1) (2) (2) (270) 


1 1 1 
Vos Vo aN Veghosoe as + : 
(1) ar Ne oars ) 


ey 


according to whether the first or second current is a vector 
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(axial-vector, scalar, ...) current. The naive equal 
time commutator of the two currents is 


B(x 9) J, y(2)» J, (0] = 82) Ux) CY (9), (271) 


(1) 


We wish to compare the Bjorken-limit commutator with 
the naive commutator in the special case in which Eqs. 
(270) and (271) are sandwiched between triplet states. To 


do this, we calculate the renormalized current-fermion 
a 
(1)(2) 


-1 
and compare the coefficient of the do term with the re- 


scattering amplitude ah (p,p;q)-in the limit qo> io, 
normalized vertex I’ (C;p,p') of the naive commutator. 
Identity of the Bjorken-limit and the naive commutators 


would mean that 


mi a= 
lim ie) Ee ere aa 3° ag PCP, P') 
q,— ico eel) 
i es 
een) eced + Of Le fnq,)s (272) 


with the polynomial, as usual, coming from the seagull 

term. In the calculations which follow, we test the val- 

idity of Eq. (272) in perturbation theory. 

(i) Second order, To second order in the gluon-fermion 

coupling constant 8. there are two classes of diagrams 
~~ 


which contribute to T 


(1)(2)° 


The diagrams of the first class 
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consist of the lowest order current-fermion diagrams 
and the second order diagrams obtained from the lowest 
order ones by insertion of a single virtual gluon (denoted 


by the dashed line). The diagrams of the second class 
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\(1) (2) ‘(2) /¥ 1) 


involve a fermion triangle graph. We denote the contri- 


butions of these two classes to T 


* * Compt 
(1)(2) 


1)(2) 


by 7 and 


~* Triang 
(1)(2) 


» respectively. 

The first-class diagrams are evaluated by the 
standard technique of regulating the gluon propagator with 
a regulator of mass A, which defines an unrenormalized 
amplitude T eae 2 


(1)(2) 


we multiply by the fermion wave function renormalization 


To get the renormalized amplitude 


constant Zz, {the Feynman rules supply us with a factor 
NZ, for each of the two external fermion legs) and take 


the limit A —>o, 


Comp iene Compt 


(iz) 7 Ae 2 Tie (273) 


In certain cases, as discussed below, this limit diverges 
logarithmically; in these cases we take A to be finite but 


very large, dropping terms which vanish as A-oo but 
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retaining all terms which are proportional to fn A The 
renormalized vertex T(C;p, p’ ) = lim(A- oo) Z,1(Cp,p' ) 


is calculated by the same techniques from the diagram 


Finally, we take the limit Ig 7ico in our expression for 


~ %* Compt ; = - 
(1)(2) and compare with I(C;p,p'), giving the 
results” ” 
im_ iocccueR Compt 
dy te 7 1)(2) {p, poa)= ag lip, p')+A ] 
q, Pp, p' fixed P 
+O, £n do), (274a) 
a 
Acompt_ tan AM AN iy oe 
320° (Z “V(r YoXVOXVO (2) 72X¥7 Y(1) YoY 2)¥ "y 
4g 
(274b) 


-3Y,.Y Ty-2 G ] 
3 1 
~ 2 ¥(1) YoX¥oX¥o¥ 2)" 2X¥0%(1) ¥o%( 2) YoX 
* ¥(1) YoX¥0 (2) Yo¥ * ¥¥0¥%(1) YoX¥ 2) 
mal Cae . 
1 T ‘ 
re ap -(1)+—(2)}. 
In Eq. (274), the notation y...y is a shorthand for l...1 
in the scalar gluon case, iy, ene iy, in the pseudoscalar 
gluon case and Yo) one y? in the vector gluon case. If 
more than one type of gluon is present in the theory, the 
Compt 


quantity A appearing in Eq. (274a) is simply the sum 
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of contributions as in Eq. (274b) for each gluon. 

Because our model contains only SU.-singlet 
gluons, the second class diagrams contribute only to the 
SU ,-singlet part of the commutator. Taking the Bjorken 
limit, and comparing with the bubble diagram contribution 


to T(C;p,p') 


G 
‘ 
I 
—+—_—___~<— 
p p' 
- 3 
one finds 
5 ~* Triang 
lim ele »p',q)'= constant 275a 
quotas (1y(2) «(Pe P's @) ( ) 


q, p, p' fixed : 
Bubble , auriang 


sll. x 
+a) [I(C:p.p') 


] 
a2 
+ O14 9 £nqp). 


We will not exhibit the derailed toraiict 40 |= oat 


Triang 


remark that in all cases A vanishes when the three- 


momenta q and q'=q+p-p' associated with the currents 


Ji) and Jia) ee 
riang 
A 
q=q' =0 


an 


=0O,. (275b) 


[ Eq. (275) holds when the triplet of fermions are degenerate 
in mass. The effect of mass splittings is discussed in Ref. 
34] Thus, for the physically-interesting case of the com- 


mutator of spatially integrated currents, the entire answer 
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is given by Eq. (274). No cancellation between the SU,- 


Compt , Triang . 


singlet part of A nd A is possible, and we 


conclude that the Bjorken-limit and the naive commutator 

in our models differ in second order perturbation theory. 
For future reference it will be useful to write out in 

detail some special cases of Eq. (274). We consider first 


the commutator of two vector currents, with viene 


1 


= . . pit = t 
\(2) ¥, 24, and with naive commutator I(C;p,p'), 


© m2 2h AH YoVy~¥y Yo¥)t2l 2h,» AAeI VV tYy YoY) 


(276) 
In the vector gluon case we find 
a 
Compt °r ay Se 
A i ie 2 {2(8 "8.08 0) ol ah? 2h ] (277) 
qT 


3 ek 
ar zs (YYo¥p Vion Lae 23} ’ 


while in the scalar and pseudoscalar gluon cases we find 


2 
& 
Compt °r 1 1 
Tv 1 
at = a 2 Sil 
0 


When one or both of the currents in the vector gluon case 


Compt. : 
is an axial-vector current, A P is obtained from the 


expression in Eq. (277) by the following simple substitutions: 
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146 
Current Jay Current Ji2y Change in Eq. (277) 
Vv Vv none 
‘A Vv acompt_, “Y, acompt 
Vv A acompt acon’ Ys 
x im acompt_. Se 


The results for axial-vector currents in the scalar and 
pseudoscalar gluon cases are not so simple. 
(ii) Fourth order. 

To fourth order in By? the number of diagrams con- 


tributing to t* is so large that a direct calculation of 


(1)(2) 
the Bjorken limit, in analogy with our treatment of the 
second order case, is prohibitively complicated. However, 
as we have seen in Eqs. (260), (265) and (266), dispersion 
relations and unitarity provide a connection between the 
Bjorken limit for two vector currents and an integral over 


the longitudinal current-fermion inelastic cross section, 


, * : 
iim deep; a) = dint (Gn ET, Ty(2)'P? P» »Q)} 


ax aye 
Ig7 1 al bl Yay a 
pat 


sag [dh 2A ]{1 - 5 lim 2 { eat be (qvw!)-L ie") ]} 
q + -00 


+ symmetric ina,b +Q a5. fn Io): (279) 
From this equation we can calculate the part of A which is 


proportional to [ 2h) ay] if the longitudinal cross sections 
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are known. The longitudinal cross sections themselves are, 
in general,extremely complicated. But multiplying Eq. (259) 
by ae and comparing with Eq. (267) (with My replaced by 
m) shows that, in the limit as the triplet mass m approach- 


es zero, the longitudinal cross sections are given by the 


Simple expression ~ (280) 
ete FO 3 
L'= lim) (2m)" ey) ee PMA,t A Meh 


x - . 
6*(ptq Py) 
The factor Po in front of this equation is of purely kinematic 
-1 
origin, and cancels against a factor Po arising from 
our choice of normalization. The important point is that 


* in the matrix element in Eq. (280) leads to a 


the factor p 
considerable simplification in the calculation of uP in the 
zero triplet mass limit. Eqs. (279) and (280) have been 
applied, 27 in the scalar and pseudoscalar gluon cases, to 
the calculation of the part of the vector-vector commutator 
which is proportional to [ 2h, ; 2 ], independent of m, q, 
q', p and p' and which is logarithmically divergent as 
lag!” becomes infinite, with the ae that 

A = (8.-808,0) Yol 2hi02% sl pai iat =) lool” 

+ a. x el (281) 
+ symmetric in a,b + terms proportional to m,q, q',p,p' ‘ 


Even the calculation of this one special case is very 
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complicated, and involves the consideration of three-body 
final states containing either a triplet plus two gluons or a 
triplet plus a triplet-antitriplet pair. 
8.2 Discussion 

We proceed next to discuss a number of features of 
the results of Eqs. (274), (276-279) and (281), and in part- 
icular, to indicate their effect on the applications of the 
Bjorken limit developed above. 
(i) We begin by noting that to second order in ge. Boos 
contains terms tn( A°/ lag) which diverge logarithmically 
both in the Bjorken limit q9> ioo and in the infinite cutoff 
limit A-+oo. It is easy to see that the ma“ divergences 


result from a mismatch between the multiplicative factors 


* Compt 
(1)(2) 


E "i 
{i,e., én A -independent) as A-o. As we recall, the 


needed to make T (p,p',q) and I(G;p,p") finite 


rn a 
renormalized quantities Taye (eae nis)) earl IE ((Sgis), ja" )) 


oe 
are obtained from oc ae »q) and I(C;p,p') by 


multiplying by the wave function renormalization Z, and 


taking the limit A+oo, keeping any residual tna? depend- 


ence, On the other hand, the finite quantities 


* Compt finite finite 


Tay (2) (p» p's a) and I(C;p,p') are obtained by 


multiplying by appropriate vertex and propagator renormal- 
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ization factors which completely remove the h nw depend- 


ence, 
; ; finite 
I(C3p, p' ) = Z(C)I(C;p,p'), (282) 


* Compt F finite * Comp 


Tayay PPD HZ yy ZY o9)27 Tayay PrP" A 


In general, the vertex renormalizations Z(C), AY) and 


Z( ) are not equal to each other, or to Z For example, 


Y¥(2) z 


in the case of the vector gluon model, we have seen in 
Subsection 3.1 that the pseudoscalar vertex renormalization 


factor is Z(y,) = Z,m_., with m, the divergent fermion bare 


Zz 0 0 


mass. If we write 
FAUG)) Se 1k ap LNG : (283) 


Z,=1+ Ay) =14 A 


2 2’ 


then we find to second order that 


Comp finite 


~* Comp 
tp, p! oa) Tova b,p'.a) (284) 


(2) 
= 2 : Li 
FIZ) Aa y areeee %(0)* (2) age) | 


= finite 
T(Csp,p') =I(Cip,p') + [ A,-A(C) ]C. 
Since finite quantities on the left and right hand sides of 


Eq. (284) must match up, we see that 


Y(1) 


Compt 
P results 


Za i 
confirming that the fn A’ dependence in A 
from a mismatch between the renormalization factors on 


the left and right hand sides of Eq. (274a). A simple 
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calculation shows that 


By 
320° 


which on substitution into Eq. (285) does indeed give the 


2 
A(C)C= byy, CY yinA , (286) 
2, ; 
fn A” terms in Eq. (274). 


(a. 
The presence of terms which diverge as .in|qo| in 


Eq. (274) indicates that, in the general case, the Bjorken 
limit does not exist in perturbation theory. The fact that 
\¢ 


the tn| ap and fn ae terms occur in the combination 


HA" /lao17) means that, to second order, the existence of 
the Bjorken limitis directly connected with the matching of 


renormalization factors on the left and right hand sides of 


Eq. (274a): When the renormalization factors match, the 
Bjorken limit exists; when the factors do not match, the 
Bjorken limit diverges. tg Unfortunately, we shall see that 
this simple result does not hold in higher orders in pertur- 
bation theory. 

(ii) There are a number of interesting cases in which the 
renormalization factors do match, and hence the Bjorken 
limit exists in second order. In the vector gluon model, 
Eq. (277) and the table following Eq. (278) show that this is 
true for all commutators involving vector and axial-vector 
currents. In the scalar and pseudoscalar gluon models, it 


is true for the vector piece of the V-V commutator [Eq. (278) } 
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and for the axial-vector piece of the V-A and A-V com- 
mutators. The remarkable result that emerges from these 
examples is that, even when the Bjorken limit exists in 
second order, it does not agree with the naive commutator. 
According to the discussion of Eqs. (204)-(206) above, this 
means that the Bjorken limit agrees with the spectral func- 
tion integral of Eq. (206), but the naive commutator does 
not. So itis really somewhat of a misnomer to talk about 
Bjorken limit breakdown; it is the naive commutator, and 
not the Bjorken limit, which breaks down. 

Armed with the explicit formuias of Eqs. (277) and 
(278), we can now go back to see what happens to the var- 
ious Bjorken limit applications developed above. First we 
consider the discussion of radiative corrections to B-decay 
given in Subsection 7.1. o As we have sven, the term 


proportional to Qn in Eq. (246) comes from the spatially 


Vv 
vector, isospin symmetric part of a V-A commutator 

i : Mile th 
[ the Xo» } L ¥oYa? Yo¥,,¥5 J term in Eq. (241)]. In the 
vector gluon model, this corresponds to the {2h 2h} term 
in the V-A version of Eq. (277). Comparing Eq. (277) with 
Eq. (276), we see that to second order the coefficient of 
2{ 2h, 2} (YYo¥x7 Ya Yo¥y) is changed from 1 to 


1 - 3g /(16n’), and hence Eq. (246) is modified in the vector 
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gluon model to read 

6M = = [ts (l= a 2Q,y] mAoM, (287) 

l6ér 

which diverges even in the special case Qayve -3. In the 
scalar and pseudoscalar gluon models, the situation is even 
worse, since the vector part of the V-A commutator is di- 
vergent in these models, as a result of mismatch of renorm- 
alizationfactors, and consequently the coefficient of fn Ne in 
Eq. (287) is itself logarithmically divergent. In fact, de- 
tailed field theoretic staipees” show that the vector gluon 


model with Qn =-3 is the only renormalizable, SU,- 


Vv 
symmetric model of the strong interactions which has the 
possibility of having finite radiative corrections to B-decay, 
so our result of Eq. (287) shows that there are in fact no 
renormalizable, SU,-symmetric models with this property. 
It is important to note that Eq. (287) does not con- 
tradict the result, mentioned above, that the radiative 
corrections to 4-meson decay are finite to all orders in 
QED. The point is that while the vector gluon is an SU,- 
singlet, and hence couples symmetrically to all of the 
triplet fermions, the photon couples to the muon and elec- 
tron but not to the neutrino. As a result, certain diagrams 
which are present in the triplet decay process are absent 


in muon decay, e.g. 
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It turns out to be precisely these missing diagrams which 
cause the disagreement between the Bjorken limit and 
naive commutators. 

Next, we consider the asymptotic sum rules and 
cross section relations of Eqs. (260) and (266). We have 
actually already seen what happens in these cases: accord- 
ing to Eq. (279), the integrals no longer vanish, but in- 
stead are proportional to the coefficient of the [ 2 2,1 
term in Eq. (277) or Eq. (278), 


: a oo +2 
lim 2M faw' [wid ,0!)-W, (qs 0')] 


. » 
comes So +, 2 
= jim 2 f dw [ L(q pol iol laea)] (288) 
q >-00 
= e” 8x") vector gluon 
2 2 
g/(L6m ) scalar or pseudoscalar gluon 


In other words, the backward neutrino sum rule and the 


backward electron-scattering inequality depend on the 


eS 
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dynamics of the triplet-gluon interaction, not just on the 
kinematic structure of the weak and electromagnetic cur- 
rents. If, for definiteness, we take the fermion state 
in Eq. (280) to be Ma we find that the entire contribution to 
2 
the longitudinal cross section to order g,. comes from the 
intermediate state IT = vs + gluon, The resulting two-body 
phase space integral is easily evaluated in the center of 
mass frame, giving 
L =0 (289) 
ie, 
oe /32m vector gluon 
: -, 2 r 
2 lim L (q ,w) = 2 2 
q ~>-o gw/b4n scalar or pseudoscalar gum, 
in agreement with Eq. (288). The corresponding electro- 
magnetic longitudinal cross section is obtained by replacing 
EM 
FG “it in Eq. (280) by j » and receives its onl 
iiimeh tn Bo Eee Pade x 
contribution from the intermediate state T = a + gluon. 
: EM, 2 - 2 
Clearly, the ratio L~ (q ,w) /L (q ,w) is just the squared 
Ze 
charge Q of by indicating that the Callan-Gross relation 
ames : 61,62 
of Eq. (269) also fails in our perturbation theory models. 
We conclude that none of the principal applications of the 
Bjorken limit method are valid in perturbation theory. 


(iii) From an inspection of Eq. (277) we see that in the 


vector gluon case, for all commutators involving vector and 
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acompt 


axial-vector currents, vanishes when either p =0 


or v=0. In other words, only the space-component-space- 


component commutators are anomalous. When J,., and J 


(1) (2) 


are both vector currents, this result can be deduced direct- 
ly from the Ward identity of Eq. (253), which in our present 


notation reads, on the mass shell, 


~* Com 
t Plp.p' »q) Mm 


= eae ae 
(1)(2) Yy74 =D([Zd,>2%, ] vip» P'). (290) 


i 
Vu 2h 
1X 


fi 
Zab 


Lr ess 
F -1 
Multiplying by Io and taking the limit dp 7 100 gives im- 


mediately 
: ~~ Comp -lw 
lim a , ' = Tt 4Ay PN & - 1 2 il 


Yaya, . + Olay tn ay), 
confirming our explicit calculation. A similar derivation 
holds in the cases involving axial-vector currents, provided 
that the divergence of the axial-vector currentis "soft", 
as itis in the vector gluon model. We thus see that the 
breakdown of the Bjorken limit which we have found in 
Compton-like graphs is consistent with the constraints im- 
posed by Ward identities, just as we found a similar con- 
sistency in the triangle graph case in Subsection 6.3. This 
means that except in cases such as ae 2y, where Ward 
identity anomalies occur, the standard results of the 


Gell-Mann time component algebra, which are derived 
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directly from Ward identities, remain valid. From the 
point of view of trying to distinguish between different 
models of the hadronic current, it is unfortunate that the 
Bjorken-limit fails precisely in the case of space-space 
commutators, where the usual current algebra "infinite 
momentum limit" and "low energy theorem" methods also 
do not work. 

(iv) Basically, the origin of Bjorken limit breakdown is 
the very singular nature of perturbation expansions in 
field theory. oe To see this, we note that if we take the 
Bjorken limit Ig* 100 before letting the regulator mass 

A. approach infinity, so that we are dealing with a conver- 
gent cutoff field theory, the Bjorken limits and naive com- 
mutators agree. aie The order of limits is thus of cru- 
cial importance here, unlike the situation in the low energy 
theorem discussion of Section 4. The reason is that when 
4 is held finite while the Bjorken limit is taken, the spec- 
tral function integral of Eq. (206) contains contributions 
from the regulator particle, which cancel away the anom- 
alous terms which we have found. On the other hand, if 


the limit A+ oo is taken first, so that we are dealing with 


renormalized perturbation theory, and then the Bjorken 
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limit is taken, these regulator contributions are absent. 
Although the regulator theory has no Bjorken limit anom- 
alies, it is not a very satisfactory physical model, since 
cross sections for regulator particle production can be 
negative. For instance, the Callan-Gross limit of Eq. (269) 
is satisfied in the regulator theory, but only by virtue of a 
cancellation between the cross section for fermion + gluon 
production, which is positive, and a negative cross section 
for fermion + regulator particle production. 

(v) We turn next to the order e result of Eq. (281), which 
gives the V-V—> V commutator in the scalar and pseudo- 


scalar gluon models. We see that even though the renorm- 


alization factors match, the Bjorken limit in this case 
diverges in fourth order. We note, however, that the 
3 4 2 ; 
divergence behaves as 2 tn|q,| ,» whereas in fourth order 
: : Ce 2,2 eee 
terms behaving like g (én | Go| ) could in principle be 
present. On the basis of this behavior and our second order 
results, the following conjecture seems reasonable: When 
Compt 
the renormalization factors needed to make T1y(2)'P? pea) 
and I(C;p,p') finite are the same, the Bjorken limit in 
order 2n of perturbation theory contains no terms 


ei (loglay 1°)", but begins in general with terms 
ig 


157 


158 Stephen L. Adler 


ge. “(log lao] ue 

(vi) Finally, we must emphasize that all of our results 

have been obtained in perturbation theory, eb whereas strong 
interactions are notoriously non-perturbative in behavior. 
Thus, one is always free to postulate that non-perturbative 
effects somehow conspire to 'damp out" the anomalous 
terms when all orders of perturbation theory are summed, 
although the need for this assumption would mean that asymp- 
totic sum rules would not give a test of the space-space cur- 
rent algebra alone, but would involve deep dynamical con- 
siderations as well. There is an alternative point of view 
which has been analyzed in detail recently. ei This is that 
Bjorken limits and naive commutators may well have little 
relation to each other, but still Bjorken limits may be in- 
teresting because, via asymptotic sum rules and Eq. (206), 
they furnish an experimental means for measuring equal- 
time commutators and other singular behavior of time- 
ordered products. In order for this point of view to bear 
fruit, it will be necessary to find new ways, not involving 
naive commutators, of correlating this singular behavior 
with the underlying structure of the theory or of relating to 
one another the singular behavior measured in different 


types of experiments. 
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1. Considerations Motivating the Veneziano Formula 


The Veneziano formula provides us with a model in which Regge 
trajectories rise indefinitely instead of turning over as they do in 
potential theory. As we shall see below, such a behavior is indicated, 
though not proved conclusively, by the experimental results, and it fits 
with the further fact that low-energy resonances are observed to be 
narrow. A model for an amplitude with such properties might be useful 
for phenomenological analysis of experimental data, and it might also 
form the basis for a more fundamental approach to the problem of strong 
interactions. In these lectures we shall stress this latter aspect, even 
though, at the present time, there exist. defects in the model which remain 
to be overcome. 

I shall begin by outlining the experimental evidence in favor of in- 
definitely rising Regge trajectories. I shall then indicate how one might 
attempt to construct a dynamical model which incorporates such trajectories; 
such a model would not contain a separate class of "elementary particles". 
I shall indicate the approximation scheme which might be adopted, and the 
consistency conditions which must be satisfied. Dynamical schemes based 
on such principles had been proposed before the discovery of the Veneziano 
formula, and they are quite different in nature from previous schemes such 


as the n/D method or the strip approximation. I shall then came to the mair 
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topic of the lectures and shall discuss how the Veneziano formula and 
its generalizations provide us with a model which incorporates the 
consistency conditions referred to above. 

One further feature of such dynamical models may be mentioned. 
It has always been a mystery why the observed meson and baryon spectra 
agree with those predicted by the quark model, even though quarks have 
not been seen. Within the framework of the Veneziano model one can 
understand how this may occur. One can also understand su(6),, symmetry; 
which had previously been difficult to interpret within the framework 
of dispersion relations. These last remarks must be qualified by 
mentioning that the main defect of the Veneziano model, namely the 
existence of "ghost" resonances with negative decay probability, is 
particularly severe in models withfermions or with quarks. Neverthe- 
less, the fact that so many things fit together leads us to hope that 
the defects of the model may be able to be overcome. 

Let us now summarize the experimental evidence in favor of in- 


definitely rising Regge trajectories. Such a trajectory has been shown 


Figure l. A Rising Regge Trajectory 
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diagramatically in Figure 1. Ideally, one would wish to identify 
resonances at all points where the trajectory passes through even or 
odd integers or half-integers, and to measure their spins. In actual 
fact the spins have usually been measured only for the two or three 
lowest particles. We thus have the points A, B, C on the trajectory 
in Figure 1. If a straight line drawn through these points is ex- 
trapolated to higher energies, resonances are observed at points D, E, 
etc., where the trajectory passes through a succession of higher even 
or odd (half) integral values of j, reaching as far as SS in one case. 
The spins of these higher particles have not been measured, though the 
canbination of long lifetime and high Q-value indicates that they are 
high. It is tempting to identify the particles with the higher members 
of the Regge sequence. 

The fact that the Regge trajectories are almost linear is corre- 
lated with the observed narrowness of the resonances. This may be seen 


at once from the dispersion relation for the trajectory function a(t). 


Thus, with two subtractions, 
? 
a(t) = at +b +2 | at! me) it) 


if Im a(t) »0 as to. Since the width of the resonance is propor- 
tional to Im a, we notice that the trajectory is linear if and only if 
the resonances are narrow. Furthermore, in any model where all resonances 
are narrow the Regge trajectories must rise indefinitely.+ 

The experimental facts which we have summarized suggest that we 
attempt to construct a model scattering amplitude where all trajectories 


are exactly linear and all resonances infinitely narrow. Such a model 
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can at best provide only an approximation to nature, but it may well 
serve as a starting-point in a new approach to strong interactions. 
Finite-width effects may hopefully be included at subsequent stages of 
an approximation scheme. In other words, one may regard the narrow- 
resonance approximation as a new kind of weak-coupling- approximation. 
However, it is a weak-coupling approximation without elementary particles; 
all resonances lie on Regge trajectories. The old type of weak-coupling 
approximation, if it has any meaning at all in strong coupling physics, 
is certainly a very bad approximation. The new narrow~resonance 
approximation, though not very accurate, may nevertheless possess many 
of the qualitative features of the complete system, particularly with 
regard to the spectrum of particles.° 

One way in which the present scheme differs from previous schemes 
is that Levinson's theorem is not satisfied. If the Regge trajectory 
rises and falls again, the phase shift will also rise and fall, and the 
energies at which the Regge trajectory and the phase shift turn over will 
be of the same order of magnitude. If the Regge trajectories continue to 
rise, the phase shifts would be expected to do so as well, and the quantit 
5(@) - &(0) would be infinite. The "bootstrap" requirement that there be 
no elementary particles is now introduced, not by means of Levinson's 
theorem, but by demanding that all particles lie on Regge trajectories. 

In the conventional weak-coupling approximation, there are no self- 
consistency conditions to apply. One can construct Born terms where all 
masses and coupling constants are arbitrary. By demanding that all partic 
lie on Regge trajectories, as we do in the present narrow-resonance appr ox 


imation, we impose consistency conditions which are decidedly non-trivial. 
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Papers claiming to prove the impossibility of constructing such models, 
even for scattering of scalar particles, began to appear shortly before 
Veneziano constructed one explicitly. In the remainder of this section 
we shall indicate the consistency conditions which are necessary. 

The first and most «fundamental consistency condition is that the 
amplitude have Regge asymptotic behavior in all three channels simul- 
taneously. If for simplicity we consider an amplitude with resonances 
in two out of the three channels only (s and t, say), the amplitude must 
have Regge asymptotic behavior in both channels simultaneously. It may 
well be questioned whether we should assign such a fundamental role to 
Regge asymptotic behavior, and we may alternatively require that the 
resonances in both channels lie on Regge trajectories or, in other words, 
that they be members of rotational sequences. We may then attempt to 
weaken the asymptotic assumption by simply requiring that there be no 
unphysical features such as exponential increase in the physical region. 
The only narrow-resonance models so far known which satisfy these require- 
ments do have Regge asymptotic behavior. In any case, the crucial aspect 
of the assumptions is that they apply to both channels simultaneously. 

We may formulate this self-consistency condition in another way. Let 


us write a dispersion relation for A at fixed t: 


' 
A(s,t) == ds" Jn ACs’ t) ; (1.3) 


Since we are assuming that the amplitude has no u-channel resonances, the 
second term in the dispersion relation will be absent. Let us also assume 
that the dispersion relation is true without substractions for same range 
of values of t. This will certainly be the case if we have Regge asymptotic 


behavior with a linear trajectory function a(t). (Figure 1). In the narrow- 
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resonance approximation, the function Im A(s,t) consists entirely of 


delta-functions: 


i 2t 
Im A(s,t) = 8(s-s,) 1+ (1.4a) 
> t B{ 3 a} 
L 
£,8, 
so that 
A(syt) =) oe p, {a+ 2}. (1.tb) 
L S ou 
4,8, 


The amplitude can thus be written as a sum of contributions from s-chann 
resonances if t is sufficiently small. In the same way we can show that 
the amplitude may be written as a sum of contributions from t-channel 
resonances if s is sufficiently small. We emphasize that we do not sum 
over s-channel and t-channel resonances, as we would if the resonances 
were elementary. The entire amplitude can be represented either as a sw 
over s-channel resonances or as a sum over t-channel resonances. This i 


one definition of a principle emphasized by Dolen, Horn and Schmid and k 


ee 4 3 4 3 
as duality. NA 
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Figure 2. The difference between amplitudes with elementary particles a 


dual-resonance amplitudes. 
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So far we have only treated the scattering of scalar particles. How- 
ever, each resonance on a Regge trajectory itself corresponds to a stable 
or unstable particle in the system, and one must be able to construct 
amplitudes for the scattering of” such particles. Whenever we have a 
system of several particles, the residues at the poles in the scattering 
amplitude must satisfy the er condition. Let us examine a 
general amplitude A+B + C+D, and let us isolate a pole due to a single- 


particle intermediate state E [Figure 3(a)]. The residue at such a pole 


(a) (b) 
Figure 3. Factorization of Scattering Amplitudes. 


must factorize into two "coupling constants" Sapp 2Md Epp If we apply 
the factorization restriction to the amplitudes A+B ~ A+B, A+B > C+D and 
C+D > C+D, we notice that the three residues can be expressed in terms of 
two coupling constants Sapp? Spr In systems with more than two communi- 
cating channels we obtain correspondingly more restrictions. 

Factorization has further consequences when we consider an amplitude 
A+E > AtE and isolate the pole due to an intermediate state B. The coupling 
constant SARE which occurs in this reaction is the same as that of the 
previous reaction. This requirement is sometimes known as vertex sym- 


metry. 


Our general requirements are thus that the amplitude for the process 
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A+B - C+D should consist of narrow resonances in the s and t channels, 
that it should have Regge asymptotic behavior in both channels, that 
the factorization requirement should be satisfied in both channels, 
and that the coupling constants should have vertex symmetry. Cor- 
responding restrictions exist for production amplitudes; in fact, 
the four-point and n-point problems are so intimately linked that 
they must be treated simultaneously. The requirements, taken together, 
are very restrictive, and it is remarkable that functions can be 
constructed which satisfy them exactly. Such functions appear to be 
defined with a fair degree of uniqueness. 

As we have already mentioned, narrow-resonance models may in 
a sense be regarded as a new type of Born approximation, and effects due t 
finite widths must subsequently be included in a complete theory. A 
very appealing extension of the Veneziano model has been proposed for 
including such effects in a perturbation series. This approach works 
in terms of Feynman-like diagrams, the original Veneziano model cor- 
responding to the Born (or "tree") diagrams. It is doubtful whether 
one can treat the strong-interaction problem by straight perturbation 
methods, and the higher-order terms of the Feynman-like series do 
appear to possess a divergence associated with the large phase space 
available to high-energy intermediate states. However, it may well 
be possible to use semi-perturbation methods based on the series of 
Feynman-like diagrams, and we shall discuss the higher-order terms in 


sibsequent lectures of this series. 
2. The Veneziano Formula for the Four-Point Scalar Amplitude 


In the present section we shall discuss the original venedibae. 
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model for the elastic scattering of a pair of equal-mass scalar par- 
ticles. We require an amplitude with narrow resonances and Regge 
asymptotic behavior in the s and the t channels; we are still sup- 
posing for simplicity that there are no resonances in the u-channel. 
Since we are only considering one kind of external particle, questions 
of factorization do not arise yet. 


The Veneziano formula is as follows: 


A(s,t) = SEES EGS } 


B{-a(s),-a(t)} - [x x7 H(8)-1 04 -O(t)-2, 


(2.1a) 


As in the last section, the Regge trajectory function a(s) is assumed 


linear: 


a(s) = astb. (2.1b) 


The combination of gamma functions is (2.la) is known as a beta-function 
(B-function), and its properties are outlined in most books on special 
functions. It has the integral representation given in (2.1). 

In studying the characteristics of our amplitude, we may use either 
the representation in terms of gamma functions or the integral represen- 
tation. Veneziano, in his original paper, worked mainly in terms of 
gamma functions. He was led to his formula by a study of such functions, 
Since they occur in many models with Regge asymptotic behavior, including 
those of Veneziano and his co-workers quoted in Reference 2. Most 
generalizations of the Veneziano model start from the integral represen- 


tation for the beta function and, since the generalizations greatly 
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extend the power of the model, we shall derive the results form the 
integral representation. 

Let us first examine the singulerities of A as a function of s and 
t. We wish to show that A is analytic except for poles in s when 
a(s) is a positive integer, or poles in t when a(t) is a positive in- 
teger. We also wish to show that the residues at the poles in s are 
polynomials in oy or, in other words, in t, and to examine the order 
of the polynanials. Similarly, we must show that the residues at the 
poles in t are polynomials ins. Since the integral in (2.la) is 
Obviously symmetric in s and t, we need only examine the singularities 
in one of the two variables. 

To examine the singularities of (2.la) as a function of s, we 
first notice that the integral converges uniformly when a(s)} and a(t) 
are negative. Thus, since the integrand is analytic in s and t, the 
integral is also analytic. However, as a(s) approaches zero, the in- 
tegral in (2.la) becomes divergent at x = 0. We may write the non- 


divergent factor (1-x) ols)-1 as 


-a(s)-1 -a(s)-1 _ 


(1-x) = 1 + {(1-x) ne ae 


The second term, when inserted into (2.1la), gives an integral which is 


convergent near x=l when @(s)= 0. Thus 


aot ee 1 
i ax x-08)-2 (yy at )-2 “J. axix S)"1 veces prasqemet ctejee 


1 
late) + terms finite at a(s)=0. (2.2) 
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The function A(s,t) therefore has a pole in s at a(s) = 0, and the 
residue at the pole is independent of t. This is the property we 
require, since the amplitude is expected to possess an S-wave 
resonance when a@(s)=0. 

The integral on the right of (2.la) is not defined when a(s) > 0. 
We therefore define it by analytic continuation. To do so, we first 
re-express the integral in such a way that the expression is unchanged 
for a(s) < 0, but has a meaning for a(s) > 0. This may be achieved by 


integration by parts: 


of 1 
i o xg A8)-1 04) O(t)-2 7 cil ae US) (14) Ht)-2 
(2.3) 


The right-hand side of (2.3) is defined if a(s) <1. As a(s) approaches 
1, the integral begins to diverge at x=0. In the same way as before, 


we can easily see that 


Alt +i 


atest * terms finite at a(s) = 1. (2.4) 


A(s,t) = - 


We notice that the amplitude has a pole at a(s)=1, but now the residue 
is a linear function of a(t), and therefore of t. The amplitude thus 


possesses S-wave and P-wave resonances at s=l. 

By repeated integration by parts we can extend the definition of 
the integral in (2.1) to an arbitrarily large value of s. The amplitude 
has poles at any integer, and, near a(s) =n: 


A(s,t) = - fa(t +1} a u #2}. .-fa(t)+n 1. finite terms. (2.5) 


Nhe Q@sj-n 
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th . fs 
The residue is thus a polynomial of the n° degree int, and the ampli- 
tude possess resonances with angular momentum ranging from 0 to n. 
The resonances of our amplitude lie on the Regge trajectories shown 


in Figure 4. When a(s)=0 there is an S-wave resonance, when a(s)=2 an 


z=a(s) g=a(s)-| s=a(s)-2 


Figure 4. Regge trajectories in the Veneziano Model. 


S-wave and a P-wave resonance, when Q(s)=2 an S-wave, a P-wave and a 
D-wave resonance, and so on. The resonances have been denoted by dots 
in Figure4. Resonances at such points would occur if there were an in- 
finite number of Regge trajectories satisfying the equations £=a(s)-n, 
n=0, 1,2,-.. We cannot obtain a model with a finite number of Regge 
trajectories which has Regge behavior in both channels. Since our pre- 
sent amplitude is symmetric in s and t, the resonances in the t-channel 
also lie on the Regge trajectories shown in Figure 4. 

We next verify that the amplitude defined by (2.1la) does have Regge 
asymptotic behavior. It is necessary to establish such behavior when s 


approaches infinity in any direction in the complex plane, and we begin 
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with the simplest case, which is the limit s + - » along the real axis. 
The integral (2.la) is then dominated by the region x*l. To obtain an 


asymptotic series in s, we make the substitution 


Ww 


x=e- (2.6) 
In terms of this variable, the integral becomes 
pe wy, A(t) -1 
R(e.t) =] aw e¥ &(8) (97%) (2.7) 
0 


The dominant region is w=0, where we may make the approximation: 


j-e “ew. : (2.8) 


Substituting (2.8) in (2.7), we can perform the integral, to obtain 


the result: 


A(sjt) © 1 (-a(t)} (-or(s)}%? 


=T {-a(t)} (-a 3 ult) (2.9) 


The expression (2.9. does have the required behavior as s approaches 
-o, We also confirm the presence of poles when a(t) is a positive 
integer. 

It is not very difficult to apply this method to obtain an asymptotic 
expansion for A(s,t) as a function of s. The last factor of (2.7) can 


be expanded in a power series in w as follows: 


oo 


fee : yroatt)-1 » aw F (2.10) 
r=0 
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On substituting (2.10) in (2.7) and evaluating the integral term by 
term, we find: 
eo 


Asst) =) £,(t) (-a(s)) 0) 
r=0 


~) g,(t)(-s)%#)-*, (2.11) 


r=0 


We thus obtain an asymptotic behavior corresponding to a series of 
Regge trajectories in the t-channel at a(s)-r. Our amplitude therefore 
has the required Regge asympotic behavior in the s and t channels when 
the appropriate variable approaches -». 

The reasoning we have just given applies as long as s (or t) 
approaches » along a ray directed into the left half-plane. The 


-a(s)-1 


factor x in (2.la) is then very small unless x is near 1, and 


the integral is dominated by this limit. When s approaches infinity 
along a ray directed into the right half~plane, the factor x o(s)-1 
becomes very large unless x is near 1. We therefore have to deform the 


path of integration. The manner of doing so is shown in Figure 5, and 


we find that; 


Figure 5. Deformation of the contour of integration in the Veneziano 
formula. 
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A(s,t) = eee - aan " ax x A8)-2 (3 a(t )-2 (2.12) 


By repeating the reasoning which led to (2.9), we obtain the asympotic 


approximation: 


A(s,t) ~ Sepalate nae he) rf-a(t)) (a s)@®) (2.13) 


We can also obtain an asymptotic expansion as in (2.11). 

If s approaches infinity along a ray directed into the right half- 
plane in a complex direction, the first factor of (2.13) becomes e ts(t) 
and we again obtain the usual Regge asymptotic formula. If s approaches 
infinity along the real axis, we can obviously not obtain the Regge 
formula without going beyond the narrow-resonance approximation. The 
Regge asymptotic formula B(t) {-s}%*)/ sin t a(t) does not allow for 
poles ins, whereas such poles are clearly present in the narrow- 
resonance approximation and in (2.13). When we improve on the narrow- 
resonance approximation these poles will be smoothed out and we may expect 
Regge asymptotic behavior along the real axis. Within the framework of 
the narrow-resonance approximation, we can only demand Regge asymptotic 
behavior along the negative real axis and along a ray directed into the 
canplex plane. 

One crucial feature of the integral (2.1) is that it must be taken 
over the range 0<x<1. If for instance we were to remove a segment 
within this range, we would not be able to carry out the contour de- 


formations just described. The amplitude would then increase exponentially 


as s approached infinity in the right half-plane or along the positive 
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real axis, and it would be physically unacceptable. 


The two functions a(s) and a(t) in (2.1) need not be the same. We 


could have an amplitude of the form 


A(s,t) = Bi-a,(s), a, (t)} , (2.14a) 


where 


a.(s) =astb, , a, (t) = at+b, - (2.14b) 


Though the two intercepts db, and b may be different, the two slopes 

a must be the same, or we would have increasing exponential behavior 
when s or t approaches infinity at fixed angie for a certain range of 
angles within one of the physical regions. If the slopes are the same, 
we have a decreasing exponential behavior when s or t approaches in- 
finity at fixed angle (other than O or x) in any of the physical regions. 
When s or t approaches infinity at fixed u we have Regge asymptotic 
behavior, just as we did at fixed t or fixed s. These results can all 
be proved by suitably deforming the contour of integration in (2.1). 


In order to generalize (2.1) to an amplitude with resonances in all 


three channels, we simply take a sum of three terms: 


A(s,t) = Cy B(-a, (©) ,-a, (t)} + C, Bl-a,(s),-a (u)} + C, B(-a, (t),-o,,(u)}. 


(2.15) 
The individual terms in (2.15) are obviously analogous to the three 
terms of the double-dispersion representation, even though the double 


spectral functions are zero in this approximation. The third term gives 
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rise to Gribov-Pameranchuk poles in the s-channel at the wrong-signature 
nonsense points, just like the third term of the double-dispersion repre- 
sentation. 

Equation (2.1a) certainly does not define the only possible 
amplitude with Regge behavior in both channels, even if we require that 


there be no trajectories other than those shown in Figure}. The function 


Bl-a(s) +n, -a(t) +m} , (2.16) 


where m and n are positive integers, has trajectories which coincide 
with those of Figure 4, except that the first n trajectories in the s- 
channel and the first m in the t-channel are missing, If we add terms 
of the form (2.14), with arbitrary coefficients, to (2.1), we obtain an 
amplitude whose trajectories coincide with those of (2.1). We may 


further generalize the amplitude by adding terms of the form 
Pant Sst) Bl-a(s) +n, -a(t) +m}, (2.15) 


where De is a polynomial of the oe degree in s and the neh degree 
int. The requirements which we have so far proposed thus leave us with 
a wide choice of amplitudes; we shall see later that the choice will be 
greatly restricted by the factorization requirement. 

There exists another type of generalization of the Veneziano formula 
which applies to amplitudes with resonances in all three channels, but 
where the amplitude cannot be written as a sum of terms such as (2.15), 
each of which has resonances in only two chases. ° We shall not discuss 


this generalization here. From our present standpoint the generalized 
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amplitude appears to be as satisfactory as the original Veneziano 
amplitude, except perhaps for the fact that it does not allow one to 
construct models with exchange degeneracy. From the point of view of 
factorization properties, which we shall study in a later section, the 
original amplitude does appear to be preferable to the generalized 
amplitude. 

We shall conclude this section by remarking that one can eliminate 
every alternate trajectory of Figure 4 if we restrict the constants a 


and b by the condition 
lane’ # bry deo, (2.16) 


where » is the mass of the external particle. (For simplicity we are 
assuming that bo=b,)- This relation was pointed out by Veneziano in 
his original paper, where he showed that it appeared to be satisfied 
experimentally in certain amplitudes. We have no compelling reason 

for removing alternate trajectories, but later we shall find the con- 


Gition (2.16) reappearing in a completely different connection. 


3. The Veneziano Formula for the n-point Scalar Amplitude 
Requirements of the Model 


We have already pointed out that the n-point Veneziano formula is 
not only of importance in its own right, but that it also allows us to 
construct a Veneziano formula for an arbitrary elastic or inelastic 
process with spinning external particles, and that the resulting formula 
satisfies the factorization condition. 

The four-point formula consists of a sum of three terms, each of 


which may be associated with a particular ordering of the four external 
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particles. A single term has resonances only in channels which consist 

of adjacent particles. For instance, the term corresponding to Figure 2 
has no resonance in the u-channel, which consists of particles 1 and 3. 

The n-point formula will consist of a sum of $(n-1)! terms, each associated 
with a particular ordering of the external particles. In the remainder 

of this section we shall select one ordering and study the appropriate 
term. By associating each term with a particular ordering of the ex- 
ternal particles we do make a restriction, but we shall not examine more 
general formulas at the moment. 

The general requirements of our formula are an extension of those 
for the four-point function. Each channel must have resonances which lie 
on linearly rising Regge trajectories. Now, however, certain sets of 
channels can have simultaneous resonances, i.e., the amplitudes can have 


terms of the form 


bil (See ee 


it ——1—_§_ : (3.1) 
(s)-m, )eveee(s,-m, ) 
In the four-point function, the residues at the poles in s were polynomials 
in t or u, and there were no simultaneous resonances. 
In Figure 6a) a pair of channels such as A and B is known as a non- 
overlapping pair, a pair such as A and C is an overlapping pair. In general, 


-a@ pair of channels is non-overlapping either if they have no particles in 


— 


(a) (b) 
Figure 6. Overlapping and non-overlapping Channels. 
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common or if one is completely contained within the other. From Figure 
6(b), we notice that two non-overlapping channels can have simultaneous 
resonances. Two overlapping channels cannot, since there exists no 
diagram with single-particle intermediate states in both channels. In 
fact, if s is the energy of a particular channel, the residue at the 

pole when a(s)=4 must be a polynomial of the eo degree in the over- 
lapping-channel variables. This is a consequence of the requirement 

that the resonance at this energy should have a maximum angular momentum 
of £. 

The n-point function can have at most n-3 mutually non-overlapping 
channels. Any particular set of n-3 non-overlapping channels can have 
simultaneous resonances, but the residue at the (n-3)-fold pole must be 
a polynomial in the other channel variables. The entire amplitude 
must be expressible as a sum of contributions from the (n-3)-fold poles, 
provided that the other channel variables lie within a certain range. 

The result must be independent of the choice of the n-3 non-overlapping 
channels. 

The discovery of a formula for the five-point function which fulfils 
these requirements is due independently to Bardakci and Ruegg and to 
geen.” It was then independently generalized to the n-point function 
by Bardakci and Ruegg, Chan and Tsou, Goebel and Sakita, and Koba and 
necamens In the work of all these authors, a particular set of n-3 
channels was chosen, and each of these channels was associated with an 
integration variable analogous to the integration variable x in (2.1). 

By making a change of variables it was shown that the integral was in- 
dependent of the choice of the n-3 channels. Koba and nigieen” then 


proposed a formalism which was manifestly symmetric in all r-particle 
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channels ("cyclic symmetry"). As this symmetry is a fundamental require- 
ment of our formula, we shall depart from the historical order and shall 
introduce the Koba-Nielsen formalism from the start. We feel that it is 
worth while to do so in spite of the slightly more formal mathematics 


involved. 


Projective Transformations 


The Koba-Nielsen formalism is based on the invariance of functions 
under a type of transformation known as a projective transformation 
(also as a Mobius transformation or a homographic transformation). We 
shall therefore summarize the more important features of such trans- 
formations. 

A projective transformation is defined by the formula: 


Az .+B 
Fae, z 


4 ~Cz.4D ? 
al, 


(3.2) 


where A, B, C and D are arbitrary. Multiplication of all four parameters 
A, B, C and D by the same constant leaves the transformation unchanged, 
so that a general projective transformation depends on three independent 
parameters. Transformations similar to (3.2), where 25 is a vector, play 
a fundamental role in projective geometry, but we are only interested in 
the analytic properties of projective transformations. An infinitesimal 
projective transormation is given by the formula: 
z,'=2, + e(atpz,+ 12,°)- (3-3) 
at at al at 
We shall quote the properties of projective transformations with- 


out giving the straightforward proofs. The first fundamental property 
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is that the cross-ratio (or anharmonic ratio) of four points 


5 9% 9% s%y > defined by the expression 


(z,-2,)(z,-2,) 
es <a + (3.44) 
ae SO" 3 
is invariant when each of the z's undergoes the same transformation 
(3.2) or (3.3). We shall see that cross-ratios play an important part 
in the Koba-Nielsen formalism. 


We may generalize the invariance property of the cross-ratio as 


follows: the product 


a. 
. i ‘ (5-25) = (3.5a) 
d= 


is invariant under a projective transformation provided that 


N 
» Mgt 4 8 : (3.50) 
Jal 

for all i. 


In the Koba-Nielsen formalism, the z's are integration variables, 
and we therefore require an invariant form involving differentials. The 


expression 


(3.6) 


is invariant under a projective transformation. If we regard the 
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variables ZjeoeZ, as being cyclically ordered, the denominator consists 
of the differences between adjacent points. Another possible invariant 


is 


. (3-7) 


The differentials which we shall require are not precisely those 
given in (3.6) and (3.7). Our integrand will be a Pthncwten of n vari- 
ables Zs and it will remain invariant under an arbitrary projective 
.transformation. Since the projective transformation has three parameters, 
the integrand is really a function of n-3 variables. In fact, by apply- 
ing a suitable projective transformation, we can transform any three 
of the z's to preassigned values. We therefore integrate over the re- 


maining n-3 z's. The differential 


dz,++-[dzJ...[dz]...[dz,J...dz (z-z )(z,-z, )(z,-2,) 


a (== 1 CRO PBN Cs | 
coy eS 25 ene ee ch al ae 


and the differential 


dz,---[dz,].-.[dz]...{da,]...dz(z-2, (2-2 )(z,-2,) 


cima ier eee a one Sy ah cae tes 


(3-9) 


are invariant under projective transformations. The square brackets in- 
dicate that the differentials within them are to be omitted. If a pro- 


jectively invariant function is multiplied by the differential (3.8) or 
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(3.9) and integrated, the result is independent of the choice of a, b 
and c. 

Next we require to know how the relative ordering of the n points 
ZyjeoeZ, may be changed by a projective transformation. It is necessary 
to emphasize that the point at infinity must not be regarded as different 
from any other point. If 2; =, then the transformed value z i (Equa- 
tion 3.2) is not necessarily infinite, and conversely z,' may be in- 
finite if Zs is finite. When the z's are restricted to be real, we 
regard the points ~ and -~ on the real line as identical, and we con- 
Sider only the cyclic ordering of points on the real line. A pro- 
jective transformation either leaves the cyclic ordering of the points 
unchanged, or it reverses it. If the z's lie on a given contour in 
the camplex plane (e.g., the unit cirgle), and the projective trans- 
formation is such that it takes a point on the contour to another point 
on the contour, the transformation will again either leave the cyclic 
ordering of the points unchanged or will reverse it. 

We end this sub-section by quoting certain properties of projective 
transformations which will not be required in discussing the Koba-Nielsen 
formalism, but which will be useful for later work: 

i) The product of two transformations P(z, )=(Az,+B)/(Cz, 4D) and 
P'(z, )=(A'z, +B" )/(C'2,4D") is equal to (A"z,4+B")/(C"z,4D"), where the 


matrix 


is simply the product of the matrices 
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ii) Let us denote the projective transformation (2.1) by P(z,). 
If the variables Z, and Zz,’ of (2.1) are subjected to a projective 


transformation 


Z,= Q(z,), 2, '=Q(z,"), * ‘ (3.10) 


then the variables z, and Zz, will be related by a new projective trans- 


formation 


z,'-B(z,). 


Let the transformation P and Q be associated respectively with the 


matrices 
and 
Then B is associated with the matrix 


KR BY) /D & a 
C fe i) c D . Coe (3-1) 


iii) Any projective transformation leaves two points, which we shall 


ce 
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F ; ; fs tee) h 
call x, and x, invariant (i.e., x, '=X)» X, =X, ) We may express the 
parameters A, B, C and D in terms of X19 Xo» and a third parameter 

which we shall call w. The projective transformation then takes the form 


(x9-x Ww )Z,-x,x, (1-w) Eos 


P(z;) 3 1-w Z,—(X1~Xqw 
If the z's are subjected to a projective transformation (3.10), the new 
"transformed projective transformation" B is obtained by subjecting x 
and X5 to the projective transformation (3.10), and leaving w unchanged. 
The parameter w is thus an invariant associated with the projective trans- 
formation P. 

iv) Given any projective transformation P, it is possible to find 
a projective transformation Q such that, if the z's are transformed 


according to (3.10), the transformed projective transformation will be 


simply 
-1 
B(z, ) = WZ, - (3.13) 


The parameter w in (3.13) is the same as the invariant w associated with 
the transformation P or BP. When the projective transformation has the 


form (3.13), the invariant points are x= oO, X= © « 


The Koba-Nielsen Formalism 
We shall now quote the Koba-Nielsen formula for the n-point Veneziano 


amplitude. We number the particles cyclically from 1 ton. In Figure 7 


j+l 


| n 


Figure 7. The n-point diagram. 
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we may associate one channel with each pair of particles i and 7 


Satisfying the inequalities: 
asi <5 <2 jeer ir i = 2, (3.14) 


The square of the centre-of-mass energy of the ij channel is denoted by 
855° We associate one integration variable Z5 with each particle i. 
As we have explained above, there are really only n-3 integration 


variables. The Koba-Nielsen formula is then as follows: 


o a dz,++-[dz,]...[dz]...[dz,]...dz (2-2, )(z,-2,)(2,-2,) 


Brey: oN 25 eee cages Si aac | eonan 


-Q(s.,)-1L 
{I oe Vs x (3.14) 
qi cged pee ae 


The range of integration is restricted only by the condition that the 
variables z be cyclically ordered, either along the real line or along 
a contour in the complex plane. The product {| as over all channels. If 
i=l, i-l1 is taken to be n and, similarly, if j=n, j+l is taken to be l. 

We notice that the factor involving the differentials is precisely 
the invariant (3.9). The remainder of the integrand depends only on 
cross-ratios and is therefore projectively invariant. It follows that 
the integral on the right of (3.14) is independent of the values we assign 


to the three fixed z's Zo) Z and Zo? and it is also independent of the 


choise of a, b and c. 
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Since our definition of the channel in terms of the particle in- 
dices was of necessity unsymmetrical, it may be worth while to state 
in words how the cross-ratio in (3.14) was constructed. The first 
factor ae is the difference between the two z's on one side of the 


dotted line, the second factor z. is the difference between the 


i-2 7541 
two z's on the other side. The factors z.-Z. and z. ,-Z, in the de- 
eh Baal alah | 
nominator are the differences between one z on one side of the dotted 
line and another, non-adjacent z on the other side. 
Let us first verify that our n-point formula reduces to the four- 


point formula of Section 2 when n=4. If we take a, b, c = 1, 3, 4, the 


formula becomes: 


-a(s)-1 (24°24) (24-25) -a(t)-1 
2),-2) (24-2) 


(3-15) 


We have emphasized that we may choose the three quantities 2592392 
arbitrarily, and that the result will be independent of the choice. Let 


us therefore choose z,=0, Z,=l, 2, =o - , a choice that we shall find 


5) 


convenient for the three arbitrary z's in the sequel. The expression 


(3.15) is then: 
[x ae (anata rae 


which is identical to (2.1). The Koba-Nielsen formula is of course 


unnecessarily elaborate for the four-point amplitude, but we do see how 
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the simple case emerges from the general case. Alternatively, without 


making any particular choice of the variables, we may define 

Get egty) 
coil aan 

(2-2, )(z-z,) 

Ft aera 

ae fab 

Wei. dz,,(z,-z )(2,-%, ) ae) 
(24-25) (21-23) (2-2) 


On substituting (3.16) into (3.15) we recover (2.1), and we again verify 
that the four-point formula is a particular case of the n-point formula. 

We next show that the Koba-Nielsen formula does satisfy the require- 
ments stated at the beginning of the section. The cross-ratio associated 
with a particular channel in (3.14) is analogous to the variable x or 
1-x in (2.1), and the integrand will be an analytic function of the 
variables SiG except where the cross-ratio vanishes. It is therefore 
important to study how one cross-ratio behaves when another cross-ratio 
vanishes. We mention the following three theorems: 

i} The cross-ratio in (3.14) must lie between zero and unity. 

Since we know that the cross-ratio is invariant under a projective 
transformation, we can simplify the proof of this fact by fixing three of 


=l, Z, eo, The condition of cyclic ordering 


jr sil 
then restricts z, to be between 0 and 1, and the theorem follows immediately. 


J 


ii) If a particular cross-ratio is equal to zero, the cross-ratio 


the z's. We take z.=0, Fe 


associated with any overlapping channel is unity. 
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Without loss of generality, we can suppose that the channel whose 


cross-ratio vanishes is the 1j channel. Again we take 2-0, Fa L 


j+1~ 


care (we remind the reader that, if i=l, i-l=n). The vanishing of the 


cross-ratio then implies that z,=0. 
Let us examine an overlapping channel. The most general over- 
lapping channel i'j' has 1< i'< j', j < j' <n. In the cross-ratio 
= ei . ” nae a 
((z,, Zs )(Z5 04) 2541 )3/C(2;. Ze MZsrgy z1)}, the indices i' and 
k'-1 lie between j and 1, so that Zs and Zery lie between Zy and Ze 
and are therefore zero. The indices j' and j'+l lie between j and n, 
tp] i4+1 and e and are not 


zero. The cross-ratio is therefore equal to unity. 


so that the variables ae and z lie between z. 


iii) Any two cross-ratios associated with non-overlapping channels 
can be zero simultaneously. 
The proof is similar to that of the last theorem, and we leave it 
to the reader. 
We can now easily prove that our amplitude has the required pro- 
perties. The reasoning is similar to the corresponding analysis in 
Section 2. We examine the singularities in the variable Be and again 


we set z,=0; Zee Zs_1= %» 80 that the cross-ratio in (3.14) is simply 


~a(sij )-1 


j+1 
equal to Le The factor oa » integrated over _ will provide 
the expected poles when a(s. 5) is equal to a positive integer. In order 
to investigate the other factors, we must take into account the fact 


that the variables Zh i <k <j, tend to zero with 23 since they are re- 


tricted to lie between Zs and ae We therefore redefine 


Vee?) 2,» i <k <j. (3.17) 
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The integrand ‘is regarded as a function of y,, (4 << 4), 2. and zy 
(24-1 or 4s > j+L), and we can let a approach zero while keeping 

the other variables constant. All cross-ratios other than that associated 
with the channel ij approach constant values in this limit, the cross- 
ratios associated with the overlapping: channels approaching the value 
unity. Both the numerator and the denominator of the differential factor 


sees, so that this factor, too, approaches 


in (3.14) contain a factor Zz. 
a constant. We may therefore repeat the reasoning of Section 2 to show 
that the z,~ integration leads to a pole at a(s; ;)=0- The residue at the 
pole will depend on the variables cea for non-overlapping channels, but 

not on the variables for the overlapping charmels, since the cross-ratios 
associated with the latter channels are unity when cee 

To evaluate the integral when a(s;,) > 1, we again integrate by parts 
as before. The cross-ratios associated with the overlapping channels do 
depend on on before a > 03 any cross-ratio which involves z,(4 <1 <p) 
will depend on z5 through (3.17). An n-fold integration by parts will 
therefore bring down a polynomial of the poe degree in the a's for the 
overlapping channels, and the residue at the pole where a(s;;)=n will 
contain such a polynomial. 

We have mentioned that the residue at the pole may depend on the 
non-overlapping channel variables and, since the cross-ratios associated 
with any two non-overlapping channels can vanish simultaneously, we can 
have simultaneous poles in the variables s associated with the two channels. 
All the required results have therefore been proved. 


It is worth while mentioning a further property which is actually a 
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particular case of the factorization condition to be studied in the 

following section. We shall identify the externak particle with the 
internal particle which occurs at a(s)=0. The residue at the lowest 
pole of the n-point function should therefore be equal to the product 
of an (r+1)-point function and an (n-r+l)-point function. (Figure 8) 


We leave it to the reader to verify that this is so. 


Figure 8. Residue at the lowest pole of the n-point function. 


We shall not examine the question of asymptotic behavior here. We 


refer the interested reader to Reference 6. 


Alternative Expression for the Koba-Nielsen Formula 


The formula (3.14), in which a cross-ratio of the integration vari- 
ables is associated with each channel, may be rewritten in a form which 
involves scalar products of the external momenta and which is often more 
convenient. To do so we examine a particular factor (25-25), and we find 
the sum of the exponents associated with this factor. The factor occurs i 


four cross: ratios: 


Channel ij Exponent “als )-1 
s + tt e 
Channel itl, j-l OSs 415-1) 
. : i " 
Channel itl, j ta(s, 41,5) +1 
Channel i, j-1 * +a(s. ) +1. 
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As long as the particles i and j are separated by at least two particles 
on either side, all four channels enumerated above exist. Using the 


fact that 


a(s, 5) = 1) py +d, (3.18) 


ak 


we immediately find that the total exponent is simply - eeE- 

If the particles i and j are separated by one particle, only three 
of the above channels exist. If for instance j=i+2, the channel i+l, 
j-1 consists of only one particle and does not exist. In evaluating the 
total exponent, we now have to include an extra term -1l which arises from 
the factor z. “25 in the denominator of the first factor of (3.14). The 


i+2 
exponent is thus equal to 


2 2 2 
-a(p, +P; 1 +P, 45) -b-1ta(p, )+Pj 45) +btl+a(p.+p, .1) +b+1-1 


2 
=-2ap,P, ,ot8Ds 41 +be (3.19) 


The exponent will again be equal to “24D ;Ps 15 provided that 
2 
ap +b=0, (3.19) 


where »p is the mass of the external particle. In other words, the mass 

of the external particle must be equal to the mass of the lightest internal 
particle. The external and internal particles of our model must ultimately 
be the same, and it is therefore reasonable to impose the condition (3.19). 


When we do so, the exponent is equal to peeps, for this case as well. 
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We do obtain an extra term in the exponent associated with the 


factor 25447 24° The channel i, i+l is the only channel of the four 


enumerated above which exists, and the exponent is 


)-1 


-a(s 


2 
4,441 -a(D5*Pi4,) “Pl 


2 
pn PY aos 


2 
-2a LG le Me lbs (3-20) 


from (3.19). 


The Koba~Nielsen formula may therefore be written as follows: 


f dz,++-[dz ]...[dz]...[dz,].--dz (2-2, )(2,-2,)(z,-2,) 


(25-2 (25-2, )e + (2-2, (2-2) 
-2a p.D. 2 
= ag oe YE [E 
x Il (z, z;) {I (254) z.) : (3-21) 


j>i 


The product || (2; 44725) includes a factor 2472, We have separated the 


factors into two in writing (3.21). The differential 


(254,°2;) © - 
factor is then just the invariant quantity (3.8), while the other factor 
is a particular case of (3.5); the exponents are easily seen to satisfy 
(3.5b) as a cosequence of the equations ) p,=0, pos re The whole in- 
tegrand is thus projectively invariant. 

It is worth while pointing out that if one of the three arbitrary 


z's is chosen to be ~, the factors involving that variable simply dis- 


appear from (3.21), because the sum of their exponents is zero. 
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We can arrange the positions of the trajectories so that the extra 


2 
5 Se 
factors (2545 z;) are unity, and all factors (z,-z,) have the 


exponent -2a PsP, We require 
2 
ap = -l, (3.20a) 


or, from (3.19), 


b=1. : (3.20b) 


Equation (3.20) is precisely the Veneziano supplementary condition. (2.16), 
together with the condition (3.19). The requirement is that the leading 
trajectory be in the position of the Pomeron! However, the residue of 
the lowest pole at ie = -l/a does not vanish, so that the condition 


would imply the existence of a "tachyon" with negative mass-squared. 


kh, Factorization 


Single Factorization 


The real power of the multi-particle Veneziano formula depends on 
our being able to satisfy the factorization requirements stated in Section 
1. We have to show that the residue at any pole is expressible as a 


finite sum of factored terms (Figure9 ). Each side of Figure 9 represents 


m m+ | 


Figure 9. Factorization of the Multi-Particle Veneziano Formula. 
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one factor, which must be independent of the number of particles on the 
other side and of their momenta. 

Once we have proved that this factorization requirement is met, 
we can construct amplitudes with spinning external particles by repeated 
factorization (Figure 10a). Such amplitudes can themselves be factorized 


(Figure 10b), and the vertices will satisfy the symmetry requirements. 


(a) (b) 


Figure 10. Construction of general amplitudes by repeated factorization. 


The demonstration that the factorization requirement is satisfied we 
given independently by Bardakci and Mandelstam and by Fubini and Veneziar 
We shall reproduce their results using the Koba~Nielsen formalism. 

The formula (3.21) is more convenient than (3.14), since the exponer 
in the latter formula are expressed as products of two momenta. As in 
the last section, we set z)=0, 2) j=l, 2 = (Figure 9) The residue 


n 
at the pole corresponding to the channel shown is zero when the cross- 


Dynamical Applications of the Veneziano Formula 205 


ratio ize) (zee 2 d/(z, ~2 (24 -24)) vanishes. With our present 
choice of the three arbitrary z's, this cross-ratio is simply za We 


shall therefore define 


zZ = Ze 
m 


The condition Za = Z el then becomes 


aks dls 


In order to find the residue at the poles, we should like to 
obtain the z-dependence of the integrand in as explicit a form as 
possible. At the moment, one source of z-dependence is the series of 


inequalities 


<< Cant 3 5 
(@) 25 


We therefore define new variables y, (2 < m) by the formula 


a a a 1L<i<mtl (y_=1) (4.1a) 


' -2p.p ‘ ' -2p = 
x |] (y;-¥3) me I (¥5417¥3) Tl ee a ail aie ‘ 
j>i joi 


“2P4P, Be 
x []2,-29,) (1-z)P (Oxy, S¥p See S¥ ely let S eS Be), 
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where 


s = () p,)*. (4.2b) 


n(4,2a) we have set our unit of mass so as to make the slope of the 
trajectories equal to 1, and we shall do in all subsequent equations. 
The product T is over all pairs from the left of Figure 9, the product 
a over all pairs to the right while, in the product It the index i is 
to the left, j to the right. We should like to expand the last two fac- 
tors in(4,2a) in powers of z, and this will be easier if the factor 

A ie is replaced by 1-zy,Y;- Let us therefore define 


z=, m2<j<n (4,1) 


following which we take out all factors of the y's which appear in 


denominators within the brackets. The result is 

1 2 ~2p,p 
: “stil 11 ae 
A [e918 q3 dy 42° On 1 I, oak dz z [la ¥5¥52) : 


oa a 
x (1-z) : 2. (4. 3a) 


~2p.p, 2 
where I= A CAAT CR Ca (y, -Y, ) a0 (¥n,=5 ee 
y 200 (¥ Vane IT i+1 "i : 
j>i 
(4. 3b) 


aS a 
= Wen = “u 
(4.3c) 


Omy, < YoreeS ve 18 ve =l, 1sy a1 Vase" > Yau y,70- (4. 3a) 
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The factors I, and I, depend only on the y's and p's from each half of 
the diagram. They are simply the n-point Veneziano formulas for the two 
halves of Figure 9, with the intermediate particle regarded as spinless, 


and with the arbitrary y's given the values: 
I! y,=0 se ¥y= *) (4.40) 


T,: v° Vnti=t Vp © (4.4b) 


The variables Vy and Yo in (4.4) denote the y's associated with the 
intermediate particle of Figure 9. 

As expected, the amplitude A of (4.3a) has poles when stb is equal 
to any positive integer, and the residue of the pole is simply the co- 


efficient of z” in the expression 


~2P4P -u?-1 i; 
oa a ee ae 1,1, ov?) (1-2) _ (4.5) 


j>m 


To evaluate (4.5) it is convenient to write it as the exponential of a 


logarithm. It is thus equal to 


2 

= = CAM ty = 

f Ayqe +8 19, 420° Wp 1,1, orn} 2p,P, fn(1 ¥sY5 )-(u°+1)4n(1 at 
i<m 


oe 26 
\ ig alee Zz 
w fags ++8%q. 18 qq2"** Vpn oe en}) C) @sP.¥s ¥; tu 41) S 
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For demonstrating factorization it is convenient to rewrite this ex- 
pression in the form 


eo 


Weir) (Pe) ee 2 
igh 


(4.62) 
where 


Poel) ayy ale) =) Same (4.60) 
i<m j>m 


The quantity p(t) depends only on variables from the left half of the 


diagram, g(t) only on variables from the right. We remind the reader 
that we are still choosing ¥1=7,,79% fe meant 


The coefficient of z” in the exponential of (4.6a) will consist 


of a sum of terms of the form 


e []{P@ a at ne 4 i} ; (4. Ta) 
r 
with 
oe <Ko= n. (4.7) 


There exists a term (4.7a) for each set of integers KS (0 <r <4) 
which satisfy (4.7b). Since we are interested in making an angular- 
momentum analysis, we shall work in the centre-of-mass system of the 


channel under consideration, and shall write 


pl) gl) p (F) gC). ple), ol) 
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By expanding (4.7a), we rewrite it as the sum of terms of the form 


x r 
RG eee te) oye , (48a) 
r,s 
with Erk +2 su =n ifr 1d = 0; (4.8b) 
Erk +E su <a if ey 0, (4..8c) 


The expression (4.8a) can then be written as the product of two Cartesian 


tensors 


eT] ey Os, eff Qty talts, aus) 
r,s At. 

where the set of integers rn and wy. still satisfy the restrictions (4. 8b) 
or (4.8c). We have thus shown that the coefficient of z” in (4.6a) can be 
expressed as a finite sum of terms, each of which is a product of one 
factor involving variables from the left of Figure 9, and another involving 
variables from the right. This is the result which we wished to prove, and 
we hope that the reader will by now be aware of its fundamental importance. 

Each tensor in (4.9) can be resolved into components of definite 
angular momentum. There will be one component with j = y Ar, and several 
with lower values of j. Furthermore, there is one choice of integers ie 
and y,, consistent with (4.8b) or (4.8c) where the quantity ¥ A, has its 
maximum value of n, namely AJ=n, ae) (Ge S> al) p=0. The residue at the 


pole where s+b = n will therefore contain one factored term with j=n and 


several factored terms with j <n. In other words, the leading Regge 
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trajectory is non-degenerite, the non-leading trajectories degenerate. 
The degeneracy increases rapidly as we increase the quantity n-j, since 
the number of solutions of (4.8b) or (4.8c) increases very rapidly with 
n. At large n, the degeneracy of the levels behaves roughly like Nn, 

We novesbiat the degeneracy of the levels is somewhat reduced when 
the Veneziano supplementary condition ees) = 0 is satisfied. The in- 
equality (4.8c) then becomes replaced by the equality (4.8b), and the 
number of possible sets of integers and He is reduced. 

The large degeneracy of the levels at high energy corresponds physi 
cally to the large phase space which these levels represent. In fact, 
the increase of level density with energy is similar to that predicted 
by Heeedern | from statistical considerations. 

The factorization condition greatly reduces the choice of possible 
amplitudes which satisfy the requirements of Section 2. The more genera 
amplitudes either do not factorize at all, or they lead to a spectrum 
whose density increases faster than the Hagedorn density at high energie 
The simple n-point Veneziano formula is certainly not the only factoriza 
formula with a Hagedorn-like density at high energies, but it does appea 
to be the amplitude with the simplest spectrum. We do not necessarily 
seek the model with the absolutely simplest spectrum and, in particular, 
should like to obtain one with a quark-like specturm. Nevertheless, if 
demand that the spectrum be not too degenerate we obtain a model with a 
reasonable degree of uniqueness. In the following sub-section we shall 
observe that even the position of the leading trajectory can be fixed if 


we demand the absence of ghosts. 
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Ghosts and Ward Identities 

Since the product p(t) gf?) in (4.7a) is to be taken in the Lorentz 
metric, the sign of some of the terms will be negative. In fact, the 
terms (4.8a) with » , Odd will be negative definite instead of positive 
definite; note that positive definiteness requires a factor I] (-2) r(1)'8, 
because all momenta in Figure 9 are directed inward. The Cartesian tensors 
in (4.9) with an odd number of factors By) will correspond to ghosts, 
or resonances with negative width, instead of particles. If we associate 


0) will 


the vector pt) with a vector particle, the fourth component pl 
correspond to a ghost. The situation is analogous to that in a vector- 
meson theory where the fourth components have not been projected out. 
Before we can conclude that our system possesses ghosts, we must ask 
whether all our states are linearly independent. More precisely, we must. 


examine the factors corresponding to the two halves of Figure 8, which 


have the form 


m 


i (r) Ms (s) 4s 
J ever -2y, all (Eo) (Py ) aaa (4.10) 
TS 
Unless these factors are all linearly independent, we overcount the levels 
when we associate a different state with each set of integers (4.8b) and 
(4.8c). Furthermore, we may be able to use the linear dependences to ex- 
press ghost states as a linear combination of particle states, and thereby 
to eliminate then. 
We shall now show that linear dependences do in fact exist in our 
system. Such linear dependences were first found by Bardakci and 


lat 


Mandelstam,” Fubini and eneeueno,” and Brower and Weis. The simplest 
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linear dependence will enable us to eliminate the state corresponding 


to the factor ee It corresponds to the ordinary Ward identity, whicl 


enables us to eliminate the scalar photon in quantum electrodynamics. 
The other linear dependences may be regarded as more complicated Ward 
identities. 

The easiest way of finding the linear dependences is to make a chang 
of the integration variables in (4.10). The change which effects our 
purpose corresponds to an infinitesimal projective transformation which 


leaves the points O and 1 unchanged; we recall that the variables Yo and 


Yi, ore equal to O and 1 respectively. Thus 
y, >y, +€ (y,-¥,")s (4.11) 
ak a plese \ 


The integrand in (4.10) does change under the transformation (4.11), 
since it is not quite projectively invariant. (The exponents do not 
satisfy (3.5b),.ase: Ps is not zero). It turns out that the change in 
the integrand is a linear combination of terms which again have the form 
of the integrand of (4.10), with different values of rh. and H+ The 
transformation (4.11) cannot change the integral (4.10), since it is 
merely a change of the variables of integration. We therefore conclude 
that a linear combination of terms of the form (4.10) vanishes. 


To carry out this procedure, we write (4.3b) in the form 


(yp (¥z-¥2)+++(1-y,) Near (4.12a) 
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where 


' ' -2p.P, 2 
al] er) Gy, y-y,) (4.12) 
>i 


The factor dy5++-d¥ (yp (¥g-¥g)+++ (1-y,,)) oe does not change under 


the transformation (4.11). The factor I' transforms as follows: 


I! +r! + 2ep (p(t) 2 py , (4.138) 


where 


m 
12 = y Py (4.13b) 
Since we are working in the centre-of-mass system, P only has a zero 
component, so that 
I'+I' + 2eP.(P (1) -%P Nes (4.13¢) 
oo M9) 


Finally, the quantities pl?) and Bt transform according to the simple 


rule: 
pin) ~» pin) a en(p(?)- p(ntl) ) (4.134) 
pin) Z a 7 en(P,(?)- ea: (4.13e) 
Hence 


oe m 
r,s 

+) er (2-pOt)) /p@)) fe ) au g(-Fy\?*?)/2,(°)) ae 
: —: (4.14) 
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The ss Coeeeats po ge is interpreted in the sense that the factor 


poe All terms of Equation (4.13) do 


(p(t) becomes (py F 
have the form (4.10), with the A's and p's restricted by (3.8b) and (c), 


provided 


Erk+Douj+l=n if Gonieesoe (4.152) 


D+ Let isn it oaliw ioe (4.15d) 


We thus conclude that a linear combination of terms of the form (4.10) 
vanish, as we wished to prove. At any pole, there is a separate identity 
for each set of integers A, and y_ satisfying (4.15). The complete set 
of linear dependences was first given by Bardakci and Nénaeletans? 


Let us examine the simplest of the linear dependences, which occurs 


when n=l. There are three expressions of the form (4.10), namely 


(1) 
J Ag+ “1 I, 1g Df avg. +a, ay n- l q Po » | ayy say oT 1h" 


(4.16) 


The first has j=l, the last two j=0. The second term has an odd number 


(1) 


of powers of Py and corresponds to a ghost. The only values of - anc 
yu, in (4.14) which are compatible with (4.15) are X20, 1 .=0, so that the 


equation takes the simple form 


Ali a 
2 ee mah I, Po! ) ~Po | A q2++8q.4 qT) = 0. (W517) 


* 
If oe = 0, note that P 2 =n-l. 


0 
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Equation (4.17) shows that the last two expressions (4.16) are multiples 
of one another. There is only one state with n=1, j=0, not two. Since 
one of the two states which occur before we make use of (4.17) is a 
ghost and the other a particle, it is not obvious whether the remaining 
state is a ghost or a particle. A more detailed examination shows that 
it is a particle, so that the ghost has been removed as required. 

In general, the linear-dependence equation (4.14) enables us to 
eliminate any state with factors of pt) in favor of a state where the 
total number of factors py) is reduced by one. Many ghosts can be 
eliminated, including all ghosts on the second trajectory, where there 
are no factors ae, r>1. More detailed examination shows that it 
is in fact the ghosts and not the particles which are removed from the 
second trajectory. However, we certainly do not have enough linear- 
dependence equations to remove all the ghosts. When n=2, for instance, 
we cannot remove the ghost which corresponds to the factor Py). 

In the special case 4 KO the situation is transformed drastically. 


Virasoro then found a whole new set of linear dependences which result 


from the transformation. 
” al 4.18 
¥, 7y,t+ € y, (1-y,) (m integral) (4.18) 


instead of (4.11).1° the straightforward algebra is similar to that 
which we have given for the case m=l1, and we shall not repeat it. We 


only mention that the factors (Ys 44795 do not transform suitably 


unless m=1, so that the new linear dependences do not exist unless 


oo cleo: The term PoP in the curly bracket of (4.14) is now replaced 
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vy PoP, and Equation (4.15a) becomes 


Prk +ispo+me=n. 


We have sufficient linear-dependence equations to remove all the ghosts. 
As before, we have to verify that the ghosts and not the particles are 
eliminated in all cases. At the moment this has been done for n < 3 
(S. Fubini and G. Vameziano, private communication). 

It seems reasonable to hope that all the ghosts are eliminated 
when foe 1 = 0. We pointed out in the previous section that this equatic 
is precisely the Veneziano supplementary condition, which thus appears tx 
be playing the. fundamental role of allowing a ghost-free theory. The the 
is still not physically acceptable, as it has one particle with ie -l. 
any case it does not lead toa realistic spectrum of particles, and so 
far no-one has constructed a model with a quark-like spectrum which is 
free of ghosts. We nevertheless regard it as most significant that a 


factorized Veneziano model without ghosts can be constructed. 


Multiple Factorizations 


We may now factorize a second time as in Figure 11,2314 To do so 


we redefine the y,'s (0 <i <™m) so as to 


Figure ll. Twice-factorized multi-particle Veneziano amplitude. 
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make yo=0, ¥,,,=1, Y;= 3 the definition is simply y,' = iy a (We 
treat the new variables y,! (0 Shs m) in exactly the same way as we 
‘treated the variables z in the first factorization. The factor I, in 
(4.6a) does not depend on the a ‘'s (O< i<m), and will be unaffected. 
The treatment of the factor i, is similar to the treatment of the entire 
integrand in the first factorization, but will be slightly more complicated 
since the mass of the particle I is not u. The exponential factor also 
depends on the y's and must be included in our analysis. 

We shall not go through the details here, but shall simply quote 


the result: 
2 
Serge ol: “Sot at 
te fay g+ 85 18 p49" Wy dy 42° ae i Zy er f dZ,25 


oe 


y Or a 2) 1}( pl)? 2 a(R Qf 4? sje Fag) (y22,)* 
Sel 


(4.19a) 


where 


0 = Vz cS Yo < eoe < ¥,=1s 1=¥ 412 oee> Vino? IY 412 oo0m ve 


(4.19b) 
~2p.p 
le tt j 
Lp os see ea (yy. ) 
Oa! ie eae ee 
19 -ep. 4Pr ie ae 
Slieevs * y,- ce (4.19¢) 


a 
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m m 
(r) r —(r) = r 4.19a 
ko DY, > Ke eee eves (4.194) 
isft+l i=f+1 
and s, and S, are the channel variables associated with the left-hand 
and right-hand resonances of Figure 10. The quantities I, and P, I, 
and Q, refer to the left-and right-hand sides of Figure 11, and they 


ste 
are defined in the same way as before. The product II 50a) IL TSmOVETS 


12 
the variables from the middle of Figure 11, so that Iho is just the 
Veneziano integrand for this portion of the diagram with Vy = %, Vy =) 0% 


2 
We could have replaced our variables y, (441 SS m) by y/¥;. They would 


then increase from y to 1 as i increased from £+1 to m, and the definition 
of x?) and x) would be interchanged. 

From Equation (4.19) we can find the multi-particle Veneziano 
amplitude for a process where two adjacent particles are excited. By 
modifying the procedure we can define an amplitude for a process where 
two non-adjacent particles are excitea.!? We begin by redefining the y's 
by a projective transformation in such a way that three y's adjacent to 
the new factorized channel are equal to 0,1 and ~. The method is then the 
same as before; the result has a slightly more complicated form than for 
adjacent particles. We can also perform triple and further factorizations 
It then becomes somewhat cumbersome to express the results in our present 
notation. In the following section we shall develop a new formalism whict 


simplifies the treatment of our spectrum of resonances. 


5» The Operator Formalism 


Principles of the Formalism 
In the present section we shall develop formal methods which greatly 
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Simplify calculations involving the spectrum of resonances which we have 
found. Amplitudes with three or more excited legs would appear quite 
complicated if they were expressed in the notation used up till now, 
whereas they can be written down much more concisely in the new formalism. 
Another application is to summation over intermediate states, which again 
is greatly simplified. Furthermore, the factorizability of our amplitude 
is much more evident in the formalism, and it may well be useful in en- 
abling us to modify our amplitudes without losing factorization. 

We have seen that there is one level associated with each component 


of each Cartesian tensor of the form 
» 
eo) (5.2) 


where p(t) is a four-vector. If we begin by considering the simplest 


case where uae = 0, the A's are restricted by the condition 
= °2 
LrrA, =n (5.2) 


at the ace resonance. We introduce a four-dimensional harmonic-oscillator 
operator ay for each r, and we associate the resonance (5.2) with the 


state 


ley is “| oa = (5.3) 


tA, ar 
The operator a. has four independent components oe but we shall sup- 
press the indices yp in our notation. Since we are using a Lorentz 
metric and we require the oscillators to be real for p=1,2 and 3, the 


operator om is really minus the adjoint of as Note that the "vacuum" 


220 Stanley Mandelstam 


in our present notation corresponds to the scalar particle on the lead- 
ing trajectory. The exponents r. in (5.3) satisfy the relation (5.2), 
so that each state corresponds to a definite pole position n. 

The analogy of the spectrum of resonances to a harmonic-oscillator 
system was first pointed out by Bardakci and Memdelstam.? The operator 
formalism was proposed independently by Fubini, Gordon and qeiezrene. 
by Nambu and by sassEinaee 

We now observe that the exponential in (4.6a) can be written as 


follows (when oa = 0): 


r 2 Qa 2 pat 
exp (2 5 piTial)) = SsQlexp 2 > Zz exps), = +i 0), 
{ \ (olexp 7 z | 
where (5-4a) 
R=) ra! a. (5-4) 
Equation (5.4) is easily proved from the identities: 
oi + 
exp (fa) z * = z** exp (faz), (5.5a) 
exp (fa) exp (ga’) = exp (ga) exp (fa) exp (fg). (5.5) 


It follows at once from (5.2) and (5.3) that the eigenvalues of the 
operator R are simply the pole positions of the state in question. [Inser. 


-Q(s)-1 


tives (5.4) in (4.6), multiplying by z and integrating, we obtain 


the following expression for the amplitude: 


A= (0 | G(@a) D(R,s) G(P,a') | 0), (5.6) 
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where (x) + 
Hae. f | V2 P ay 
(pa) = | ayp.--dy, 11, exp {2 —— (5.7) 
aw 
J2 g(a 
G(9,a) = | Winsor ne I, exp} = (See) 
r 
iL 
D(R,s) -/ az 2R-o(s)-1 ={x-a(s)}~* : (5.7¢) 
. : 


One can now insert camplete sets of intermediate states 
| c ){c | ana | c'){ c'\| in (5.6). The expression ({ C'| G(P,a’) 0 ) 
may be interpreted as the vertex function between the harmonic-oscillator 
state ( c! | and the incoming m-particle state; the expression 
(0 | G(Q,a)| C ) is similarly interpreted. The middle factor 
cf R-a(s) beligty is simply equal to Soe: {n-a(s)h™, and may be 
interpreted as the "propagator" between the states ( C | and | C' ). 
Equation (5.6) is thus the mathematical expression corresponding to 
Figure 9. It makes evident the fact that poles are present when a(s)=n, 
that the residues factorize, and that the spectrum of resonances corresponds 
to the states of our system of oscillators. 

It is also worth noting that the states G(P,a’)| O ) are superpositions 
of the "coherent states" of our oscillator Hilbert space; such states are 


much used in quantum opics. From the present point of view the state 


G(P,a') | O ) represents a state of m scalars in the sense that it is a 


superposition of oscillator states, each weighted with the vertex function 


corresponding to its coupling with the scalars. 
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iF Z eee 
In drawing a diagram for the vertex G(P,a ) (Figure 12), it is 


necessary to place a dot above the 


Figure 12. The Vertex G(P,a') 


excited leg in order to indicate that the particles in the portion 
which has been removed from Figure 9 are numbered from top to bottom. 
More precisely, the dot indicates that the upper external particle in 
the removed portion had been assigned the value Vnei ats the lower par- 
ticle the value Yn70- If we had numbered the particles in the reverse 
order, the states of our oscillator system would correspond to a dif- 
ferent set of basic states of the degenerate resonances. To take a 
simple example, the particle with j=l on the leading trajectory cor- 


respond to a Cartesian tensor 


me) 


~ 


= <4 <a 
py, (41 <is<n) 


If the particles on the right of Figure 8 had been numbered from bottom tc 
top, the values 0 and 1 of the y's would be interchanged, with the value 
co remaining unchanged. The two sets of y's are related by the simple 


equation 
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so that 


.. . p(t) 


~ 


since ), p70 in the centre-of-mass system. With the new set of basic 
states, the state vector corresponding to the vector particle changes 
Sign. Since reversing the order of a series of scalar particles is 
equivalent to applying the change-conjugation operator, this result 
shows that the lowest vector particle has C=-l. In general, placing 
the dot in Figure 12 below the excited line corresponds to charge- 
conjugating the basic states. 

When eed is not equal to zero, the spectrum of resonances is 
larger than that of our system of oscillators. However, instead of 
modifying the latter system, we shall modify the propagator. The fac- 
tor (1-2)? “1 4s not expanded as the exponential of a logarithm as in 
(4.6a), but is left unchanged. Equations (5.6), (5.7a) and (5.7a) are 


taken over unaltered, but (5.7c) is replaced by the equation 


D(R,s) ~ [aca ee ate)i B{ R-a(s), “yt : 
(5.74) 
The propagator now has poles when a(s) is an integer which is at least 
equal to the eigenvalue of R. Each state of our oscillator system cor- 
responds to a series of resonances with n > R. 
One can easily extend this method to the doubly-factorized ampli- 
tude (Figure 11). py using the identities (5.5), one can show that 


expression (4.19d) is equal to 


224 Stanley Mandelstam 


(0| G(@,a) D(R,s,) T(K,a,a") D(R,s,) G(P,a')| 0 ) (5.8) 
where 
2 KO," V2 KPa 
r(K,a,a') -[ dy,-- dy, Lie exp { y aes y exp a \ 
(5.9) 


The quantities I,., K and K are defined in (4.19c) and (d), and the 


12 
y's satisfy the inequalities 


= no Oe? = e 
Isy, 2 Yau V9 


The amplitude corresponding to the operator f is shown in Figure 13(a). 


In the particular case 


Figure 13. The vertex operator fr. 


where n=l, so that there are two excited legs and one scalar leg, we 


obtain a three-particle vertex operator siven by the formula 


ctoant) <ecfeD 2) om (xE=el, Gas 


af Moe 


k being the momentum of the scalar particle. 
Once we have an expression for the vertex operator V, we can write 


down a completely factorized formula for [ (Figure 13(b).) Thus 
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ti ; sf of 
P(K,a,a') = V(k,,a,a°) D(R,s, 1) V(k,_,,a,a") D(R,s,)-+-V(K, ,a,a"), 
(5.11) 


If the particle on the left of Figure 14(b) is a scalar and that on the 
right is an arbitrary state S, we obtain the vertex of Figure 12, so 


that 
(eyG(ea 0) = {8 ir(ea,e)| 0) « 


On inserting Equation (5.11) for IT, we obtain a general formula for a 


coherent state: 


ar 
G(P,a')| 0) = V(k,,a,a') D(R,s, ) V(k.__ 12828" ).-D(r,5, ) 


J2 a’ 
: Ge); (5.12) 
Le a 


x exp} Z 
r 
We may also take the vacuum-expectation value of (5.11), in which 
case we obtain a completely factorized form for the (n+2)-point Veneziano 
amplitude. There are no integrations left in this formula or in Equations 
(5.11) and (5.12). Such expressions are often most useful for handling 
Veneziano amplitudes. On the other hand, we must warn the reader that 
the simplication is purely formed, since the operators act on a complicated 
Hilbert Space. 
Factorization according to Equations (5.11) or (5.12), which correspond 


to Figure 13(b), is sometimes known as factorization in the multi-peripheral 


configuration. 


Projective Transformations 


It is often useful to change the variables of integration in the 


coherent states 


a(Pya') 0) 
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and, in particular, to make projective transformations. We saw in the 
previous section that a sub-class of such transformations leads to 
linear-dependence equations, and we obviously wish to study linear de- 
pendences within the operator formalism. Another application is to 
obtain a "twist" operator, i.e., an operator which reverses order of 
the unexcited legs in Figure 12. Such an operator will prove to be most 
useful, and it is again a particular case of a projective transformation. 
We define the following three operators, corresponding to the three 


possible transformations: 
2 
3eL,: y'= y-ey eL,: y'=y-ey eL_t y'=yte. (5-13) 


The commutators between the operators have the same form as those 
between the generators of the three-dimensional rotation group. The 
operators were first introduced by Gliozzi, +! though we have adopted the 
notation of Fubini and Veneziano. 1° 
The vertex operators are now redefined as follows: 
G(P,at) =ay, fits bpl¥y¥o)++( 1-y Pad) (5.14a) 
Where H(P,at) = ie (y Say mde exp te es a ¥ (5.14b) 


and the function i is defined in ee The extra factor gee 
has no effect when Y, 71s y,70; the values which occur in the definition 
of G. It does simplify the effect of the transformations (5.13) on H. 
In fact, application of the operators (5.13) to the state H(P,a*) 10> 


is equivalent to applications of the following operators: 


2 
3 L,(P)= P - sg ee = Book ; (5.15a) 
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L,(P) = V2 Pa, - : Vr(r+1) a’ a; (5.15b) 
L_(P) = J2 P a’, + Be ares, a. (5.15c) 


It follows from (5.15) that the operators satisfy the correct con- 
mutation relations. 
We can also study the finite projective transformations generated 


by the L's. Let us consider, for example, the transformation 
exp (3 L, te) ott 


y' = exp (3 Lz )e y 


it follows from (5.13) that y satisfies the differential equation 


On inserting the boundary condition that y' = y where € = 0, we find: 


exp(3 L, ¢ Joe yt ye d . (5.16a) 
Similarly 
exp(L_€) ———» y' = y+ (5.16b) 
The transformation 
A(P) = -2 L,(P)+L,(P) (5.17a) 


is particularly important, since we notice from (4.11) that this is the 
infinitesimal transformation corresponding to linear dependences. We 


might therefore investigate finite transformations generated by (5.17a), 
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put we shall be more interested in the finite transformation generated 


by the adjoint a defined by* 


a'(-P) = - 3.1,(P) - 1 (P). (5.17) 
We find that 
exp(A't) + y'sye° + l-e°. (5-18) 


From (5.16), we observe that this transformation can be expressed as 


a product of finite transformations involving L, and L_: 
t c at 
exp (AC) = exp {L_(1-e°)} exp {~2 L, f} « 


This equation can be expressed in a slightly simpler form by writing 


e-= 1-2z: 


, 
(a-2)t CP). exp (et j(iez) 2 3 (5.19) 


Equation (5.19), which will be most useful in the sequel depends only 
on the group structure of the L's, and is valid whether the L's are 

defined by (5.13) or (5.15). It was first found independently by Kaku 
19 ALY 


and Thorn ~ and by Gliozzi, to whose papers the reader is referred if 
he desires a proof which does not make explicit use of projective trans- 


formations. 


* 
Note that the operator A'(-P) is really the adjoint of A(P), since 


the adjoint of a is 20 
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Linear Dependences 


We are now equipped to study linear dependences within our present 


formalism. In the last section we saw that the state 
A Glee) ico.) 


vanishes. We proved this theorem by using the definitions (5.13) for 
the L's, and noting that we were simply changing the integration vari- 
ables in G. Before we investigate the result further, let us rederive 
it purely within the operator formalism. We shall apply the operator A, 
with the L's defined by (5.15), to the expression (5.12) for the coherent 
states. By commuting the operator all the way to the right, we shall 
show that it annihilates the state. 

We thus have to commute the operator A through the operator 


V(i,, 2858" ) D(R,s,_4)s We can commute A through V by means of the formula: 
T t e 
A(P) V(k,a,a ) = V(k,a,a ) {A(P-k) +p} , (5. 21a) 


where eo the square of the mass of the external particle. We note 
that P-k is just the total momentum of the particles to the right of the 
vertex under consideration, so that the operator A on the right-hand side 
a 
of (5.20) depends on the appropriate momentum. Further, s,-1=(P-k) - We 
can now commute the operator A(P-k) through D; after a little algebra we 
obtain the result: 
2 @ G 2 
A(P-k) D{R, (P-k)"} =D{R+1, (P-k) } a(P-k)-p D{R,(P-k)}, 
(5.21b) 
On combining (5.18) and (5.19), we find: 
TF 2 t 2 «) 
A(P) V(k,a,a ) D4 R,(P-k) t= V(k,a,a ) Df R+l, (P-k) } A(P- ° 


(5.22) 
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By repeated use of (5.22) we can commute the operator A through all the 
factors of (5.12), until it ultimately reaches the vacuum, which it 
annihilates. The proof we have just given is due to thorn; °° the linear- 
dependence operator A was discovered independently by him, by Chiu, 
Matsuda and Rebbi,“~ and by Gliozzi.?! 

Let us now interpret the linear-dependence equation within the 
operator formalism. All matrix elements in which we are interested are 
taken between states of the form G(P,a') O ), which we shall call real 


states | R ). The fundamental linear-dependence equation is 
oy 
AG(P,a') |0)=0 (5.23a) 


or 
A|R)«=0. (5.23b) 
The real states therefore do not span the complete Hilbert space of 
oscillator states, but they are restricted by the condition (5.23). It 
is sometimes convenient to rewrite (5.23) as a condition on the states 
D(R,s) G(P,a’) | 0 ) or D(R,s) | R). If we multiply (5.23) on the left 


by D(R+1, s) and apply (5.21b), we find 


(atu) D(R,s) G(P,a") | 0 ) = 0, (5.2ha) 
or 


(atu) D(R,s) | R ) = 0. (5.24) 


We thus notice that any state | S ) of the form fa’ (-P)au?} | c ), where 
C is an arbitrary state in the oscillator Hilbert space, satisfies the 


relation 
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Cs | DiRgeysl R ) = 0. (5.25) 


The states | S ) do not contribute to the summation over intermediate 
states in (5.6) and similar equations, and they will be called spurious 
states. Since our physical Hilbert space of resonances is obtained by 
factorizing expression such as (5.6), we can conclude that the Hilbert 
Space of oscillators is too large to represent the physical space of - 
resonances. 

The simplest spurious state is obtained by applying the operator 


A’ (-P) + ne to the "vacuum" state. It is thus equal to 


(a'(-P) #7) 0) = (-p* Ne Pah) +n?) 0) 


=-V2pa', | 0), 


since pa for the state | O ). This is the ghost state whose elimination 
we discussed in the previous section. It has a slightly different appear- 
ance in the present context owing to our somewhat unorthodox treatment of 
the Hilbert space with its multi-pole propagators. 

It is often necessary to modify the propagator (5.7d) so that it 


automatically satisfies the equation 
(s | B(R,s) = 0, (5.2b) 


where S is a spurious state. Such a propagator would not give a redundant 
spectrum of states in a factorization, even if the matrix element to be 
factorized is not taken between real states. To quote an instance where 


a modified propagator is useful we may mention the calculation of the trace 
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of D I, which will be required in the final section. The formula (5.9) 
for [ is obtained by factorizing the expression (5.8), and we therefore 
know that matrix elements of the form (R | D [ D|R) are correctly given. 
On the other hand, matrix elements such ( S | DID | S) are not uniquely 
determined from the factorization of (5.8) and, if we use a propagator 
with a redundant spectrum, we may sum over unphysical states when taking 
the trace. 

A modified propagator D with the correct properties was proposed by 
eae and altered somewhat by Brower and wees. °* They made use of a 


projection operator 


alt 


a 12) 0 . 
len centn A(P) (5-27a) 


P,(P) = { a'(-P) +u"} 


Commuting Py with D changes it into its adjoint, as may be shown from 


(Gece 


2 ii 2 
D(R,P' ) EAE) =P. (-P) D(R,P’). 


The modified propagator is then defined by the equation: 
~ ( 2 + a 
D(R,P) = D(R,P yt aeretP) } ={1-P, (-P) } D(R,P*). (5.28) 


It follows at once from its definition that } | R)=pD|R), 
(R:D=(R|D. The propagator D may thus be used instead of D in all 
equations up to (5.12). On the other hand, (Ss | } =D |s ) = 0, where 


| S) is any spurious state, so that D has no redundant spectrum. 
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Brower and Weis have rewritten (5.25a) in a form which involves no 


reciprocals: 
oo 2 -1 tT; es 
-m -1 -A (-P)- -A(P 
P.(P) = » in? ( Zz ) L ‘ \} : } . (aeerb) 
4=0 


Their expression follows from the general formula 


= Sea Wao aS . 
(aB)"* = : (-2)7 (441)? ( vp ) tral Ba 


£=0 


provided [ A,B ] = - A-B-c, where c is a c-number. 

It is not difficult to show that only a finite number of terms of 
(5.27) contribute to each pole of D so that the residues of the poles of 
D are well-defined. Away from the poles it is not obvious that the ex- 
pressions (5.27) and (5.28) are meaningful, and Gliozzi has given arguments 
to show that they are not.*3 When a modified propagator is used in a fac- 
torization, it is therefore only implied that the poles of the amplitude 
are correctly given by the factorized expression. The amplitude can be 
constructed from its poles by making use of the known analyticity properties. 

Since the operator A, when acting on any real state, gives zero, it 
follows that any finite transformation ebA leave a real state unchanged. 


We shall later make use of (5.19) in this connection, and we therefore 


write the result in the form 


: 
omen) es Us LA (5.29a) 


for any z. Alternatively, if we have a modified propagator D, we may 
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write 
; 
3 vik,aje') (ez) ees (5.290) 


as a consequence of (5.28). Equation (5.29a), which was first obtained 
by Chiu, Matsuda and Rebbi, “= may be regarded as a kind of gauge in- 
variance which follows from the Ward identities. 
The Twist Operator 

Another useful operator which can be constructed from, the L's is 
the "twist" operator of Caneschi, Schwimmer and venemeante The purpose 
of this operator is to reverse the order of the unexcited particles in 
Figure 12. From Equations(5.14a) and (4.12b)we notice that reversal of 
the order of the particles has two effects; it reverses the signs 
of the factors Y57V52 and it reverses the inequalities of the integration 


variables: 


Fe i ye Sy, = 1- 


2 
Apart from a phase factor Sone » the required twist operator Q is 
therefore the operator which changes the variables Ys to eae We can 
express this operator as a function of the L's from (5.13): 
Sink 


-p? yp. ink, pe, 3h 
a= (-1)? ee = (-1)"e™ (1) 3ee™(n1)'= Clph ee 


(5.30) 


Equation (5.30) is due independently to Kaku and Thorn’? and to Gliozzi.? 
We notice from (5.30) that abe 1, an identity which would be expected, 


Since two applications of the twist operator restores the original diagra 
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Application of the twist operator enables one to perform factori- 
zations in configurations other than Figure 13(b). The operator twists 
the entire portion of the diagram to the left of it. Thus the diagram 


of Figure 14 is represented by the function 


Figure 14. Multiperipheral diagram with one twist. 


t + + ae 
V(k a, ) D(R,S,_4 eee V(K pare ) D(R,s_) Q V(k, 458 )o+ Vk, pasa y. 
(5.31) 


Notice that the dot on the left is now at the bottom, since, if the diagram 
is joined to a vertex G on the left, the operator Q will reverse the order- 
ing of the particles of G By applying the twist operator several times, 
we can obtain a diagram with upper and lower scalar legs in any combination. 
The amplitude which the diagram represents depends only on the order of the 
external particles; different methods of drawing a diagram with the same 


ordering of the external particles. correspond to factorizing in different 


channels. 
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We can easily commute twist operators through linear-dependence 


operators from the formulas” 
QAz=-AQ, (222) 
u t 
QA= -L2 , 9033 


8) 


which are most easily proved by considering the operators as perform- 
ing transformations on the y's. 
By making use of the identity (5.19), it is possible to reduce 


the number of Q's in a twisted diagram. Thus 


7A 
DQ = | ae(a-z)™ + zR-a(s)-1 Q; 


Rois @ 6 (-1)" ‘framtg-30) 


= Pete ry using an identity similar to (5.5a) 
1 R 2 
= (a2) OP) (oe) © Caen), trom (5.19). (5.34) 


T 
The factor (27 (-P) can be commuted to the left through vertex operat 


by using the adjoint of E.uation (5.20). To commute it through the fact 


? 


z" in the propagators we make use of the following relation, which can 


be derived from (5.19): 


2 


2'R(aez) = (aez2") { a)" ( 422+ } e635) 


uy 
If the factor (1-z)4 ( P) meets a second twist operator one can eliminat 


it using (5.33). One can then perform similar manipulations on the new 
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twist operator. The factor involving at can ultimately be moved all the 
way to the left, when it becanes unity if the particles at the end of the 
chain in Figure (14) are real (Equation (5.29a)). 

When matrix elements are evaluated with the aid of (5.34), the 
usual power series in z, such as the series on the right of Equation 


(S.4a), becomes replaced by a power series in » which diverges if 


az 
1-z 
i = 3, In certain calculations the summation can be performed analytically 
at a later stage but, in general, we must interpret formulas involving 
(5.34) in the sense that they give correctly only the residues at the 


poles ins. 


Another formula which can be proved in a similar way to (5.34) is 
(r| a’ pe[ Rt) =(R| Dj R*), (5.36) 


if (R | and |R ) are real states. Equation (5.36) must obviously 

be true, for it states that reversal of the order of the particles on 
both sides of Figure (9) leaves the amplitude unchanged. It is interest- 
ing to note that the direct verification requires the assumption that the 


states ( R | and | R' ) are real, as it is necessary to use Equation (5.29a) 
The Sciuto Vertex 


Knowledge of the propagators D and 5, the vertex V; and the twist 
operator Q,enables us to factorize in the configurations of Figure 13(b) 
and Figure (14). In order to factorize in a more general configuration 
such as Figure (10b), we require the vertex operator for three excited 
particles, which was originally found by Seiuto.“? The method is to per- 
form a third factorization on the vertex [, given in Equation (5.9) and 


Figure 13(a). It is first necessary to change the variables of integration. 
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I I' 


Figure 15. Factorization of the vertex I’. 


As written in (5.1), the fixed points are y,=1, Vy = 8, Yue O, and 

the variable yy has been set equal to y. To redefine our variables as 
in our original factorization, iowa to set Y= OF yr db Ype o. (Not 
that we are reading the particles in counter-clockwise order from 
£t+o'). The new variables are thus 


meg 
vs Y; 


Let us also set 


= by (5.37) 


N 
it 
te 


this variable then corresponds to the z in our original calculation. 


Finally, by analogy to (4.2a), we again make a change of variables 


y: 
molt Ji 4 i 
WT (2 y. 
1-2 
or = 4 
en” 2 1<gig#-l, (5. 38a) 
y =il-z, (from (5.37)) . (5.38b) 


After substituting the change of variables (5.38) in (5.9), we can 


factorize as we did in the previous section. We thus obtain the three- 
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particle vertex, as shown in Figure 15. Note that the dot on the in- 
termediate line is on the right, since it is always on the side of in 
creasing y's. 

We shall not quote Sciuto's result here, but instead we shall give 
the formula for the symmetric vertex of Caneschi and sere inmere’” The 
vertex shown in Figure 15 is unsymmetric in the position of the dots. 


By applying the twist operator q" to the leg 1 


(a) (b) 


Figure 16. Unsymmetric and symmetric Sciuto vertices. 


of the vertex (Figure 16), (so that it acts to the left in the correspond- 
ing mathematical expression), we obtain a completely symmetric vertex. To 
quote the formula it is convenient to associate creation operators 

: , ne el with the legs 1, 2 and 3 respectively. We then write the 


r 
vertex as a matrix element between the state (A, uy, v| and the vacuum, 


a 


where (* |, (u| and (v; are the states in our oscillator space corresponding 


to particles 1, 2 and 3. The formula is then: 
Bete 
W(p, PorP32%ru sv )=(Asu,v|W(D, Pp sP358 yb yc 0) 
; t ty, 
=(A,u,viexp(p,a +D,b' +p,0' +(aie!) +(c', b') +(b ga) Ji), 


(5.39a) 
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where 


(2,6). = \ (-2)° Jf @) a, Dy (5.390) 


r,sel 


The expression (5.39) is fairly compact and, by using it, one can 
factorize a diagram in any configuration such as Figure (10b). However, 
it is important to recognize one limitation of the formula; it only 
gives the correct matrix element (A,y,v| D,D,D,W|0) if the states A,y 
and are real. The matrix element does not vanish if one of these 
states is spurious. We must therefore use modified propagators D through 
out. With presently available techniques the manipulation of the pro- 


jection operators P, is considerably more complicated than it is for 


iS 
factorization in the configurations of Figures (13b) or (14). Asa 
matter of fact, the unsymmetric vertex originally proposed by Sciuto 
is simpler in this respect ,~" since it does vanish if one of the legs 1 
or 2 is spurious and the other two are real. 

Gross and ae have recently introduced a formula for a modifie 


twisted propagator which may be helpful in this respect. The formula is 


as follows: 


; al a R-a(s)-1 
U(p) = I dz (1-2)8 (P)-2(.3 (=) ee aL (5,40) 


They obtained their result by using Equations (5.30) for the twist operat 
and Equations (5.28) and (5.27) for the modified propagator; they then 


used an integral representation for the hypergeometric function. Once 


the formula is obtained, it can be proved by noting that it gives the 
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same matrix elements between real states as the unmodified twisted pro- 
pagator, and that the expressions (uae) 2 or U(atu”) vanish, since they 
are equal to integrals of a total derivative. 

From the formula for the Sciuto vertex, it has been shown directly 
that we can pass from one configuration of Figure 17 to the other without 


changing the result. 21925229 


By performing such transformations within 
more complicated diagrams, we can pass from any given configuration of 


resonances to any other. We thus verify the fundamental duality require- 


Figure 17. Duality transformations with Sciuto vertices. 


ment that the sum of the contributions of all sets of resonances to a 
scattering amplitude is independent of the channels in which one chooses 
to factorize. 

By repeated factorization of the n-point scalar amplitude, it is 
possible to generalize the Sciuto formula to a process with any number of 


15,30 


excited particles. As in Equation (5.9), the formula involves the 


usual Koba-Nielsen integration; the integrand is the product of a factor 
and an exponential factor which contains creation operators correspond- 


1 
ing to the excited particles. Gross and ecmgee | have obtained similar 


IL 


results by joining symmetric Sciuto vertices with their modified twisted 


propagator. 
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6. Veneziano-type Quark Models 
Meson-Meson and Meson-Baryon Amplitudes 


The models presented in the previous sections do fulfil most of the 
consitency requirements, except for the presence of ghosts, (Gue ged -1) 
or of a negative-mass particle (if sowie On the other hand, the spec- 
trum of resonances which they predict does not agree with that observed 
in nature. A realistic model will have to possess a spectrum similar 
to that predicted by the quark model. One of the most appealing features 
of the Veneziano theory is that it does enable us to understand how a 
quark model may predict the correct spectrum, even though quarks need 
not exist as actual particles. Every Veneziano-type amplitude with 
quarks of spin 3 which has so far been constructed possesses ghosts, 
so that a consistent model with all the required features should be re- 
garded as a potentiality rather than an actuality. Nevertheless, since 
the modeis possess so many attractive properties, and since they enable 
us to reconcile features of hitherto completely different approaches, we 
may hope that they can be modified so that their defects will be overcome 

The simplest dual-resonance model without spin or isotopic spin 
appears to be the ordinary Veneziano model which we have treated in the 
foregoing sections. All other models so far constructed possess a more 
complicated spectrum of resonances. In the simplest dual-resonance quark 
model, therefore, the scattering amplitude will be the direct product of 
an ordinary Veneziano amplitude and a matrix in spin and SU(3) space. 
Models of this type have been constructed by Mandelstam and by Bardakci 


Sul 


and Halpern. They possess too much symmetry; all Q Q states are de- 
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generate, for instance. They may well serve as starting-points for 
more camplicated models, however, in which the Veneziano amplitude itself 
is modified. 

It follows from our construction that the scattering amplitude is 
an eigenfunction of the spin and SU(3) crossing matrices. In this respect 
our present model resembles several models previously proposed, and a 
method for finding eigenfunctions of the crossing matrix was given by 


so 


Capps. His construction may be represented by the duality diagrams 


proposed independently by Harari, by Rosner, by Matsuoka, Ninomiya 
Bs 


and Sawada, and, in a rather different form, by Neville. 


SS 
7 ‘ 
\ 


(o') (b') (c') 
Figure 18. Duality diagrams. 
Figure 18(a) is a duality diagram for meson-meson scattering. The quark 


‘ 


lines represent delta functions in spin and SU(3) space; the external 
and internal mesons are pictured as composed of two quarks. There will 
be a second duality diagram in which the quarks circulate in the opposite 


direction, and further duality diagrams in which pairs of adjacent mesons 
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are interchanged. 

The amplitude corresponding to our duality diagrams is clearly 
an eigenfunction of the crossing matrix. Moreover, the multiplets of 
internal resonances are the same as the multiplets of external particles, 
and each vertex is symmetric in its three particles. It is probable that 
eigenfunction of the crossing matrix constructed from duality diagrams 
is the only eigenfunction with all the required properties. We can there 
fore maintain that the quark model follows from our simplified hypotheses 
We do not have to make additional assumptions such as the absence of exot 
resonances. Of course, we cannot predict that the quarks form a unitary 
triplet with spin 3. It would be possible to construct models with quark 
of any spin and with an internal symmetry group of SU(n). 

The spin and SU(3) duality diagrams must now be combined with the 
Veneziano amplitude which describes the orbital motion of the quarks. A 
diagram such as Figure 18(a) is associated with the eight-point Veneziano 
diagram with the external particles in the same cyclic order. One can th 
obtain a four-meson diagram by factorization, as in Figure 10(a). The 
external mesons of the amplitude so constructed will possess arbitrary 
orbital angular momentum, besides their spin angular momentum and their 
SU(3) quantum numbers. Once the amplitude has been constructed, the 
external quarks may be discarded. The concept of quarks with space, spin 
and SU(3) degrees of freedom is thus most useful in obtaining our amplitu 
even though there need be no physical particles corresponding to quarks. 

Amplitudes for meson-baryon scattering may be constructed in a 
similar way. Two duality diagrams have been drawn in Figures 18(b) and 


(c). If s and u are the two meson-baryon channels and t the meson-meson 
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channel, Figure 18(b) will correspond to an s t term, Figure 18(c) to 
the s u term. 

The duality diagram of Figures 18(a) (b) and (c) can alternatively 
be drawn as in Figures 18(d), (e) and (f); this was the method employed 
by Neville. The external particles are meson or baryons, and the vertices 
contain the appropriate SU(3)-and Y¥-matrices. Amplitudes for the scat- 
tering of meson or baryons with any orbital angular momentum can again 
be obtained from the n-point amplitude by factorization. 

The introduction of SU(3) into our model by the above method introduces 
no difficulties, but the spin degree of freedom introduces extra ghosts. 
Such ghosts are a general feature of factorized Veneziano-type models 
with fermions, and they oceur in any amplitude with baryons, whether 
or not it is constructed from quarks. The problem of ghosts in fermion 
amplitudes is the main problem connected with the Veneziano model which 
faces us at the moment. If we construct our scattering amplitude from 
quarks, the problem exists in meson amplitudes as well. 

The basic reason behind the difficulty is the indefinite nature of 
the Lorentz metric. We recall that the ghosts in the ordinary factorized 
Veneziano model without quarks originated from this source too. In order 
that our amplitude be invariant under Lorentz transformations and reflections, 
it is necessary that we introduce two quarks, corresponding to the (3,0) 
and (0,3) representations of the Lorentz group. The quarks will thus 
have four spin degrees of freedom in all. Meson composed of such quarks 
will always be associated with parity doublets. The normal-parity mesons, 
corresponding to those predicted by the ordinary quark model, will be par- 


ticles or resonances with real coupling constants. The abnormal-parity 
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mesons will be ghosts. 
Let us investigate in more detail the spin multiplets which the 
model predicts. By combining two (3,0)+(0 2) representations of the 


Lorentz group, we obtain the following representations: 


(1,0) + (0 1) M=l, J=l, Ps +or- 
(0 0) (twice) Ms0 J=0 Pe + or - 
(3,3) (twice) M<O J=1 Pe + or - Js0 Po cree 


The quoted values for the angular momentum and parity apply to the lowest 
particles on the Regge trajectory, where there is no orbital motion. The 
quantity M is the Toller quantum number, which is only a good quantum 
number when s=0. We notice that the expected vector and pseudo-scalar 
mesons are accompanied by a second vector-pseudo-scalar pair, and by 

two axial-vector-scalar pairs. The latter two pairs are ghosts. The 

two normal-parity particles have the same value of C (+ 1 for the pseudo- 
scalars, -1 for the vectors); the abnormal~parity particles have opposite 
values of C. 

It will probably be possible to construct a model with symmetry 
breaking in which the extra trajectories lie below the main trajectory. 
Whether the ghosts can actually be removed within the framework of the 
narrow-resonance approximation is a question which is as yet unanswered. 
Taking ene removed the ghosts in the original model, but it does not 
remove the new ghosts. The difficulty may be indicative of the fact that 


a consistent narrow-resonance model is impossible. In that case a 
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solution of the problem would involve unitarization of the Veneziano 
amplitude. The extra trajectories might thereby be eliminated, or 

they might cease to give rise to inconsistencies. The presence of the 
M=l- pair of trajectories is in fact indicated by high-energy photo- 
production experiments, but the results of such experiments may possibly 
be explained by cuts in the j-plane. 

Both in the original Veneziano model and in the quark model, the 
ghosts are connected with the parity doublets predicted at s=0 by Mac- 
Dowell doubling or, more generally, by Toller doubling. Whenever the 
Toller quantum number M is non-zero and, in particular, for all fermion 
channels, where it is half-integral, the trajectories must appear in 
parity doublets at s=O. The sign of the residues at this point implies 
that one trajectory is ghost-like, though there may be a change of sign 
before we come to values of s at which resonances occur. Carlitz and 
Kissumueer?” have proposed a model in which Mac-Dowell or Toller doubling 
is avoided by the presence of cuts in the j-plane. By using their ideas, 
Bardakei and Halpern?” have removed the leading-trajectory ghosts from the 
Veneziano quark model, but at the expense of losing factorization. 

Our model possesses one undetermined mixing parameter for the vector 
and one for the pseudo-scalar trajectory, since, as long as the trajectories 
are degenerate, the model cannot predict what linear combination of degenerate 
states corresponds to the physical particle. The parameters might be 
fixed so as to minimize the residues of the poles due to unphysical particles 


relative to those due to physical particles in meson-meson scattering. 
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We then find that the total contribution from the ghosts is about one- 
half that from the physical particles, while the contribution from the 
second vector and pseudo-scalar particles is very small. We also find 
that the coupling constants involving physical mesons satisfy the con- 
ditions of su(6), symmetry. 

The situation with the meson-baryon system is similar; there is one 
mixing parameter to fix for each of the two trajectories and, if we adjus 
them to minimize the coupling to unphysical particles, the meson-baryon 
coupling constants also satisfy the su(6),, relations. Furthermore, 
subject to a remark which we shall make later, the ratio of the MMM and 
MBB coupling constants is that predicted by vector-meson universality. 
Since su(6),, and vector-meson universality are sufficient to predict 
all MMM and MBB coupling constants in terms of a single parameter, we 
conclude that the ratios between such constants are correctly predicted 
by our model. The concepts of su(6), symmetry and vector-meson univer- 
sality were of course familiar before the Veneziano model was proposed, 
but we can now begin to understand how such concepts, together with the 
quark model, may be related to the assumptions of S-matrix theory. 

The Regge parameters predicted by our model can be compared with 
experiment and, where this comparison has been made, the agreement is 
reasonably satimedevepe >” More detailed work in this respect is probabl 


premature until the ghost problem is better understood. 


Exotic Resonances 
While there are no exotic intermediate states in meson-meson and 


meson-baryon scattering, such intermeidate states do exists in baryon 
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anti-baryon scattering. The duality diagram for that process is shown 


in Figure 19(a). It will be noticed that the resonances in the t-channel 


_— 
| : 

ey mle 
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(a) (b) (c) ie 


Figure 19. Duality diagrams with exotic resonances. 

are exotic mesons consisting of two quarks and two anti-quarks. Rosner?! 
was the first to draw attention to such exotic mesons, and their presence 

is a necessary feature of our model. By viewing Figure 19(a) from the 
s~channel, we can see that the diagram must be present. The intermediate 
state is then an ordinary meson (Figure 19(b)), and the BBM coupling is re- 
quired for consistency with the meson-baryon amplitude. 

One can employ similar reasoning to prove the existence of exotic 
baryons consisting of four quarks and one anti-quark. A diagram for the 
process BBB > BBB is shown in Figure 19(c). Such a diagram must be present 
in order to represent the sequence of exchanges shown in Figure 19(d). The 
resonances in the t-channel of Figure 19(c) and the exotic baryons under 
discussion. It is evident that exotic mesons and baryons with an arbitrarily 


large number of quarks and anti-quarks are present in the model. 
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A model with exotic resonances would not conflict with experiment 
provided that the masses of such resonances were sufficiently high. 
The resonances could decay with large Q-value and no centrifugal barrier, 
and they would not appear experimentally as narrow resonances. The 
intercept of the trajectory must therefore depend on the total quark 
number (the number of quarks plus the number of anti-quarks). If this 
is the case it is necessary to re-examine the factorization properties, 
since the discussion of Section 4 assumed that all trajectories had the 
same intercept. One can show that the model is factorizable provided 
that the intercept of the trajectory is a polynamial function of the 


total quark immer. 2° 


The degeneracy of the resonances increases with 
the order of the polynomial and, in the limit of a polynomial of infinite 
order, the factorization properties are lost. 

In a model where the spectrum of resonances is not too degenerate, 
the intercept must be a polynomial function of low degree in the total 
quark number. A linear function is not acceptable, since the square of 
the mass of a highly exotic particle would be proportional to the total 
quark number, and we would have an infinite sequence of stable particles 
with increasing strangeness and isotopic spin. The simplest model is the 
fore one in which the intercept is a quadratic function of the total quar} 
number. If we provisionally accept this model, we can use the meson and 
baryon masses to fix two of the three constants of the polynomial. By 
setting the quadratic term equal to zero, we obtain a mass of 1.6-1.8 Bev 
for the lightest exotic meson. This is a lower limit; the quadratic tern. 


which must be present, will increase this mass. 
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Non-planar Multi-particle Veneziano Amplitude 


The meson-baryon diagrams shown in Figure 18 are planar diagrams. 
We now ask the question whether we should include non-planar diagrams, 


such as Figure 20(a), as well. It is certainly possible to construct a 


x<( oe 


(a) (b) 


Figure 20. Non-planar duality diagrams. 


model where such non-planar diagrams are absent. This model has one or 
two drawbacks. First, the baryon states are not limited to states 
symmetric in the three quarks. In a model with only symmetric states, 
any quark in the intermediate state should be able to go into any quark 
in the initial or final states. The duality diagram of Figure 18(b) would 
therefore necessarily be accompanied by Figure 20(a). The presence of 
non-symmetric quark states in the planar-diagram model was noticed by 
Mandula, Rebbi, Slansky, Weyers and Trai, ?? who found an £=0 70 together 
with the expected £=0 56 and f=1 70. The coupling of this state to the 
meson-baryon system was about one-quarter as strong as that of the other 
states. 

Another feature of the planar-diagram model is that it does not 


possess vector-meson universality. The vector meson can interact with 
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either of the outer quarks of the baryon, but it cannot interact with 
the middle quark as in Figure 20(»), since that diagram is excluded by 
hypothesis. The strength of the coupling of vector mesons to baryons 
is thus two-thirds of the strength of their coupling to other mesons. 

At the present time we cannot exclude the planar-diagram model on 
the basis of these two defects, but it is possible to construct an al- 
ternative model where the defects are not present. Before we explain 
how this may be done, we must mention a third difference between the 
present model and the non-relativistic harmonic-oscillator quark model, - 
namely the degeneracy of the baryon spectrum on the leading trajectory. 
In the Veneziano model which we have used hitherto, the leading trajec- 
tory possesses no “orbital” degeneracy. It has a finite degeneracy 
associated with the spin and SU(3) degrees of freedom. In this respect 
the model is simpler than the harmonic-oscillator quark model, where 
the degeneracy of resonances on the leading trajectory increases with- 
out limit as the angular momentum is increased. Thus, in a model with 
scalar quarks, the states with j=0 and j=l are not degenerate. The state 
with j=2 is doubly degenerate, since it can be composed of one quark in 
a D-state and two in S-states, or of two quarks in P-states and one in 
an S state. It is evident how the degeneracy of states of higher j in- 
creases. 

The alternative model which we shall now propose resembles the 
harmonic-oscillator quark model as regards the features just discussed. 
The baryon states are symmetric in the three quarks, and vector-meson 


universality holds. On the other hand, the baryon spectrum on the leadin, 
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trajectory has a degeneracy which resembles that of a system of three 
quarks bound by harmonic forces. The model involves a generalization 

of the multi-particle Veneziano formula. We recall that a duality 
diagram must be associated with a Veneziano diagram with the same ordering 
of the external particles, and we have pointed out that the duality 
diagram of Figure 20(a) must be present in a symmetric model. This 
diagram may be redrawn as in Figure 21(a); more complicated diagrams 

will have a similar structure. It will be slightly more convenient to 


use the Neville form of the diagrams as in Figure 2l(b). We wish to 


(0) (b) (c) 


Figure 21. Non-planar and planar Veneziano diagrams. 


obtain a new multi-particle Veneziano formula with resonances in all 

channels of Figure 21(a) or (b) which consist of adjacent particles. Thus, 

in Figure 21(b), we require resonances in meson channels such as 34, or 

in baryon channels such as 3 1 10 and 3 1 7 10, but not in channels such 

as 47 or 14 710. ‘The required generalization was given by Mandelstam; 

the formulation of the model which we shall present here is due to Thorn. 
We shall obtain our formula by analogy with that for the ordinary 


planar amplitude, where the y's associated with the points 1 and 2 are 
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given the values 0 and » (Figure 21c). The y's for the particles along 
the top line then have positive values in increasing numerical order from 
0 to «; those for the particles along the bottom line have negative 
values, again in increasing numerical order from 0 to « In the non- 
planar diagram (Figure 21(b)), we assign positive y's, in increasing 
numerical order, to the particles on the top line. The y's associated 
with particles on the middle and bottom lines will be assigned values of 
the form reein/3 and retin/3 respectively, where the r's are again in in- 
ereasing numerical order. Apart from the ranges of integration of the y's, 


the formula will be almost identical to the Koba-Nielsen formula for 


planar diagrams: 


prof Seat ital ipl gl acai ae 
[05-%qy) 


-2p.D. 2 Coe 
7 ieg . “u ne SE SAN (6.1) 
“all (Yy-¥,) Ilo, Ya.) ° (¥g-¥,) . 


The product es over all adjacent pairs V5? Vai in Figure 21(b); it is 
of course enue: to the product of factors vay Ly ) in the as 
for planar diagrams. The new formula has an extra factor Ge ai ya” ~ 2a oe 
which is due to the fact that the vertices 1 and 2 are four-particle ver- 
tices and which is necessary for projective invariance. 

In our exposition we have fixed the values of y, and y, in (6.1) eat 
O and infinity, but the formula can be generalized to any specification 


of the three arbitrary y's.” 


The integrand of (6.1) remains unchanged, 
and the rules for fixing the range of the y's can be stated in a projective 


invariant manner. 
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The factorization properties of the generalized amplitude were 
initially investigated by W@Geictan, “ who showed that the meson 
trajectories had precisely the same degeneracy as in planar amplitudes, 
but that the leading baryon trajectory had a degeneracy similar to that 
of the harmonic-oscillator quark model. ‘The discussion of the factori- 
zation properties was completed by Frye, Lee and Susaitnd.: Clash Wipes 
by Thorn (for avodeeany n>)": These authors generalized the operator 
formalism presented in the previous section to the new amplitude. 

By associating the non-planar Veneziano diagrams with non-planar 
duality diagrams, we can construct a quark model which avoids the de- 
fects of the planar-diagram model. For elastic meson-baryon scattering, 
the two diagrams are shown in Figures 18(e) and (f). The s t term, cor- 
responding to Figure 18(e), is exactly the same as previously since, if 
all the meson lines of Figure 21(b) are attached to one of the three 
quark lines, the formula (6.1) is identical to the ordinary Koba-Nielsen 
formula. The s u term, corresponding to Figure 18(f), is not the same 


as the ordinary Veneziano amplitude. If we ignore spin and isotopic- 


spin, it is as follows: 


s Pe OOD gy AOE tiny) Bw a") (6.2) 
Q 


7. Higher-order Feynman-like Diagrams 
Formula for the Single-Loop Planar Diagram 


In any consistent theory the Veneziano model can only be regarded as 
a first approximation, which one would wish to generalize, at least approxi- 


mately, to systems with resonances of finite width. In other words, the 
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Veneziano amplitude should be regarded as the Born term of our theory. 

A very appealing suggestion for including further effects has been made 
by Kikkawa, Sakita and visawenes who construct a series of Feynman- 
like diagrams which correspond to the higher-order corrections. It is 
unlikely that a straight perturbation approach can be applied to strong- 
interaction physics, even if the concept of the perturbation series is 
altered by the removal of elementary particles. In fact, the integration 
over the large phase space of intermediate states does appear to give 
rise to a divergence. Nevertheless, by appropriately modifying the per- 
turbation treatment the divergence can be avoided, and the series of 
Feynman-like diagrams may well motivate a semi-perturbation approach to 
the problem. 

Kikkawa, Sakita and Virasoro based their formulas for the higher- 
order diagrams at least partly on conjecture. One can actually deduce 
the formulas for the Feynman-like diagrams, however, since higher-order 
terms can always be calculated from lower-order terms by unitarity, as 
was pointed out by several Pecaae” 

To obtain a diagrammatic representation of the higher-order terms, 
we represent the Born term by the duality diagrams of Figure 18(a) or 
18(a! ), The solid lines may be regarded as quarks, or they may be regarded 
as the boundary of a rubber sheet which represents the intermediate res- 
onances (Virasoro, Susskind). In any case Figures 18(a) and(a') are de- 
finitely Born diagrams, not loops. The system contains no actual quarks , 
and any QQ intermediate state represents a meson. By stretching out the 


QQ pair or the rubber sheet, we obtain the diagrams of Figure 2. 
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If we now combine two diagrams of the form of Figure 18(a) by 


unitarity, we obtain Figure 22(a) or (b). We can stretch out the QQ 


kp. aks ° 
Nee, STi+k tho, \ Tithe” ee 
bs x 
rs <x ae toe ra tos = Sea tt 
t ay + 1 = * Hl ? ee | 
s SLs ei is 2 ee 
Pa ioe “ Te 
Va a A Tl ‘ rs TW _ ¢ . 
(a) ath (c) oe 
N 
ee, Koy 2 
k\+k ork Se 
5 . ee 2 , S. Fab we oe 
= +--+ ----¢ = na Caron ‘, < = > ape ane 
ee a — ye er ba ~\ 
(e) (f) (9) 


Figure 22. Alternative forms of the single-loop planar diagram. 


pair or the rubber sheets to obtain any of the diagrams shown in Figures 
22(c) to 22(g), as well as several others. These diagrams have two- 
particle intermediate states (two sheets of rubber, or two QQ pairs). 
Just as with the Born term, all conventional single-loop Feynman dia- 
grams (Figures 22(c) to 22(g)) are combined into one diagram (Figure 22(b)) 
in the Veneziano model. The duality transformation of Figure 17 allows 
us to pass from one conventional diagram to another. 

As in the ordinary Feynman theory, the amplitude will be in the 
form of an integral over the loop momentum JI (Figure 22). The integrand 
will have poles in all channels which are represented by the dotted lines 


of Figure 22. There are six such channels, two of which are the external 
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channels s and t, and the other four the internal-line channels with 
momenta Il, Ti+k, Ti+k, +k, and ks The Feynman integrand will itself 
be an integral over Koba-Nielsen variables. 

Before we outline the derivation of the formula from unitarity we 
shall describe the form of the result. The original conjecture of 
Kikkawa, Sakita and Virasoro, made before the unitarity calculations 
were performed, came close to the correct formula, though there were 
some aircareneens 

In the ordinary Feynman theory with spinless particles, the in- 
tegrand is obtained simply by opening the loop at any point and adding 
a propagator Gor. If we carried out the same procedure for Veneziano- 
type Feynman diagrams, the result would depend on the point at which the 
loop was opened. If we opened the loop of Figure 22(c) at the line with 
momentum T+k, 5 the resulting amplitude would lose the t-channel double 
pole of Figure 22(e) whereas, if we opened the loop at the line with 
momentum II, the amplitude would retain the double pole. One can retain 
all the poles by repeating the external lines (Figure 23), as may be 


shown by applying the duality transformation of Figure 17. In order that 
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Figure 23. Opened loop of a Feynman-Like Veneziano diagram. 
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the diagram be symmetric in the lines l, 2, 3, 4, it is necessary to 
repeat the lines an infinite number of times. 

The Koba-Nielsen variables z in Figure 23 cannot all be independent. 
The t-channel pole in Figure 22(d)arises from the region of integration 
of the Koba-Nielsen variables where the cross-ratio 
s (=) . (=) 
(2, Z)( 2, -2)/{ (2, Z)(2), -2,)) vanishes. The second t-channel 
pole in Figure 22(e)arises from the region of integration where the 

: # ga) (1) aie ; 

cross-ratio (2, 2), )(2, Z Wt (2, Zz) )(z, 2),)} vanishes. We do not 
desire an additional pole where the cross-ratio 

GOO ye) GO) pee) ; 
(2 Zo )(z, 2, \/f (2, Z3 )(a, 25 )} vanishes, otherwise 
the amplitude would have multiple t-channel poles of increasing order. 
It is therefore necessary to ensure that the cross-ratio 

Cent) 47-0. oD) Cee) 7 (2) “ 
(z, -2.5 )(2,, 2. Y/ ize z5 )(2, z,°~’)} vanishes only where 

ee z (-1)_ f Gry é 

the cross-ratio (2, Z)(2, 23 )/€(2, z.)(2), z)} vanishes. 
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by 
a given projective transformation P. 

Our Veneziano integrand will thus be a function of seven variables: 
the four variables Zy 225s Z. and a and the three variables associated 
with the projective transformation. As we explained in Section 3, we 
can specify the projective transformation by the two points x and X, 
which it leaves invariant, and by the invariant quantity w, so that the 
seven variables can be chosen as Zz? 233 23. 29 x)» x5 and w. The vari- 
ables ae can then be obtained by applying the projective transformation 
P to z,r times. 


The Veneziano integrand will itself be invariant under an arbitrary 
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projective transformation Q. Under such a transformation, the projec- 
tive transformation P transforms according to (3.11). As we saw in 
Section 3, this implies that xy and Xo transform in the ordinary way 
under Q, while w remains invariant. As in the case of the n-point Born 
diagram, we can choose the projective transformation Q so as to set three 
of the variables Zs 259 235 29 x) and Xo equal to preassigned values. 
The amplitude for the four-point single-loop diagram will thus be an 
integral over four Koba-Nielsen variables (including the variable w); 
the n-point amplitude will similarly be an integral over n variables. 

The Koba~Nielsen variables for the lines at the end of the chain 
in Figure (23), which are associated with the loop momenta II and -Il, 
will be obtained by applying the projective transformation P an infinite 
number of times. Such variables will be left unchanged by the projection 
P, since ppl)(y, ) = p(y), They will therefore simply be the points 


(r) 


which we have called xy and Xo Note that xy = X12 a) = X50 

Notice that the concept of projective transformations occurs twice 
when discussing the Koba-Nielsen integrand for a loop. A particular 
transformation P occurs in the definition of the variables of integration 
In this respect the integrand for a loop differs from that for a tree. 
The loop and tree integrands resemble one another in being invariant unde 
a general projective transformation Q. 


We can now write down the formula for the Feynman integrand correspo 


ing to Figure 22, but with n internal lines: 
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dx,dw(Z,-2 )(Z, -%. Tite -Z_) 
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we have denoted by Zi, and which are omitted from the integration, may 
be any of the z's or x's. The z's and x's are cyclically ordered in the 


sequence 
-1 ale 
eoteeae IL Zas en yas Pree ey (ct) 


Note that this cyclic ordering is consistent with the identification 
x22), x,a2'"), The range of integration of w is determined by the 
condition (7.2). In particular, w is always between O and 1 and if any 

of the cross-ratios involving the x's vanish, w is zero. 

Let us now discuss the factors of (7.1). As usual, there is one cross- 
ratio for each channel of Figure (23), and the cross-ratio is raised to 
the power-a(s)-1, where s is the channel in question. We never repeat the 
same cross-ratio more than once. For instance, the cross-ratio 


(20g) (0, ae, 7 g(a, 0,2) (0,02, ) 
3 


)} is equal to 


262 Stanley Mandelstam 
(ee a eat (x, * ap eo ee II » and it is 
not included separately in (7.1). Similarly, the cross-ratio 
(2, 7x, )(2, 00 )-«,)/ ((2, Fx, )(2, 0-2) is equal to 
(257%) (25 4) -%_)/ (2, -%5) (254%) and is not repeated. The second 
product of cross-ratios in (7.1) is over the internal-line channels of 
Figures (22) and (23); there are n cross-ratios in all. The first 
product is over the external-line channels. ‘There are an infinite 
number of such cross-ratios, since the external channels of Figure (23) 
may have any number of external lines. It can be shown from the con- 
dition of cyclic ordering that the cross-ratio associated with a channel 
containing n or more lines never vanishes. Accordingly there are no 
poles associated with such channels. Kikkawa, Sakita and Virasoro 
omitted most of the cross-ratios which never vanish from their original 
conjectured formula, but their presence follows from the unitarity cal- 
culation. 

The volume element which forms the first factor of (7.1).possesses 


factors (z. 


342724) in the denominator, as is usual with Koba-Nielsen 


formulas expressed in terms of cross-ratios. It is projectively invariant, 
since each explicit variable of integration occurs in two net factors of 
the denominator, whereas every other variable occurs in zero net factors. 
Also, when a particular cross-ratio vanishes and one treats the variables 
as on pp.30-31, the volume element remains finite. The simplest possible 
volume element with these properties is that which occurs in (7.1). 


Try. 274 
The factor | |QQ-w ) “ cannot be deduced from plausibility arguments, 
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but it results from the unitarity calculation. It was not included in 
the original conjecture of Kikkawa, Sakita and Virasoro. This factor 
gives rise to a divergence in the integral at w=l; we shall discuss the 
significance of the divergence later in this section. 

Finally, the factor l-w in (7.1) is the correction factor due to the 
existence of linear dependences. It is interesting that this factor is 
precisely analogous to the Feynman term in the perturbation theory of the 
Yang-Mills and gravitational rieids, “© and that it arises from precisely 
the same source. Feynman found that the Ward identity did not prevent 
the circulation of scalar Yang-Mills quanta, on vector gravitons, in 
closed loops. The uncorrected perturbation formulas would thus violate 
unitarity. He showed that unitarity could be restored by including diagrams 
with closed loops of fictitious scalar particles (in the Yang-Mills theory) 
or fictitious vector particles (in gravitation). 

In the present problem, the difficulty arises from the fact that the 
vertex f (Figure 13) does not vanish if the particles on the ends are 
spurious. Hence, if such a vertex is closed into a loop, spurious par- 
ticles will circulate. The prescription for correcting for the spurious 


particles, originally found by Bardakci, Halpern and sijpirc, ? 


is to 
multiply the Veneziano integrand by w and subtract the result from the 
original integrand. It is not difficult to show that multiplication of 
(7.1) by w is equivalent to decreasing all the exponents a(s,), which 
correspond to the internal-line channels of Figure (22), by 1. In other 
words, from the uncorrected result we suhtract the contribution due to a 


loop with fictitious internal trajectories one unit below the real trajec- 


tories. The fictitious trajectories resemble Feynman's fictitious scalar 
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or vector particles. 

While the factors of (7.1) which depend on w are new to the loop 
amplitude, the other factors are the analogs of corresponding factors 
in the formula for tree diagrams. 

The Koba-Nielsen formula for a closed loop can be written in a form 


similar to Equation (3.21) for the Born term. The expression is as 


follows: 


4 T 7 ew) 


Bes oo e(d2z].-- [dz ]...[dz].-.dz, dx, dx dw(Z,-2 )(Z, -2,)(Z,-%,) 
Mag By Meant dees (2-2, 1C2y a Nea a 1," 


-x,)* 


2 all 
aK (1- ans ce “aa Il L | the, (r)_, "aT 1}, =x ba. "(2 ox,) | 
mt —One 
j7i 153 
xT (2549784) ™ Ye) 2 )(29x, (2), a 
fh Tie “2a aaa) ; (7-3) 


Again, the formula for the loop bears a close resemblance to the formula 
for the tree. The factors whose exponents contain products of momenta 
are just those which would have been expected. The factors with exponent 
#! are necessary for projective invariance. wo net factors must contain 
a term Z. (1< ix n), whereas the net number of factors with a term z (1) 


aL 


or x) must be zero. 


The equivalence of formulas (7.1) and (7.3) can be proved by reasonir 
similar to that used for tree diagrams, though the algebra is somewhat 


more complicated. We shall not give the details here. 
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. : ne tad 
It is often convenient to choose our fixed Z's to be x,=0, Xe 


Z,=1. As we pointed out in Section 3, the projective transformation 


a 
P is then multiplicative: ze wz. In conformity with our usual 
notation we shall use y's for integration variables defined in this Waye 


Equation (7.3) then becomes: 


ay eee dy dw a mS = fe = 
(yo) (¥3-¥n)+ 29 (¥-Yy_y (Ww “yy -¥, Dw r=1 
=ep.D. -2IIp, n-1 2 oe? 
: rT a “1 yy) “1 mp 
x Lin |! f] @tyey) > 3 Hae mae (en so Maa Cer a ge alan 
No oo men Hee a al a al jel sete ae se! Fat 
>i i,j 
(7.4) 
The y's and w satisfy the inequalities: 
-1 
oe 1< VoSeeeS vs W Vy e (Ge 5) 


Equations (7.3) and (7.4) are of course completely equivalent. If we 
are not particularly interested in projective invariance, (7.4) is often 
simpler to work withe On the other hand the factorization properties of 
A in the external channels are more evident in (7.3) and, moreover, this 
form of the equation gives us more insight into the generalization to 
multi-loop diagrams, since the simplification leading to (7.4) only exists 
for single-loop diagrams. 

The integration over the Feynman momentum in our amplitudes can be 


performed analytically before the integration over the Koba-Nielsen 
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variables, which may therefore be regarded as playing the role of Feynman 
parameters. Needless to say, the remaining integral over the Koba-Nielsen 
variables is more complicated then the conventional integrals over Feynman 
parameters. For a loop with n external particles there are n Koba-Nielsen 
variables as opposed to the (n-1) Feynman parameters of the conventional 
Loop. 

Kikkawa, Sakita and Virasoro also gave a prescription for calculating 
an n-loop planar amplitude. They were able to sum the leading asymptotic 
contributions from all such amplitudes, and to show that their result had 


a Regge asymptotic form with a non-linear trajectory. 


‘Derivation from Unitarity 


We now outline the derivation of the formulas of the previous sub- 
section. The complete results were first derived by Bardakci, Halpern 


45 


and Shapiro. The formula without the'linear-dependence factor was de- 


rived simultaneously with, and independently of, these authors by Kikkawa, 
Sakita, Veneziano and weddero” and by Amati, Bouchiat and eae” 
The last-named authors used the operator formalism of Section 5; their 
method is probably the simplest and most powerful, and it can be used for 
more complicated problems. The calculation of Amati, Bouchiat and Gervais 
was completed by Thorn. °° 

A direct unitarity calculation of an n-point single-loop diagram 
would consist in joining an (m+2)-point diagram with an (n-m+2) point 
diagram, and thereby calculating the imaginary part of the n-point diagram. 


The procedure involves a summation over two-particle intermediate states. 


A simpler, indirect procedure, involving a summation over a one-particle 
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intermediate state, is to use the tree theorem: if a tree diagram (such 
as Figure 13(b)) is closed onto itself to form a loop, and if the result- 
ing function is used as a Feynman integrand, the integral will possess 
the correct unitarity properties. The appropriate propagator must be 
inserted at the point where the loop is joined, and a summation must be 
carried out over all one-particle states. 

Applied to our present problem, the tree theorem states that the 
Feynman integrand A for the single planar loop can be calculated by 
taking the trace of the operator Dr, where D is the modified propagator 
(5.28), and fr is the vertex (5.9) or (5.11). The trace is of course to 
be taken over the Hilbert space of the harmonic oscillators. 

It is important that the modified propagator D be used in the cal- 
culation, since it projects out the spurious states. The matrix element 
of T between spurious states is not zero and, if we were to calculate 
the trace without projecting out the spurious states, we would sum over 
such states as well as over real states. To indicate the method of cal- 
culation we shall begin by using the ordinary propagator D in our formulas. 
We shall then show how one can correct for the presence of spurious states. 

From Equations (5.11), (5.10) and (5.7d), we find that we have to 
evaluate the following trace: 


2. 


al ab a 
eaten cy yh ch, -@(sy)-1 -a(s,)-1 
a aX sos ; dx, (1 x) oo (1-x, ) x, oo eX) 


iat ie 
yea Ve a 

R r r R R 

x Tr (:, exp{ P, py = \ expt, oy z Xap ey 


(7.6) 


J2 at ; J2 *) 
§ : 


eh 0 ee exp} Py i= 


To avoid confusion with the Koba-Nielsen variables we have replaced the 
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alt) Tei? Sell hc 
The trace (7.6) can be evaluated fairly simply by making use of 


coherent states, defined (for a single oscillator) as follows: 
In) = exp ga’ | 0). (7. 7a) 


It is almost trivial to verify the properties: 


a | eave 25 (7-7b) 

exp (ta )| g =| e+e"); (7.Tc) 
are © Vemaleere (7-74) 

(c'| c ) = expan * 2) ; (7-Te) 


The coherent states from an overcomplete continuous, non-orthogonal, 


normalizable basis, and the sum over states is given by the formula 
Bm Mal = 2 f atne £) att ¢) exp (-161®) |e Mtle (178) 


Note that the integration in (7.7f) is a two-dimensional integration 

over the complex plane, not a one-dimensional integration over a contour. 
In our present problem the coherent states will be of the form 

| Cjeeelieeedy where the variable Se corresponds to the oscillator a We 


can thus write 


TT 2 
dire rani + | ane a (ime, Jexp(-[ C1] ) (Cqeee loo [MI Ci eeel eee 
(7.8) 
After substituting the operator within the large brackets of (7.6) for 


M we can find the matrix element using (7.7b)-(7.7e). The result is 


2] 


or wef | 2 a(ne ¢,)aCine,) ew (-1¢,1%a-¥" yh 


- rs ; = 
cS V2 P,Y; _ x V2 Pw ‘aa \7 €P5P.¥. Ys 
x eXp ———— are —= + ) — td r) 
r ie # a nee hee r 
ix VE ijz j>i 


(7-9a) 
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where 


V5 “il ee w= iI x, (7.90) 


Je 


To simplify the .-integration, we complete the square within the exponent. 


Thus 


tr nef TL, £ | acne ¢,)a(tm ¢,) exp c-1t,|? (vy 


=Al i = ers 
1  SeePy-99y.¥) <— 2p.p.y. y, 
x exp { ) iss) at : (7-10) 
r(1-w" ) — as 


leat 


The t-integration of the factor exp[ ~[t | (2-w")) gives us the factor || 
Gee ys in (7.4). The factor (1-w" ) in the second exponential of (7.10) 
can be expanded in powers of w; the exponent is then equal to a sum of 
logarithms. On substituting (7.10) in (7.6) and making the change of 
variables (7.9b), we obtain the result (7.4). 

Now let us indicate how this result can be corrected for linear de- 


pendences. By (5.11) and (5.28), the trace to be evaluated is 


ar { D(R,s_)(1-P.)V D(R, s -1)(1-P,)s > -D(R,s, )(1-P, )v } é fre 


Using the formula (5.27a) for P,, and the relation (5.22), which enables 


Ss? 
us to commute the operator A through the operator V D(R,s,), we can show 


at once that 


(1-P, )V D(R,8__,)(1-P, )=v D(R,s__,)(1-P,)- 
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All factors (1-P,) except one can thus be removed from (7.11), and 


we have to subtract the expression 


m{o(R,s,) PV D(R,8,_4) V.+-D(R,8, ) v} 


from the trace calculated with neglect of linear dependences. The factor 
A in the expression for Py is next commuted through each factor V D(R,s) 
in turn. By (5.22), it changes the factor to V D(R+1,s). Ultimately, 


when the factor A has been commuted right round the cycle, the trace be- 


cames:; 


nr { D(R+1, s,) ACA‘ an”) [aia me eee D(R+1,8, - 


=,)° --D(R+1,s, )V 


= or{ D(Re1,-5,) V D(Rt1, s ++ -D(R+1,s, ) ve (7212) 


Son 
The expression (7.12) is exactly the same as the trace calculated 

without regard to linear dependences, except that each term a(s,) in the 

exponents of the D's is replaced by a(s, )-1. From (7.4) and (7.9b), it 

is at once evident that such a change in the a's is equivalent to multi- 

plying the Veneziano integrand by a factor w. We thereby obtain the linear 

dependence correction factor quoted above, and the derivation of (7.4) has 


been completed. 


Non-Planar Diagrams 


We emphasized earlier in this section that all conventional fourth- 
order perturbation diagrams are included in a single Veneziano diagram. 


On the other hand there exist other Veneziano diagrams which have no analog 
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in ordinary perturbation theory. The diagrams which we have examined 
up to this point were obtained by combining two st Veneziano Born 
terms by unitarity in the t-channel. If we combine two su diagrams, 
or an st and a su diagram, by unitarity in the t-channel, we obtain a 
new, non-planar single-loop diagram. An example is shown in Figure 


(2ha)-(24c) where we have combined two su diagrams by unitarity in the 
“-—™s vs “2 
“—" 7 nN a 
é ra 
4 (b) 3 4 


(a) 


\ ge 
—S = — —_ y, KS 


(d) a (e) * 
Figure 2+. A Non-planar single-loop diagram. 


t-channel- Another way of constrycting the diagram is shown in Figure 
(2ha)-(24f). Here we combine two st diagrams by unitarity in the t-channel, 
as we did with the planar diagram, but the quarks in the two diagrams 
circulate in opposite directions. 

When we quote the prescription for calculating non-planar amplitudes 
we shall see that Figures 24(c) and 24(f), which can be deformed into one 
another withcut crossing meson lines attached to the same quark line, are 
different forms of the same diagram. The imaginary part of the amplitude 


contains contributions from Fig.24(a) (t-channel) and Fig.24(d) (s-channel) , 


272 Stanley Mandelstam 


as well as from several other processes which lead to the same diagram. 
The only non-planar single-loop four-point diagram which is different 


from Figure 24 is shown in Figure Bec 


Figure 25. Another non-planar single-loop diagram. 


The rules for calculating amplitudes corresponding to non-planar 
diagrams were first conjectured by Kikkawa, Klein, Sakita and wipeetra: 1! 
Again their conjecture resembled the correct result in its general form, 
though it did not agree with it exactly. A unitarity calculation was per- 
formed by Galli, Gallardo and Susskind for the case ne - l. The result 
of this calculation approximated further to the correct result, but it 
was still not completely correct, since Galli, Gallardo and Susskind did 
not take linear dependences into account and, in fact, their method of 
factorization introduced a new set of redundant states. A complete uni- 


19,49 


tarity calculation was performed by Kaku and Thorn. They used a meth 


analogous to that of Amati, Bouchiat and Gervais, except that the vertex |] 


* 
In a theory without a conserved net quark number, we can also have a non- 


orientable diagram with only one twist. °? 
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was replaced by a twisted vertex. With the use of techniques explained 

in Section 5, they were able to reduce the twist operators to a single 
op 

factor of the form e” A - They then employed similar techniques to 


+ 


uA ul 


commute the operator e right round the trace and replace it by ew'A 
with u'<u. At the same time, the variables of integration in the propaga- 
tors were changed. By repeating the procedure an infinite number of times, 
Kaku and Thorn got rid of the operators A completely. They could then cal- 
culate the trace in the same way as Amati, Bouchiat and Gervais. 

The result found by Kaku and Thorn resembles Equation (7.4); by pro- 
jective invariance it can be rewritten in a form similar to (7.3). 
Instead of the factor l-w in (7.4) or (7.3), we now have a factor (eno 
The other and more crucial respect in which the formula for a non-planar 
loop differs from that for a planar loop lies in the range of integration 
of the y's or z's. The variables associated with the mesons attached to 
the inner and outer quark lines of the loop are separately arranged in 
cyclic order, but no restriction is made on the variables associated with 
the two sets of mesons relative to one another. 

One further restriction must be made on the range of integration. It 


is not very difficult to see that the integrand of (7.4) remains invariant 


under the change of variables 


Ee 
ime Mar? (7-13a) 
T' = H+) py (7-13b) 
: a ak 


“the calculation of Galli, Gallardo and Susskind, with its extra redundant 
states, possessed no factor l-w. A calculation performed without elimina- 


ting the usual spurious states leads to a single factor l-w. 
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where the variables Vir are those associated with the mesons attached 
> 
to the inner loop of Figures 24(c) or (f) or Figure 25, and » Pp, re- 
it 
presents the sum of the momenta of the mesons attached to the inner loop. 


More generally, the integrand of (7.2) remains invariant under the change 


of variables: 


Oats Seay , | (7.14a) 
I’ =i+Dp..e (7.14b) 
ue ak 


If the loop of Figure 24 is opened and the external lines repeated in- 
definitely (Figure 26), the transformation (7.13) or (7.14) corresponds 


to moving the lower meson lines through one cycle. We certainly would 


Zs Z4 Z; Zs 
(o* he | 
\ 1 om RG : 
x +, + ' ! 
(a oe 
2 nt EE eee 
eee 
= _~— % { i 
T x! ITEP; % ie 
I 1 x | i) KS ! fee 
' 1 * | 1 _% 1 deze 
ea ee Alison ty! 
! = 
Zi Ze Zp et ze 2? 72 


Figure 26. Infinite opened loop corresponding to Figure 2. 


not expect to integrate over the entire range of variables, since we 
would then be integrating a periodic function over an infinite number of 


periods. The correct prescription is either to integrate over one period 


of the Feynman momentum -+II 19 


T)<m<M+2p, , 


(7-15) 
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or to integrate over one period of the Koba-Nielsen variables: 


ale) 
< ( ° ° 
Zs <2, Zsa for any one z, _ (7-16) 


The amplitude for a non-planar diagram can also be written in a 
form analogous to (7.1); again there is one cross-ratio for each channel 
of Figure 26, and equal cross-ratios are not repeated. Now, however, 
there are an infinite number of channels involving the loop momentum II, 
the channel variables s being of the form (stm » Bye Examples of such 
channels have been denoted by crossed lines in Figure 26. 

Fron the unitarity calculation we can confirm that the amplitude re- 
presented in Fig.24(c) or (f) has imaginary parts corresponding to Fig.2h(a) 
(t-channel and Fig.24(a) (s-channel). If the loops of Figure 24(c) 
or Figure 24(f) are opened at the bottom, the resulting Born diagrams are 


the same in both cases, since the cyclic ordering of the particles is the 


same, (Figure 27). 


-~---—— UI 


SoS Ses 


Figure 27. Opened loops corresponding to Figures 24(c) and (f). 


The amplitude will possess poles in the channels shown in Figure 27(a), 


as well as those shown in Figure 27(b). When the integral over the Feynman 
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momentum is performed, the poles corresponding to Figure 27(a) will give 
the unitarity contribution of Figure 2k(a), while those corresponding to 
Figure 27(b) will give the unitarity contribution of Figure 24(f). 

One interesting point about non-planar diagrams is that they give ris 
to cuts in the j-plane. Figure 24(b) is obtained by combining two su 
terms by unitarity in the t-channel, and the amplitude corresponding to 
it would be expected to possess angular-momentum cuts in the t-channel. 
This has been confirmed by Kikkewa. 7” Figure 24(b) is considerably simple: 
than any conventional Feynman diagram with j-plane cuts, and it might 
be hoped that the calculation of the effects of such cuts will now become 
more feasible. 

The non-planar loops of Figures (24) and (25) have been constructed 
from planar tree diagrams. In addition one can construct loops from the 
non-planar baryon amplitudes given in the previous section. There exist 
baryon loops with external mesons, as well as loops with external baryons. 


A prescription for calculating such diagrams has been given by thorn. *@ 


The Divergence Problem 
2 

The factor aie Oey" in (7.1), (7-3) and (7.4) is highly divergent 
near w=l1, the coe limit of integration. At the time of writing physicis’ 
are not agreed on the reason for the divergence. It may simply indicate 
that we have used a bad method to calculate the amplitude. However, it 
is very plausible that the divergence is due to the rapid growth of the 
number of resonances with energy. The imaginary part of an amplitude due 
to two-particle intermediate states may well increase exponentially as the 


energy is increased. Since the large number of resonances at high energy 
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corresponds to the large volume of phase space, one can associate the 
divergence with the exponentially increasing volume of phase space which 
occurs in the integration over intermediate states. Once the imaginary 
part of a scattering amplitude increases exponentially, the real part 

is not determined by the analytic properties. It would of course be 
possible to test this conjecture for the origin of the divergence by cal- 
culating the imaginary part of the loop amplitude, but so far the cal- 
culation has been to complicated to perform. 

If the reason for the divergence is the exponentially increasing level 
density, one would have to modify the perturbation approach. Instead of cal- 
culating the exact imaginary part in oo order and letting n approach 
infinity, one would calculate an amplitude whose imaginary part was correct 
up to the mee threshold. One would then sum the perturbation series (in 
principle!) so as to obtain a unitary amplitude. Finally, one would let 
m to infinity. The amplitude as given by (7.1), (7.2) or (7.4) appears 
to be almost tailor made for this procedure since, by expanding the function 
t(1-w )7* in powers of w and keeping powers up to wee one does obtain an 
amplitude with a correct imaginary part up to the ne threshold, and at 
the same time one avoids the divergence. The limiting procedure outlined 
above is no doubt more complicated than a straight perturbation expansion, 
but it would in any case be somewhat surprising if the physics of strong 
interactions yielded to an unmodified perturbation treatment. In particular, 
it is unlikely that effects due to the large volume of phase space at high 
energy, such as the diffraction peak, could be calculated by perturbation 
theory. 

A very interesting suggestion for treating the divergence problem has 
been made by Neveu and Sherk and amplified by Burnett, Gross, Neveu, Scherk 


and Schwarz. They show that the divergence can be removed by subtracting 


278 Stanley Mandelstam 


a counter term, which can be interpreted as a renormalization. However, 
it is always possible to obtain a finite scattering amplitude with an 
exponentially increasing imaginary part. The crucial question is that of 
uniqueness of the amplitude or equivalently, of the asymptotic behavior at 
high energy. Until such questions have been answered, we believe that 

any procedure for making the amplitude finite by subtraction should be 


treated with a certain amount of caution. 
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Il. INTRODUCTION 

In George Orwell's novel, POLE the hero is employed 
by the Ministry of Truth in the task of re-writing history. 
Any lecturer or author who attempts to summarize progress 
in an area of theoretical physics is faced with a similar task. 
The actual historical development of a physical theory is 
always confused by false starts, theoretical misapprehensions, 
experimental errors, and the play of personalities. To make 
sense out of all this, one has to go back and re-write history 
according to one's best understanding of the underlying logic 
of the subject. The result is not good history, but it some- 
times makes sense, in a way that history rarely does. 

The history of current algebra is particularly compli- 
cated, because at least three connected developments have 
been going on at the same time: (1) We have been learning 
about the currents of the weak interactions. We may recall 
here the realization by Feynman and Gell-Mann, and Marshak 
and Sudarshan, that the 8 -decay interaction has the V,A 
form; the suggestion by Feynman and Gell-Mann that the 
vector current is conserved; the derivation of the pion life- 
time by Goldberger and Treiman; the explanation of the 
Goldberger-Treiman relation in terms of a "partially con- 
served axial-vector current" by Gell-Mann and Levy, 
Bernstein, Fubini, Gell-Mann, and Thirring, and others; 
the suggestion by Gell-Mann that the V and A densities form 
an SU(2) x SU(2) or SU(3)XSU(3) algebra; the development 
by Fubini and Furlan and Gell-Mann and Dashen of a technique 
for saturating the current commutation relations at infinite 
momentum; and the calculation of Gal by Adler and 
Weisberger. (2) As more and more was learned about the 


weak interaction currents, it became increasingly clear that 
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the strong interactions must possess an underlying approxi- 
mate symmetry, chiral SU(2) X SU(2) or SU(3) x SU(3) , 

whose currents are to be identified with the V and A currents 
of the weak interactions. Here one can mention the remark 

of Nambu, that a vanishing pion mass would allow an exactly 
conserved axial-vector current and hence a chiral-invariant 
Lagrangian; the conjecture of Goldstone, proved by Goldstone, 
Salam, and myself, that an invariance of the Lagrangian which 
is not an invariance of the vacuum requires the presence of 
particles of zero mass; the development of soft pion theorems 
by Nambu and his co-workers; and the re-interpretation of 

the Adler-Weisberger sum rule as a formula for pion scat- 
tering lengths by Tomozawa and myself. (3) Finally, while 

all this was going on, the techniques developed to deal with 
these problems were being ploughed back into hadron electro- 
dynamics, and used to derive sum rules, such as those of 
Drell and Hearn and Cabibbo and Radicati, which could actually 
have been derived ten years earlier without waiting for the 
development of current algebra. 

In order to give these developments a logical coherence 
that historically they lacked, I will concentrate on one aspect 
of the subject, the exploration of symmetries of the Lagrangian 
which are not symmetries of Hilbert space. Symmetries of 
physical Hilbert space,are manifested through algebraic con- 
ditions on the S-matrix, and are therefore called algebraic 
symmetries. Symmetries of the Lagrangian which are not 
symmetries of Hilbert space are manifested through low 
energy theorems for massless bosons, and are called dynamic 
symmetries. I will first discuss the simplest and best-known 
example of an interplay between algebraic and dynamic sym- 


metries, that of electrodynamics, where exact results can be 
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obtained and our discussion need not be confused by the need 
for approximations. Next, I will discuss general local dynamic 
symmetries, and finally, will apply the results obtained to the 
chiral invariant theory of pions. By concentrating on the 
algebraic and dynamic symmetries of the strong and electro- 
magnetic interactions, I will be neglecting almost all aspects 
of the weak interactions. I will also not discuss the trans- 
formation properties of the terms in the Lagrangian which 
break chiral symmetry, and hence will not be able to go into 
the problem of pion-pion scattering. 

Implicit in these lectures is the assumption that the 
subject can be divided along these lines, and in particular, 
that the symmetry properties of the strong interactions can 
be understood without reference to the weak interactions. 
This approach cannot yet be said to be absolutely validated 
by experimental evidence, and has recently been subject toa 
vigorous attack by the ''weak PCAC" group at Rockefeller. 
However, the interpretation of current algebra in terms of 
a dynamic symmetry of the strong interactions has an 
internal consistency, and, if lmay say so, beauty, which 
merits at least an attempt at a coherent, ahistorical, 


presentation. 
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2. HADRON ELECTRODYNAMICS 


A. Gauge Invariance of the First Kind 


Any Lagrangian which respects the conservation of charge 
will automatically be invariant under gauge transformations 
of the first kind, which transform any field ¥ according to the 
rule VWi)—> e 4 ¥&) . (2.4.1) 
Here e is the charge destroyed by Y , and A is an arbitrary 
real number. In particular, the electromagnetic field Ar 
carries no charge, so it is invariant under such transformations: 

A’ — AW. (2.4.2) 

From the invariance of the Lagrangian under the trans- 

formation (2.A./) ; (2.A.2) , we can readily derive inform- 


ation about the electromagnetic current. For N infinitesimal, 


we have O=$§L = ELSE teat + sty eA vy. 
By Mess the nen a AS = 2 (sa 


Thus gauge invariance of the first kind is entirely equivalent to 


the conservation of current: O# Ch oe (2.4.3) 
where J? = 5 Saye? : (2.A.4) 
From (2.4.3) » it follows that 120 (2.4.5) 
where Q is the charge operator , Q=§ J°a’ (2.4.6) 


( The reason for this particular normalization of J’ and Q 

will be made clear in Section D.) The time-independence of 
Q implies that Q commutes with the Hamiltonian, and 

. £0) S aoe GAD 


My purpose in boring you with this extremely familiar 


hence also with the S-matrix 


material is to present one example of an algebraic symmetry, 
an invariance principle of the Lagrangian which is manifested 


in algebraic conditions on the S-matrix. 
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ia Gauge Invariance of the Second Kind 


Now suppose that the Lagrangian is also invariant under 
gauge transformations of the second kind, in which A in Eq. 


(2.A.1) is an arbitrary function of space-time position: 


V(x) —> @ 12&A&) YY) (2.8.1) 
and Ro undergoes the transformation 
A,@—> Ap + 3, Ate) (2.8.2) 


The change in the Lagrangian for A infinitesimal is now 


SL = " Ls — ce AY + sian ie a (Av) | + 


+ vA + Sayre 


am pv ol 
=a aN + 3K aA + Scan) A 
so the Lagrangian is invariant under (2.8. 1) and Q: B.2) if 
and only if Sh, = j’ (2.8.3) 
ee (2.8.4) 


a(aA,) (0, A,) 
Thus, what we learn by adding gauge invariance of the second 
kind to gauge invariance of the first kind is a set of prescrip- 
tions for coupling the electromagnetic potential to charged 
fields. Taken together, Eqs. (:2.B.3) and ( 2.B.4) require 
that the Lagrangian be formed out of various fields Y 5 
their ''gauge-covariant derivatives" 

Div =ico en, + (2.6.5) 
and the gauge-invariant derivative of the electromagnetic 
field 

Peres OA, — wAy . (2.8.6) 
Under gauge transformations of the second kind, Dy behaves 


like Y , 
D, Heng ieAN® D, W (x) (2. 8.7) 


and aw is invariant Foy (x) —> Foy C5 (2.8.8) 


Pee) 
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Thus any Lagrangian constructed solely from y : ig ,» and 


Fyv is invariant under gauge transformations of the second 
kind if it is invariant under gauge transformations of the 
first kind. 

We saw in the previous section, that the invariance of 
the Lagrangian with respect to gauge transformations of the 
first kind led to the existence of a conserved current J! 
and thence to an algebraic condition ( 2.A.7) on the S-matrix. 
Is the same true for gauge invariance of the second kind? 
For any gauge function A(x) » we certainly can construct a 


conserved current 


Jy 


Mt 


vel. a. ae Oe ey A 30,A) 


or 


aL 
j= A sere (2.8.9) 


Note that this is conserved, because (2. B.3), ( 2.380" 
and the Euler-Lagrange equation for Re allow ( 2.B.9) to 


- aL 
x= 2,{ 3(2,A,) N oe) 


be written 


. v 
and conservation of Je then follows from the antisymmetry 
in p and y of the quantity in brackets. It thus appears that 


we can construct an infinite class of charges, 


QZ SI ak (2.8.11) 


which are conserved if N Go) is bounded. However, this 


variety is an illusion, for (2,B.10) and (2.B.8) give 


J, ee ee (2.8.12) 
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where 


i oL 
= — Saas .B.'3 
2 Nee Oe) 


Ul 


If \ vanishes at large distances,then Ox itself vanishes, 
while if A approaches some finite constant rX at infinity, 
then Q,is just AQ » not a new "charge", 

The moral of this little exercise is that gauge invariance 
of the second kind, although a legitimate symmetry of the 
Lagrangian, does not lead to any new algebraic properties of 
the S-matrix, but only tells us how the electromagnetic field 
may enter inthe Lagrangian. Such invariance principles 
are called dynamic symmetries, 

How are we to use a dynamic symmetry like gauge in- 
variance of the second kind? One approach is to use the 
symmetry to construct a Lagrangian, and then use the 
Lagrangian ina perturbative calculation. For instance, 


in quantum-electrodynamics one writes 
es ares 
Lice 7 ~VIY"D, +m]? - FFF, bos) 


and then expands in the charge @ carried by the electron 


field y . This Lagrangian is not unique, for gauge invariance 


of the second kind would not forbid us from adding an additional 


term a — py o” y ee ; (2.8.15) 


a possibility to which I shall return later on. However there 


is no doubt that the perturbative calculations based on (CPE ey 


without any Pauliterm, doa really spectacular job of account- 
ing for the observed properties of photons and electrons. 
Unfortunately, this direct approach fails us when we try to 


deal with hadrons, whose interactions are too strong to allow 
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the use of perturbation theory. In order to use the invariance 

of the Lagrangian under gauge invariance of the second kind 

to say something useful about the electromagnetic interactions 
of hadrons, we need to first use the invariance of the Lagrangian 
to derive propeguee of the electromagnetic current Sy. and 
then use these properties to derive soft-photon theorems which 
are valid to all orders in the strong interactions. This pro- 


cedure is the essence of what has come to be called current 


algebra. 


C. The LSZ Theorem - A Review 

The current algebra program described above is usually 
implemented by manipulation of time-ordered products of 
current and field operators. In order to make contact with 
physics, we need a theorem, originally proved by Lehmann, 
Symanzik, and Zimmenmamal when relates the residues of the 
poles in the Fourier transforms of matrix elements of time- 
ordered products to physical matrix elements. The LSZ 
proof was restricted to certain simple fields, such as Dirac 
or Klein-~Gordon fields, whose free-field equations are known. 
The derivation given here is completely general, and makes 
no mention of the spin of the fields involved. 


We consider a matrix element 


M(p) = ya e Pol T {AW BYC@-floy (ac. 


Here A, B aC ,°°* are arbitrary local operators ( not neces- 
sarily canonical fields) , J©> is the vacuum state, pr is any 
momentum four-vector, and T denotes a time-ordered pro- 
duct, in which the operators A ,B # © »°** are arranged from 
left to right in order of decreasing time argument. ( A minus 


sign is inserted for each permutation of fermion fields.) 
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Let us suppose that At) has the correct quantum numbers 


to destroy a set of single particle states Ip,a) of mass m 


That is, Lo} Avo|p.e) ae 


Here@ stands for all the discrete indices, including helicity, 


A e 


which distinguish the various degenerate single-particle 
states of mass m, destroyed by A . Let us consider the 


behaviour of M as pr approaches the A mass shell, 
iz 2 0 
p—>-m, , p®>0 (2.¢.2) 


Among the various terms which contribute to M , there is one 
specially interesting time-ordering in which A) stands 


furthest to the left. Isolating this term, we have 


M (p) = Ve 2 P* Co] NUT { Bly), CO,---} 10) 060° max ly’ 2%--l) + 
Outs (2.c.3) 


Here © is the usual step function f 6=1 for positive argu- 
ment, and ®9=0 for negative argument | and O.T. is an 
elegant piece of notation standing for "other terms". We can 
insert a complete set of intermediate states between A and 


the remaining time-ordered product, so that 
Mip)= as eP¥ Col Acar) 4nl T4BG),Cle),---H0) 8 (e-maxty’e-4) + 


Mele (2.c.4) 


The x-integral can now be carried out, because 


(o| Aw|n) = (o| Aid|") ech 
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and , : 
i (py-p)- =e -é Cp p)t 
ate e PP gt) = SEP Nae sle Pa7P 


( As usual, € is a positive infinitesimal.) The contribution 


of a single-particle state of mass Ma, in ( 2,C.4) thus has a 


zh 
pole at p =V p+ ma » while no other state \n) ‘ 


and none of the "other terms" arising from other time- 


orderings, can have sucha pole. Thus the pole dominates 


in the limit ( 2.C.2) , and we have 


-i (any si 
Mi) ree Z (ofAto| p,0)(p.o] T{By),C@),-~}]o) 


This can also be written in a more familiar form: 
Mt ) > Bilan Veron iz (olAtole.e(p,e|T{Bty),C), +} Jo) 
P +m,-i€ a 


> 
(2.c.5) 


a | 2 
( The factor 2(awr) V p +m," appears here because 


we use a non-covariant normalization 
3 
{ ‘| \ ae f 
( gia 2 a § (p’-p)bo, 


Both matrix elements in ( 2.C.5) are therefore proportional 


V af 
to V2(217)" Vpt+m,t , and the result is Lorentz 


invariant) In exactly the same way, we can show that, in the 


lima (eC) , 
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~2i (aw) Ve"+m; 
M Cp) rae m>  ié : 


Zz . 
ip ia 


2 eer £By) Cle} payd eal Aloo) 


(2.c.¢) 


the sum now running over the single particle states of mass m, 
created by Aw, which of course are the antiparticles of 

the particles {2,2 . By repeating the steps that led to 
(2.C.5) and ( 2.C.6) , we can build up any physical matrix 
element out of the residues of the poles of Fourier transforms 
of time-ordered products. The only tricky point to watch out 
for is the appearance of disconnected parts, which arise when 
a field operator destroys a particle created by some other 
operator. Also note that the multiparticle states built up on 
the left or right are respectively out states or in states, be- 
cause the poles arise from integrals which diverge at these 


poles in the limits Ao» #0 0 or: = X°=3 — 00 respectively. 


D. Charge Non-Renormalization 


As our first exercise in current algebra, we will prove 
the famous theorem of Ward and paieieeit chat the strong 
interactions do not renormalize particle charges. 

The renormalized charge of a particle is a parameter 
which describes its response to an external slowly-varying 
electromagnetic field. According to Eq. ( 2.B.3) , the 


response of a particle to an external field which varies so 
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slowly that no appreciable momentum is transferred to or 


from the particle is described by a matrix element 
Ce’ ML rel pd? 


where A , ve are helicity indices, all other discrete indices 
being suppressed. ( This is only strictly true if we treat 
electromagnetic effects only to first order; in higher orders 
there is an electromagnetic renormalization of the electro- 
magnetic fields. However, this radiative correction, though 
infinite, is small, and in any case enters as a common factor 
Zz," in all charges.) For po » parity and rotational in- 


variance give 


{5,1'| 3! tlle.) can (2.0.1) 


Co nl T°td}0,a) = e, 8yy (ar) (2.0.2) 


with @, a constant, defined as the renormalized charge. (In 

3 
a box of volume V , the factor (an) would be replaced with V ; 
so that the charge density would be avy .) By boosting 


from rest to momentum Rp .» we have then 
Cp xl %aled) = ep’Sy, Jane 0.3) 


( A factor E = Vpr+ m? appears in the denominator instead of 
m because of the non-covariant normalization of our states.) 
We shall seethat @ is the ''charge'’ which appears in the 
formulas for emission, absorption, and scattering of soft 
photons. 

The unrenormalized charge @€ is a parameter associated 
with a particular field, rather than a particle; it is defined by 


the gauge transformation rule 
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W(x) —= e ee P(x) (2.0.4) 


The fundamental theorem we wish to prove here is that a 
particle Ipay, which is associated with a field P(x) in the 


sense that 


(ol ¥Gd}p,r> #0 (2.D.5) 


must have a renormalized charge e, equal ( aside from 
higher order electromagnetic effects) to the unrenormalized 
charge e of the field. 

The crucial link between the properties o1 the field and 
the particle is provided by the commutation relations of Ts 
with Y : (This can be called paleo-current-algebra.) 


According to the definition ( 2.A.4) , the charge density is 


yd tea Tires ty (2.0.6) 


The sum runs over all fields ae appearing in the Lagrangian, 
e,, is the charge for the field i. » and Ne is the canonical 


conjugate to Y: 


OL 
ah = 500,.P) (2 ».7) 


The canonical commutation relations give 


(0, eee (ya)] aie, Sey) 


i (x94, yb] = (TT. 9,719.9) =a 
(2.0.8) 


the } signs denoting commutation relations ( for bosons) 
or anti-commutation relations ( for fermions) . It follows 


ce] 
that, for both boson and fermion fields, J and y have the 
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commutator 
(3°68), Ye ly DN] =-en ly 8 Gg). 0.9) 


If the field NY is any one of the canonical fields We 5 Oe ue 
built up as a product of such fields ( for instance we might 
form a deuteron field from the product of a proton and a 


neutron field) then 
[ Tix) Hy) | =-e Ply 4) $°(x-y) ; (2.0. 10) 


where @ is the sum of the unrenormalized charges of the 
canonical fields entering in p * 

One way to prove our theorem is to note that since the 
charge operator Q commutes with the Hamiltonian and is 
rotationally invariant, it may be diagonalized within the 


single-particle subspace, i.e., 
Qipr=e'lpr> . 
It follows then that 
(aw)? $°(pp) ( pi n'] Tol pd) = 
= Va’ Co isia cope) = 


2p VG) a ee Ses Sy 
and therefore 
Co xl sole.r) = (ny? e'5,, 


. . U 
Comparing with ( 2.D.3), we see that e@ is just the re- 


normalized charge e,: 
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Qledy= e,le,r (2.0.1) 


By the same reasoning, and since the vacuum expectation 
value of Mee aaiees by Lorentz invariance, the charge Q 


must annihilate the vacuum state Jo) 
Qlo) = 0 (2.0.12) 


But integration of ( 2.D.10) over X yields 


[(Q,¥l=-e¥ (2. v.13) 


Taking the matrix element of ( 2.D.13) between the vacuum 
and a single-particle state, and using ( 2.D.11) and ( 2.D.12), 


we have then 
~{o]¥]g,A¥ e, = -e (ol ¥lp,d) 


and so, if Co|V |p i) does not vanish, we must have 
e,=e (2.0. +4) 
as was to be proven. 

It will be instructive to consider another proof, using the 
LSZ theorem of the last section, which is closer in spirit to 
the original work of Ward and Takahashi and to the subse- 
quent developments in current algebra. We consider the 

ie 
time-ordered product T {¥i) (y) , JPG) } = 
° ® + ° p + 
B(x ~y’) Aly rst) Pix) Ply) TP(2) + Q(x- 2°) O(z-y) Yo) Ta) Y ty) + 
t wat 
+ Ql22x°) O(y9) Ta) led Ply) OL yx?) O6E-2) Fly) POO TPL) + 


£O(y-29 (2) Hy) THA) HG) * Bley) OLX) THe) Hy) FH) 
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the sign + being + for bosons and — for fermions. Since the 
divergence of J(2) vanishes, the divergence of this time- 
ordered product receives contributions only from the 


z@° -dependence of the @ -functions: 


on T (Pw, Py), Her} = aley] se 2 ey HL 5°, Hi] + 
Zz 

Oe 572), Hod) Fy) 

+ Oly- a\[sce-s) YLT, Od] + 564-2) [V@) ¥'4)) 4) | = 


= §W-#) T{LI°@), $0), Pep} +8y-2)T { $00, Cre) ¥)I} 
(2.0.15) 


Using ( 2.D.10) and its adjoint, this gives 


3 i 
2. TIO, Fy, Ma} = 


= — e| $"(e-x) “See | TL YQ), f (y) 5 (2.0. \) 


By taking the vacuum-expectation-value, multiplying by 

exp Ue i pox ee p-y) , integrating over x and y , 
and setting 2#=0 , we obtain the generalized Ward- 
Takahashi identity 


ppp Sdealy coe '09 (HH, ¥), VO} 
2-0 Vay c'P¥ CT {¥t0), 9%), + 
ne (ak oop’ Cir fbx), Y*(0) } ’, (2.0.17) 


Translation invariance gives 


CT LH), HY, = (TIC, FO), 


so by setting y =-x , we see that the second term in 
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( 2.D.17) is the same as the last, except that it has opposite 
Sign and contains p in place of Pp. . Letting P approach p 


thus gives the original Ward identity. 


~i Jake dly oP OCT (40a, Hy), Tal} ), = 


=e Saket CT {Yo 4a} ) (2.0.18) 
opr i 


According to the argument of Sec. 2C, when pr approaches the 


mass-shell Pp = em. the matrix elements are dominated 


by the poles: Va dy ere Ty {¥uo, #7), Ta}), a 


p em ~(teé 


-+ (setae) X Glyalg pal "aly, xMe Al ¥ealoy ; 


\ eet (Th, Poh), — 
5 riba Veet 5 Colgladlprddgal Ole) 
A 


prm'—ie 


The leading term on the right-hand-side of Eq. (22D; 18) 


comes from the derivative of the singular part 


2° 
(prem? 1 e) = 
Comparing coefficients of this double pole, we have then 


(ani? algion® E Colvedlg.d<p.M IM) aXp.X]¥"C)lo)- 


PH Colpidle Sarl Plo) 
Ds 


P) Lt yo =t it 
ep tm te) _—_> '— :: 


raat 
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Comparing now with ( 2.D.3) , we see again that 
Cae 


Perhaps I should stress again that all of the above is valid 


for any spin. 


E. Zero Mass Photons 

As a second "soft photon'’ theorem, even more important 
than the non-renormalization of charge, one can show that 
the photon mass vanishes. The Euler-Lagrange equations 


for iN read 


ee may a (v.€.1) 


where : aie 


E° = 3QA) (2.£.2) 


(1f L involves Eas only in the kinematic term - ra Foy ad , 
the g is just the usual electric field.) Taking the matrix 


element of ( 2.E.1) between single-particle states gives 


(pe): Cpr GMa dy = CpiVT TAL 
and letting Z approach Q » we have 


; A 
Thus, aslongas @ #0 , there must be a singularity in 


this matrix element at ie) =p - Normally, the necessary 


singularity comes from a photon propagator, with 


ae on ! ‘ 
(oi x'le lle 2) = mee g) 5x8 for pop! 
(ar) (p-2) 
However, if the photon mass were not zero, there would be no 


way that this matrix element could acquire a singularity of this 
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type. 

This proof is not quite rigorous, because the renormali- 
zation of charge by higher-order electromagnetic effects 
could allow @=0 even if the physical charge of the parti- 
cle does not vanish. However, even if the above argument 
does not really prove that the photon mass is necessarily zero, 
it certainly makes a good prima facie case for a zero photon 


mass. 


F. Lorentz Invariance - A Review 

In what follows, we shall be making heavy use of the 
Lorentz transformation properties of single-particle nea 
These ought to be familiar, but a brief review may be useful 
in refreshing your memory, and it will serve to establish the 
notation we shall use. 


The homogeneous Lorentz group consists of real 4x4 


matrices Ne; » With 
v v Pv 
= Fl 
Noes 2 (2.F 1) 


indices being raised and lowered, as always, with the 
Minkowski metric ) py? These transformations are 
represented on Hilbert space by unitary operators Uta}, with 
ind leneae= LICA,A,) (2.F 2) 
In particular, a four-vector like the electromagnetic current 
Jr is transformed into ; 
Ura S’oUIm = AL” Te) (2.3) 
A single-particle state of momentum f and spin 


z-component 0 is defined by "boosting" from rest 


lp.0) = ie U trp loo) (a.F4) 
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where E = Vp* +m? » and L(p) is the Lorentz boost 


EC (pg) = rae) | 


p) m (E+m) , 


4 


L a te — : (g) = p. Q.F.5) 


a) 

¢ , 
fo) E 
TE aos 


( The factor ¥ 5 appears so that lpr) will have the 
conventional non-covariant norm.) If we operate on these 


states with a general Lorentz transformation Ural » we find 
Util ec) =¥2 ULAtesi loc) = 
== Ula UL opac@liae) (are) 


But LU" (np)AL Cy) gives a particle of momentum zero 


that 


first a momentum Pia then Ng , and then zero, so itisa 


rotation, called the Wigner rotation. For any rotation R ; 


we have 
G) 
UCR] |) = DE Doge ERI lo") (2.77) 
om 
j) 
where p" {R}] is the usual unitary representation of the 
rotation group for spin ) . Using ( 2.F.7) and ( 2.F.4) 
in ( 2.F.6) » we have then the transformation rule 
E (Ag) (5) 
S| ered (apy AL(p) | ‘) 


(2.F 8) 


We will occasionally encounter the generators for 
infinitesimal rotations and boosts. A rotation by an in- 


finitesimal angle \e| about the axis € may be written 


R= 4+ie-J (2.69) 
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where 


Cae —— Caan 


: . (2. F 10) 
GH = (J,) . Oh ace 


A boost from rest to ap infinitesimal velocity € may be 


fe tee kee (a.F.11) 


written 
where 


(2.F.12) 


Note also that ( 2.F.11) may be generalized to finite boosts 
- A = /a 
L(g) exp {-i o-K sinh (21) Q.F 13) 


The generators J ; K obey the familiar commutation 


i 


relations 
(3:, 55] ooh ca (2-4) 
(Ji, Ge =i € ijk Ke (2.F:15) 
[K;,K,] =i lc Je . (2.16) 


The unitary matrix representation of the infinitesimal 


rotation ( 2.F.9) is 


DR] = 446: ge (2.F.17) 


where ah forms the usual Hermitian (235+) x (2541) matrix 


representation of the Lie algebra ( 2.F.14) . In particular, 
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an infinitesimal boost ine produces the infinitesimal Wigner 


rotation 


UCL, Lay) =4+ceJ- = (2. 18) 


+m 


and the matrix representation may be obtained by replacing el 


; 
with J a 


G. Soft Photon Vertices 
As a preparation for our derivation of the.soft photon 
theorems, we shall next examine the structure of the vertex 


for emission of a single soft photon, defined by: 


ef Cg’ g) 
'g'| Jewo|pc) = 2 2a 
{ po’| J* lo \e, ) (an)? HELp DEC) ( ) 


Here |9,°)is a one-particle state with momentum p and 
spin z-component o@ , and El) = Vp? em? - We will be 
making use of five general properties of this vertex: 

(a) Charge Non-renormalization: According to Eqs. 


(2.D.2) and ( 2.D.14) , the vertex at pqe has the value 
p 
iss ere) = ae pr Sate (2.G.2) 


(b) Current Conservation: The single-particle matrix 


element of Tie is proportional to a factor 


exp | ix: (p-p') -cx? (E tg -E Gh) } 
and hence the conservation condition op st implies that 
(e-g!)- FG e) = Elp)-EG Peete) (2.43) 


(c) Lorentz Invariance: From Eqs. ( 2.F.3) and( 2.F.8) 7 


it follows that pe obeys the Lorentz transformation rule 


Rim " Pp 
Pept py = DP! cotapvacigny P°CAp! Ap) DV LcaprAryyy A, 
(2.4.4) 
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: t 
( a) Parity: The current | carries negative parity, 
i ° 2 aes 4 
while J carries positive parity, so the vertex obeys the 


inversion rules 


r° (pp) = [°(-g',-p) ) @.¢. s) 
pt (p' p) =- P(g! -g) Q.G. 6) 


( e) Reality: The current four-vector is an Hermitian 


operator, so [P obeys the rule 
t 
prt (prey = PP Upp) Q.6.7) 


the dagger here denoting a transposition of spin indices as 


well as a complex conjugation. 


The aim of this section is to construct the first few terms 
of an expansion of ao ») in powers of p and p 
which will satisfy the above five requirements. Our strategy 
will be first to construct an expansion for PP 0) in powers of 

q, which will satisfy charge non-renormalization, current 

conservation, rotational invariance, and parity; then to boost 
the result to obtain a power series for ete p) with p #Q ; 
and then to impose reality. 

According to ( 2.G.5) , [°(g,9) is even in ¥ , 60 it has 


the expansion, for 472 ; 
T° (4,2) —> amel + Qi; gia) + O(4%) (2.G.3) 


where Q:; is a constant matrix. Rotational invariance 
requires, via the Wigner-Eckart theorem, that Qi, be some 
linear combination of a. and an anti-commutator of spin 


matrices; conventionally, this is written 


Qin= & (aes ~) Siplt Q (4 {5 IP}- kro Sie!) 0.6.9) 
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By studying the scattering of our particle in an homogeneous 
electric field, you can convince yourselves that R and Q 
are what are usually called the charge radius and electric 


quadrupole moment of the particle. 
According to ( 2.G.3) , the component of r along a 


ww 


is determined as 
: is (¢ 9) = [ E(g)-E(o)] r°(q,0) 
> egti + O(g) (2.4.10) 


But ( 2.G.6) requires that C (4,0) be odd in 4 , so it has 


the power series expansion, for ag) - 
Ie (4 0) —> eg 1 + aiming, a 


where Bz is some constant matrix. Rotational invariance 
requires, again via the Wigner-Eckart theorem, that 32 be 


proportional to the spin matrix Sie : 
s 


yj”) 
pop 5— (2.4.12) 


By considering the scattering of our particle in an homogeneous 
magnetic field, you can convince yourselves that p is what 
is ustially called the total magnetic moment of the particle. 

We now perform our boost. Setting N= UG) in Eq. 
( 2.G.4) gives 

Pris Gye v y 

PT(pie)= DP CUGILLGII TG oL™ Gy) 0.6.13) 
where Q@ is now a function of p and o.: 
P= r ‘y 
C= L (p)p (2.6.4) 


For p and 2 small, ( 2.G.14) gives 


v= p'- pet cubic (2.6.15) 


"cubic" denotes terms of third order in Rp and/or p' ‘ 


v 


where ' 
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To calculate the Wigner rotation in ( 2.G. 11) » we use the 


formula ( 2.F.13) » whose expansion reads 
ine 1 - ip - to, (p E)* + cubic 


After straightforward though tedious calculation, using the 
commutation rule ( 2.F.16), we find 

L“(p') L(g) L(g) > 4 - 55 (22). I + wbic 

(2.6.16) 


A direct calculation, using (2.3 35) - 80 22G 28) , and ( Paerg a) 
gives 
ie (p) r"(q,¢) =e (9, +29:)4 + so CJ xq), revbic 
(2.6.17) 
Le ylpr (q,0 o)= FS apt 2? (Ixq)-p +2meli+ = zB), 


+Q5 4 4) + whic (2.6.18) 
Putting together ( 2.G.13) - ( 2.G.18) » we find the general 
vertex function: 
/ zimp) ’ 
T (pl p)—> elplep)t + FH) Ix Cp Daa 
2.6.14 


i (p!, e)—> ame + meee + Qu (pp) (ys), : 
+i(¥ -£\ (pp): J + qvertic cies 
( Here and below, we drop the superscript (J) on the spin 
matrix.) Finally, the reality property ( 2.G. 7) merely 
requires that e , p> R , and Q be real. 


H, Elastic Photon Scattering: General Properties 


The results derived above will be applied to the elastic 
scattering of a photon on a general single-particle target. 
From ( 2.B.3), it follows that the S-matrix here is 
<a'p’,'q | Slepida) = -Vdidly e > gnde, (g)) * 

x (amy? (49°94?) * @ Excise iglT LI), Tex) Hop>+ seagulls | 
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Here @ and o’’ are the initial and final target spin 

z-components; 2 and 2 are the initial and final target momenta; 
d and we are the initial and final photon helicities; Q and 3 

are the initial and final photon momenta; @, ( q i) is the 

polarization vector for a photon of momentum q and helicity A 

oe e° (4 ,h) = 4:°2(4,)) =o (a.n.t) 

and "'seagulls'' denotes terms in which the two photons interact 

simultaneously with the target, rather than separately with 

the two currents. Translational invariance allows us to re- 

place the arguments of J” and JP with o and -y 


respectively, so 


j ome (gx) ac 2a 
Co'p'; NaS lop5Ag) = Gay “Yieqrqe Ee 


« Slpg-phg) MEL (gs pie) 2) 
where 
ee -\ 4% «ax ' v 
(a5 ghP) am yee =\a eGo rf ren s%allee)s 
+5eagy Is i (2.0.3) 


Although qh in ( 2.H.2) is on the forward light cone, with 
q = la), Eq. ( 2.H.3) can be used to define M for 
arbitrary four-vectors qf 
The fundamental current algebra result, to be used in 
deriving our soft photon theorems, is the formula 
v 
4» Mot lq; ee) =O (2. W234) 


One way to derive this result is to make use of the con- 


op JT’G) =o (2.4.5) 


y [-] 
and assume that J commutes with J like a neutral field 


S(x°)LI%), IQ] =o  (2.H.6) 


servation of current, 
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This isn't actually true - Schwinger showed long ago that for v 
spacelike, this commutator must involve derivatives of 

§ -functions 6] However, experience with specific models has 
shown that the ''seagull'' terms in ( 2.H.3) always cancel the 
Schwinger terms. Thus, if we forget the seagulls, then 


( 2.H.5) and( 2.H.6) can be used to derive the formula 
dp T { Toys" Go} =O , 


which yields ( 2.H.4) . 

A different approach, which goes more deeply to the 
fundamental basis of electromagnetic theory, is to impose 
on the S-matrix the requirement of Lorentz Hpaiane et If 
the polarization vector ep were a four -vector, then ( 2.H.1) 
would automatically be Lorentz invariant. However, ep is 
not a four-vector, as shown by Eq. ( 2.H.1) . Instead, a 


Lorentz transformation A carries e? into 
yp 
pv y ° Vv 
N vy € a 3 iN Vv \4 
In order that the second term not disturb the Lorentz invariance 
of the S-matrix, it is necessary that the second term should 
give no contribution, which leads to ( 2.H.4) , at least for at 
on the light cone. 


Yet another approach is to imagine the target particle to 


be scattered by an external electromagnetic potential 


RN. ae eee: Seder je 
AW) = ale e + e c ] + 


fe ef4'k rs ers e7") 
(Qmr)>2q’° ; 
5 : : P weH ( ) 
The S-matrix, to first order in e@’ and @€ apis Just (Zeb. 2) 


But this result must be invariant with respect to gauge trans- 


formations Cp a a, ap a, A ) 
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which leads again to ( 2.H.4). 
Another general property of the scattering matrix element, 
which will be important below, is the crossing relation: 

Mo (asap) = Mr (pip-ai Rie). (aaa) 
The time-ordered product term in ( 2.H.3) obviously 
satisfies this condition. 

The final general property of mr which we need is its pole 
structure. The time-ordered product in ( 2.H. 3) can be 


evaluated by inserting a complete set of states between currents: 


Ja e$* Ca'g | TT) T’ert lop) = 
= Sar y {Ko'g lage (oy In<n] TPto)|op> ‘iner =e 
n ao Bq re 
+4o'g! | T? On <nl Top) en +9) 
E,-e tare 
Both terms have a pole at qP=o when the intermediate state 
In) is a single-particle state with the same mass M as 
the initial and final particles. Isolating this pole, and using 


( 2.G.1) to write the matrix elements of the currents in terms 


of the covariant vertices Reus » we have then 
M* (qs pp) = 2 Ce erg) Ph(prg, pg) 
[E(g+3)- S=(o)— 4 ~i€| 2E(p +4) 


—iFP(p' gq) PC p!-g, p) 


+N (a; 9! 9) 
[Ee g.)- EG!) 44° ie] 2E(p'-g) 


(2.0.3) 


vp Vv 
where N consists of all the terms in M Snes are not 


singular at gt= 0 , including the states In) with W,#m 


and the "seagulls" in ( 2.H.3) . ( We use a matrix notation, 


with spin indices suppressed.) 
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The function here of the conservation condition is to 
provide information about the unknown non-pole matrix 


Nn’? PP A 
element . The vertex is conserved, in the sense that 


q° U'(p+g, p) = [E (pig) - E(p)] P°Cpsg, p) 
gE Cs! eg) = [E Ce!) -EGigy P°(p! pla) 


so ( 2.H.4) and ( 2.H.8) give 


Nelce eye P’(p', p+4) 0 Coeg. pe) n 
qp NP Cas pie) = é Sec 


oH et lem Myer 
ee ee 4?) (2.4 9) 
2E (p'-q) 
Also, the pole terms in ( 2.H.8) satisfy the crossing relation 


v 
(2.H.7) separately, and therefore so does N Ke 


v 
N’(q;e.e) = NP Cp-p-g:eie) (2. HAt0) 
Obviously ( 2.H.9) and ( 2.H.10) do not determine Nn’? 


uniquely, but they do provide just enough information to allow 


y 
us to calculate N’P up to first order in the photon energy. 


I. Elastic Photon Scattering: Low Energy Limits 


We wish to determine the behaviour of the amplitude mr 
as rN and q” goto zero. This problem os originally solved 
for a spin % target independently by Low and by Gell-Mann 
and Goldberger, and since then generalized by many authors. 


The method I will follow is based on that of Low. 


Let us work in the laboratory frame, with Eo 7 ekhe 
independent variables can then be taken as 4 ; y » and g ; 
! 
with p= a-¢ » and 


gq = arm -Elg-9) =4"- im CS Se rere 
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Vv 
We can then expand N P ,» Which by construction is analytic 
near 4" = qP =O , in powers of 9 , % » and a 
vp vp vpt Rpt of. a 
—> +B .+B +C + 
N A 4 bi 4 (2.2.2) 
7 


the neglected terms being of second and higher order in % p Bu ; 
and a . According to ( 2.H.10) , N’P must be unchanged 
when we interchange p and v , % and -4! , and g 

and ~q". But qr’ equals 4° within the accuracy of ( 2.1.2) , 


so crossing requires 
vy = ‘ pve v py 
Av SA, BY eB 4 Cae Gime) 


Our strategy will be to determine the coefficients A > B » and 
C by-using (2.1.2) am (2.21.9), sacbenemtomnee therreentte 
in ( 2.H.8) to determine the low energy limit of M’P ‘ 

First, let's check that the conservation condition (2.H.9) 
determines A ; B » and G uniquely. Suppose we find two 
solutions of (2.H.8) of the form 

v Vpe t v 
Nit At - Be ti = 9: bs eh 1 aan Qr4) 


The difference AN’P has a similar expansion 
AN’Y = NYP-N,"P—> AA's ABM g.- ABP'g: + ACA? 
(2.7.5) 


: y = qn) pv 

with AA Ns AA” = A, PHA, 
Apr = B rt — B,”"' 
ACY ==AC' ayy 

and it satisfies the homogeneous equation 

7 vp vin _— pQvoio vje : 
O= 4) ON7 —> AAG, AA q+ AB "9:4. 4 
Vou ove te 


=B 4:4 - AB 4: 4, + AB 4 g° + 
AC $4. - AC™G’)* +. 


Dynamic and Algebraic Symmetries 


Even if we only impose this condition on the photon mass shell, 


a 
where (q”) = qc » we can still conclude that 


AM=0 (2.2.6) 
AR°=0 - (2.5.7) 
Av’ + AR’ = JAC yo S. v.39) 
AB’ = AC ms 2.319) 
AB” =O (2.7.10) 
KB 86 (2.5.1) 


Moum( Zola) 2) det. 7), ( 2.1.10) , and( 2.1.11), it 
immediately follows that ; 
RA = hee =O (1.2) 
so ( 2.1.8) and ( 2.1.9) give 
ACP =0 (2.7.13) 
Hence A > B » and C are unique. Note that we could not 
obtain a unique solution of the conservation equation if we 
carried the expansion of Nae terms which are quadratic in 
a and ry ,» because then we could include terms such as 
EPO Le ; which are separately conserved and crossing- 
symmetric ,, and whose coefficients can therefore not be 
determined from these conditions. 
Returning now to ( 2.H.9), we can use the low energy 
limits ( 2.G.19) and ( 2.G.20) for the vertex functions to 
calculate that 


g N'P— aed: + cubic (2.2.44) 


qyNY—> (5-2)(gixg) Tooke (2r15) 


F { 
where ''cubic'' denotes terms of third or higher order in 4% ' % : 


and 4 . Condition ( 2.1.15) can be satisfied with 
N°’ pears quadratic 
. e / . 
No ye (% -&)( 3«9), + quodratic 
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so crossing symmetry gives 
t (2 : 
bell — 4e #2) (xq). + quadratic 
and ( 2.1.14) can then be satisfied with 
red oO x 
N* —> aie§,;4-4e(§ ~£) Cig TF rqvedeatc QI.) 


Having found one solution of ( 2.1.14) and ( 2.1. 15) » we are 
assured by our previous argument that this solution is unique. 
For q and qP going to zero, with p=O , Eq. ( 2.H.8) 
gives : . : ; c 
mi eel G-a. 9) 0 Ge) Olgas hits 2h 
+ Nov + quadratic (G.n.1) 
the subscript (i) indicating that we keep terms only up to first 
order in Ss 5 q! » and 2 » Tothe accuracy of this result, 
the S-matrix is given by ( 2.H. 2) as 
4 a3 
S* “ata ule 


and the usual photon scattering amplitude is defined by ~2mrig® 


times the coefficient of the $-function in Ss » or 


ry! at 4 
flan gr — Bea e, em (q.g.9). (2.7.18) 
Inserting the limiting formulas ( 2.G.19) and( 2.1.16) in 

C 2.1.17). .and recalling that e'* and @ are respectively 


orthogonal to q and q@ >» we have then 


wh 
Fyn g— a, et el- le syeta,s. 


2mm 


eae (e’“ 9) (e- (Ix) : ae (eq y(e*-(Jxq'd)+ 
ie 


- ~— [ e'*.(Txg') om + quadratic (2.7.19) 
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a place even in calculations involving hadrons. However, if we 
tried to use our Lagrangian to calculate the w*or higher terms, 
we would have no reason to expect that the result calculated 
to zeroth order in the strong interaction coupling constants 


need have any connection with reality. 


J. The Dreli-Hearn Sum Rule 

One other important property of the ‘photon forward- 
scattering amplitudes, which we have not yet used, is their 
asymptotic behaviour at high energy. If this asymptotic 
behaviour is sufficiently good, then the amplitudes will satisfy 
unsubtracted dispersion relations, and by evaluating the 
dispersion integrals at zero photon energy we can derive useful 
sum rules. 

To see how this works in detail, consider the two forward- 


scattering amplitudes 


a (wt) = EL F(w,+4) 4 £ (-w,+4) | (2. 5. 1) 
£_ (uw?) = 35 [ Flosa - F(-0,49] Gar) 


The covariant amplitude mM”P(4‘.4) is unchanged when we 
interchange Pp with YV and 4 with -9 » so the forward 
scattering amplitude is unchanged if we replace w by-w and 
polarization vectors by their complex conjugates, which 


amounts to replacing X by -): 
£ (0,1) = es) (xa) 


Hence our two amplitudes , (w*)may be written in terms of the 

physical forward scattering amplitudes Fw) for w>O; 
$,(w*) = 4 [Fw +4) + £(w,-4) ] (2. 5:4) 
$ (eo) = a5, LFlu,+4)- Flw,-4) J (3.55) 
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The leading term in ( 2.1.19) is the famous Thomson : 
c Bare 
scattering amplitude, and yields a total cross-section o= bat 


4 
in the limit of zero photon energy. ( Recall that ex oe 


in our notation.) The remaining terms provide a correction, 
valid to first order in the photon energy, for target particles 
of arbitrary spin. 

We will chiefly be interested in the special case of forward 
photon scattering. Let us take i q inthe z-direction, 
so that 4 2 q' S (0,0,) q’= a 


! 
The photon helicity is then conserved, so AzA = 41 » and 


4 . 
ez=eé = eh, 0) fs 
A straightforward calculation then gives 


$(o)) > - Soi + Me (L240) Grae) 


Note that the term of order W receives contributions both from 
N and from the poles. 

This has been an unpleasantly long calculation. However, 
once we know that we can get a definite answer in this way up to 
first order in the photon energy, we can use a trick to get the 
precise answer by much more familiar means. Note that 
( 2.1.19) and ( 221-20) give results which are of second order 
in the coupling constants p and e@ , but which do not involve 
the strong interaction coupling constants, except in so far as 
the strong interactions play a role in determining the physical 
values of p and m. If we take any Lagrangian for the strong 
interactions, and put in photon couplings in a manner consistent 
with the requirements of gauge invariance of the second kind, 
we will necessarily get ( 2.1.19) and( 2.1.20) to zeroth 
order in the strong interactions, provided we insert the physical 


values for the magnetic moment, charge, and mass of the 


hadron target. In this way, phenomenological Lagrangians find 
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The amplitudes F (u,}) are real analytic functions of w , 
except for cuts on the real w -axis, which for w>o are given 


by the optical theorem 
Lo) 
Ree Aza 0 Co X) (2.5.6) 


where 0 is the total cross-section for a photon of helicity A 
and energy W on our target particle. It follows that f, (w*) 
are real enalytic functions of w , except for cuts on the 


eae Zz . : 
positive real W™ axis, with 


ener. (w?) = ae Tor leo,si) + ow,-1) J (2.5.7) 


Eero: = re es (w,+1) — o(w,-1) | (2. 5.8) 


it being understood that W is here the positive square root 
of w., If f, (us) and for £ (w*) vanish for |w*|—» & , then 
they satisfy unsubtracted dispersion relations 


ob 
Im fi. (w’?) 2 
id= bf ah Le Gay 


Gta ee 
fe) 


Using (2.3.7) and ( 2.3.8) , these relations read 
ob ‘ ‘ 
CO) Ss ae \ Bea See es! (2. 5.10) 
® = art 


=u -—ie 


. patna) Siokieg=) J Orie (2 x11) 
ctu) = aby Fielder) oe (9 


4tor™ (io = = fe 


o 


Let me repeat, that these relations are respectively valid if 
and only if in (u*) and £ (u*) vanishas wl > o . 
Now let's apply our low energy theorems. According to 


( 2.1.20), we have 
2 


ee (0, d) me — (2.712) 
$ (0,4) = a (2-£)° (2.7.13) 
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Lue £, (w*) vanishes at infinity, then we can conclude from 


( 2.3.10) and ( 2.3.12) that 


wo 
_ tre’ = , [ o (w,+1) ~ o(w,-1) | dw (2.3.14) 
u ° 


This is clearly impossible, because the cross sections are 
positive-definite. It is truly remarkable ( and very unusual) 
that a low energy theorem can be used to put a lower bound on 
the asymptotic behavior of a scattering amplitude. On the 
other hand, < (a?) has a much better chance of vanishing at 
infinity, both because of the presence of a factor wW in the 
denominator of ( 2.J.2) , and because we might guess that the 
residues of the leading Regge trajectories are independent of 
helicity. If £ (w*) does vanish at infinity, then we can conclude 
from ( 2.3.11) end (2. ds1s)e that 

nt, (2- iy i t iota es (27.15) 


° 
For instance, for a proton target we have 


p= les | . re‘) few 
so ( 2.3.15) gives 
0 da Sate ts 
(i) 
\ Lo, ji) = g, (w) > OU m2 (ia = 205 pb Qazi) 


where’ gy and Gy are the cross sections for parallel Ge ~) 
and antiparallel (3,--4) photon and proton spins. This is the 
Drell-Hearn sum rule. U0] 

The physical significance of the general result ( 2.J.15) 
can best be seen by applying it to a charged particle that does 
not participate in the strong interactions. In this case the 
integral in (.2.J.15) arises only from higher order weak and 
electromagnetic interactions, which we have been neglecting, 


so po Se 
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The gyromagnetic ratio is defined as °° this just says 
ec og 2 ais 

This prediction , as you know, is in essential agree- 
ment with the g-values of the electron and muon, 


Je = 2x[1.001159557+ 0000000030] and g,,= 2{).0011b6/4# 0.000003 


1 

’ 
the small corrections being explained by higher-order 
electromagnetic effects. A classical uniformly charged 
rotating body would have g=I, so it was regarded as a great 
triumph that Dirac's theory of the electron gave Ge=2.- 

However, there is nothing in the Dirac theory that really 

requires a g-value of 2, as shown by the fact that a gauge in- 
variant Pauli term( 2.B.15) can be added to the Lagrangian 
with an arbitrary coefficient p » which could alter g. 
It is sometimes said that a Pauli term does not appear in the 
electron Lagrangian because it represents a ''non-minimal" 
coupling, which is not required by the gauge-invariant pro- 
cedure of replacing all derivatives afax? by the gauge in- 
variant derivatives D, , defined by Eq. ( 2.B.5) . However, 
this is a pretty thin justification, because we can add to the 
electron kinematic Lagrangian a term ~i(#) Y ovary 
which vanishes identically, but which generates the Pauli term 
( 2.B.15) when Ch is replaced with D, . Anyway, where is 
it written that an interaction which is not compulsory is for- 
bidden? A much better reason that is often offered for the 
absence of a Pauli term is that it would be non-renormalizable. 
Renormalizability is a matter of asymptotic behaviour at 
infinite momentum, so it is not surprising that in quantum 
electrodynamics renormalizability would be achieved for just 
that zeroth order g-value, g=2 , which is required by the 


condition that £ (w} vanish as W-» in forward Compton 
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scattering. 

These rather academic remarks would become much more 
interesting if the experimental physicists would at last find 
the spin-one charged "intermediate boson'' which has been 
hypothesized as the agent of the weak interactions. As far as 
I know, the electrodynamics of charged particles of unit spin is 
unrenormalizable for any value of g. However, even if we can't 
calculate them, higher order electromagnetic ( and weak) 
effects on photon-intermediate boson scattering amplitudes 
ought to be small, so if these amplitudes behave well at 
infinity, we must again have g=2. This conclusion is by 
no means universally accepted - indeed, ina recent issue of 
the Physical Review Letters, Hagen and Hurley present a 
formal argument that g should be = for a particle of spin ply 
One of the many reasons for hoping that an intermediate boson 
can be found is that the value of its magnetic moment would 


tell us a good deal about what principles really determine the 


electromagnetic properties of the elementary particles, 


K. Other Soft Photon Theorems and Sum Rules 

The problem we solved in the last three sections was 
complicated by the presence of two soft photons, one incoming 
and one outgoing. We can also derive useful results for the 
emission or absorption of one soft photon, !21 

Consider some process i—»f , where i> and \f> 
are single-particle or multiparticle states which can have rer P 
The matrix element for absorbing or emitting a soft photon of 


momentum qt in this process will have the form 
id - sole id 
Me (9) es ge (q) n N. (q) (2.K. ') 


Pp : 
where 1a (9) contains all the terms which can become 


: Pr 
singular near aP=oand N,; q) contains everything else. The 
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important thing about Pe (@) is that it is explicitly known 
in terms of the matrix element Me for the process i-~f , 
because the only terms in m. which can have singularities 
near qh=o are those arising from diagrams in which the soft 
photon is emitted or absorbed from an external line of the 
original process. In contrast, Ni. (4) is not known, but it is 
analytic near Poo » SO it can be determined at Qr=o from 


the conservation condition 
CMa M.. (4) = Gy Pig) + GeNe@ — @x2) 


as in Section 2.1. 

The differences between the present problem and the photon 
scattering problem discussed in Sections 2.H-J, arise from 
the different structure of the pole term Re - The contribution 
from any one pole diagram, say one in which a soft photon is 
emitted from the n-* particle in the final or initial states, is 


proportional to a factor 
(Cp. £3)" rs a = CE2n°31] a 
'& fr nin lf) > — for nin ley) 
from the external line propagator; a factor E from the photon- 
hadron vertex; and a factor Ms, » with £n replaced with es Oe 
Thus the pole part of mr may be expanded in terms fags of 
order , in 4 : 


Pre Pera) + Peres) + O(9) (2.k.3) 


fi 
Using ( 2.G2) to determine the photon-hadron vertices at qP=o, 
we can easily calculate the term of order -{ in P as 
Dp Ca P 
Y= { ana } M4... 2.K.4 
oe (4 A 2e PG, Fe k ) 


where A denotes the difference between the final and initial 
states. ( This is discussed in detail in my 1964 Brandeis 


(0) : Pp : 
lectures.) The term P of zeroth order in i is more 
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complicated ( it is not a constant) but can be explicitly calcu- 
lated in terms of particle charges @, and magnetic moments p,, 
and the matrix element Me and its first derivatives with respect 
to external particle momenta. ( In our previous problem of 
elastic photon scattering, the pole terms in mi started with 
order +{ in qr » because theré both hadrons had momenta 
of order q” or q'P , so that both hadron-photon vertices 
started with terms of first order in these momenta.) 

The pole term of order -{ in qr is separately conserved, 


because charge is conserved: 
gp PEP) = ALTETM, =o xe 


The pole term of order O in qf is not generally separately 
conserved, but Wp Bora is analytic near q" =O , for the 
same reasons as in Section 2.H. The non-pole term Na) 
is of course analytic near qs oO, so its value at gro 


can be determined from the conservation condition ( 2.K. 2), 


NP (Qo) = = ley fw Prt], @«¢) 


which gives 


Fi 


The soft-photon matrix element can thus be calculated up to 


order Q in : : 


me a : p'  (@) - [eee ag, re), + Ol) 
(2. K7) 


The only hard part is to calculate the pole terms to order 0 
in 4 . 

One important case where this calculation goes through 
in a rather elegant way is in the problem of inelastic photon 
scattering, where the initial target particle & is converted 
into a final particle g of different mass. For definiteness, 


. 


let's suppose that the scattering is exothermic, with m, 78 
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We can think of the scattering process then as a "hard photon" 
decay, @h-» G+ ¥, with a soft photon being absorbed during 
the decay process. Let us agree to fix the initial and final 
target momenta Pp, and Re , and set the final photon momen- 
tum cy equal to p ie Regt %» 80 that y varies slightly 

as 4-9. Both 4! and 4 must stay on the light cone, 
so 


O= Ve = (Pam Pa +3) = (Pe-Pp) +2.4-(p.-Pp) ) 


and therefore, since fou - Pe ' is fixed, 


(pa Pp) = 3: ( p-Pe) =O (2.x.8) 
The incoming photon polarization vector ep is orthogonal to 
qr , and since ( 2.K.8) gives (q-9')” Se) + ep must also 
be orthogonal to qe ,» and hence 


e-(p- Pp) = e(4-4) =O | (2R@) 
Also e.= @ and e,=o » So the leading pole term 
( 2.K.4) here vanishes 


-) p 
(a ay, (4) =o 
The matrix element is then given by the zeroth order term in 

( 2.K.7) . The momentum dependence of the hard-photon decay 
matrix element Move is entirely determined by Lorentz in- 
variance, and the derivatives of this matrix element with re- 
spect to its external momenta can therefore be calculated by 
performing infinitesimal rotations on its external spins. 
Specializing to the case where both the soft incoming and hard 
outgoing photons travel inthe +3 -direction with equal 
helicities V=) , and the initial and final targets a, @ 
move inthe ~-3 -direction with equal spin z~components o'=0’, 


we find for the inelastic amplitude at zero incoming photon 


S27 
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frequency 
Me (0) = z egs4-(¥-& 5 Gr i ie J,\ if 
ee eg: +P pdb (aK.00) 


with re a covariant vertex defined just as in (eerie). 
A sum rule can be derived from this result, but the imaginary 
part of the relevant photon scattering amplitude cannot here 
be expressed in terms of observable cross sections. 

More low energy theorems and sum rules can be derived 
if we make use of the fact that the electromagnetic Bea 2 
of the hadrons consists of an isoscalar plus an isovector part. 
For instance, consider the forward elastic scattering of an 
isovector photon, with initial isovector index @ and final 
isovector index b . (Here qa and b- run over the values 
tee 3: ) By the same method used in Sections foes ils Fuavel 
2.H., we can prove a low energy theorem for this forward 


scattering amplitude 
! 1 
re (w, re) ee Sarm {ta San + 


+ a Cave te Jv Ja Ova + 


i 2 syn) 
yy = Eabc fa So lay 3 ee 9.) + 
1 tes 
2 ee e; [4 15;,J;} -4 8, T(r} [ Qt er if + 


25 Mta tet Je (g-a+ Ole) — (2.x.1t) 


. 32.17% m* 


where 9, > R* , and Q, are the isovector parts of the 
gyromagnetic ratio, charge radius-squared, and quadrupole 
moment of the target particle, with a factor @ extracted in 
defining the isovector current. The whole amplitude can be 


divided into four parts, according as it is even or odd under a 
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Sign change of W andan interchange of @ and b , anda sum 
rule can be derived from ( 2.K.11) for each of these parts 
which satisfies an unsubtracted dispersion relation. The sum 


rules are listed below: 


photm Pequency protm isovectoy indiceS Sum rule 


even even none 

odd even isovector Drell-Hearn 
even odd Beg?) 31 

odd odd Cob bbo- Rodicati 4] 


The even-even part cannot satisfy an unsubtracted dispersion 
relation, for the same reason as in the last section, and the 
even-odd part probably doesn't either. 

Finally, one can also derive low energy theorems for the 
leading part of an amplitude involving the emission and or 
absorption of an arbitrary number of soft photons. This 
leading part arises solely from diagrams in which the photons 
are absorbed or emitted from external lines. If N soft 
photons with momenta oe ate and polarization vectors e@--e, 
are emitted from a particular outgoing charged-particle line 
of momentum pr , the contribution to the over-all matrix 
element is proportionsl to a factor 


z ee tation 
2” (e@,-p) (2,'p) ++ (ey P){ Pn Cp L4e gale: (p-L4.4© +40]) i als } 


(2.K.12) 


Amazingly, when we sum over all permutations of 1,2,'':)N, 


we find that the whole product factorizes into 


: -@ : 
(eae ye | (2.k.13) 
P44 42 PS 
As a result, the matrix element for emitting an arbitrary 
number of soft photons is to get a product of factors like that 


appearing on the right-hand-side of ( 2.K.4) , one factor for 


each soft photon. It is this factorization that allows the 
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elimination of infrared divergences, a la Bloch-Nordsieck, 
to all orders in e . Itis alsothis same factorization, 
although in a slightly different context, that allows the 
summation of infinite series of diagrams in the eikonal 


approximation. 


L, Al gebraization 


The whole point of this chapter has been to emphasize 
how different are the consequences of a dynamic symmetry 
like gauge invariance of the second kind from those of an 
algebraic symmetry like gauge invariance of the first kind. 
And yet there is a sense in which a dynamic symmetry, to- 
gether with assumptions about high energy behaviour, can 
lead to results of a distinctly algebraic flavor. 

Let us consider the contribution of a single very narrow 
resonance to the dispersion integral for the forward elastic 
scattering amplitude ae (w*), with a target particle om at rest. 
By the same reasoning that ledto ( 2.H.8) , a discrete state 

W of mass M, will lead to a pole in F (wd) of the form 


i ~ibep tet) 
Fle —> Gx] Tess ae (2...) 


for QW, 


where , is the root of the equation 
Yew? = my toy, (2...2) 

and Dap is a covariant vertex defined by 

<iie's i) nee 

(aw) YHE, Ey 

where Zp and p are inthe ~—3 direction, and (p’- p) is 
in the light cone. (In this case the components of Lh 
transverse to the direction of R are invariant under Lorentz 


boosts along the 3-direction, so no momentum arguments 
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need be written for i -) “The pole energy is,explicitly, 


2 rf 

@, = Ma — Me (ant) 
Ma ) 

and ( 2.L.1) can thus be written 


$lw,) —> ~ Doz. Ginrida Tag + MTs) 


32m m2 
r (2.5) 


( Spin sums are implicit here.) 
The amplitude Lye (wt) which satisfies an unsubtracted . 
dispersion relation therefore has the pole, given by ( 2.L.5) 


and ( 2.3.5): 


Lf? pi Ain® .. 
we (0) aed ~ 3am? w-w,* (iP ret?) = 


—(neit2 re -ird fo ad) 
Now let us suppose that the whole absorptive part of £w) 
can be well approximated by a sum, possibly infinite, of 
discrete contributions from narrow resonances. ( Such 
assumptions underlie all the work on Veneziano models, 
discussed here by Mandelstam.) Since vee (w*) is presumed 
to satisfy an unsubtracted dispersion relation, it is then 


given by a sum of terms like ( 2.L.6) , and in particular 


ere ea 0,08) Gey 


4” 
where YK is the matrix 
x my 
Mpa ti Noa fir mee my (2.1.8) 
ww. (mg-mr : 


Koa 


( Recall that i is Hermitian.) However, the low energy 


theorem ( 2.J.13) may be written 


$f) = - & {Och G0), - 00), Oct) G9) 


ool 


where now 


~ = 4, (7+7,)($-£), (2.t.10) 
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Hence the low energy theorem, plus the narrow-resonance- 
saturated unsubtracted dispersion relation for fe (w?) , 
leads to the compact formula 
Ix, ut] =0 (a.c.ti) 
alot, 
Even better, the same approach, when applied to the inelastic 
forward scattering low energy theorem ( 2.K. 10), leads to the 


result 


lease =0 for mem (2.1.12) 


Both the elastic result ( 2.L.11) and the inelastic result 
( 2.L.12) can thus be put together as a single statement 
fy, at] =o (a.1.13) 

Thus, out of a dynamical symmetry, we extract a Lie algebra 

{xc,*} , albeit one of a very simple kind. The Lie algebra 
connects states of different mass, so it does not lead immedi- 
ately to any very simple predictions about actual physical 
particles, but it puts constraints on anomalous magnetic 
moments and photon transition- .amplitudes of a useful, if 
complicated, sort. 

A great deal of work remains to be done in deriving 
various sum rules and algebraizing them. For instance, what 
are the sum rules for inelastic isovector photon scattering, or 
for photon scattering on a multiparticle state, and how do they 
look when saturated with narrow resonances? 

I have not discussed a different, and often more direct, 
method for deriving sum rules with algebraic interpretations, 
that of saturating current commutation relations at infinite 
momentum. This omission is for two reasons: I do not under- 
stand in detail the relation between the validity conditions for 
the infinite momentum method and the assumptions about the 


asymptotic behaviour of physical scattering amplitudes used 
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in deriving sum rules from low energy theorems; and I do not 
see how the infinite momentum method can be extended to 


processes more complicated than simple scattering. 


Til, LOCAL SYMMETRIES 


A. General Realizations 

To start in a very general way, let us now consider an 
abstract Lie group @ _ , which transforms a set of fields nA 
into functions of the fields: 


Th (x) —> (Yt) :4) ae 4 € G (3.4.4) 


The difference between such groups and the older dynamic 

symmetries, gauge invariance of the second kind and general 

covariance, is that oe is now not allowed to depend expli- 

citly on position in space-time. In order that (3.A.1) be 

consistent with the structure of the group, it is necessary 

that we get the same result when we apply 9, and then apply 
g, as when we apply the group element 9,52 


t ae 4.42) = * (f (4592); 41) (3.4.2) 


For a Lie group, we can restrict our attention toa 


neighborhood of the identity, where g= ee sale (3.4.3) 
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with ie a set of group generators and €, a set of infini- 
tesimal parameters. The group structure is then embodied in 


a set of commutation relations 
: 3,A.4 
ie ry nea Cay ry ( ) 


with Cue an array of constants, called the structure constants 
of the group. The ie are said to span an abstract Lie 
algebra. The change in any field ye under the infinitesimal 


transformation (3.A.2) is assumed to be linear inthe €y 
ie (¥, 4 ee = te ~ | oa eC. (3.4.5) 


the functions te (ed) characterizing the action of the Lie 
algebra on Y 

For a given group or algebra, the functions ee cannot be 
chosen in a perfectly arbitrary way, but must obey certain 
differential equations. To derive these equations, consider two 
arbitrary elements of the group 9.,4a > and apply (3.A. 2) 
to the group element 9.52 0 : 


£ (45 919297) = F, (F095 92395 30) = 
=$ (F(4(95, 9795 92)5 91) (3.4.6) 
Now let 9, approach the identity 
a> Laden, (3.A.7) 


so that 
319.9) A Hie Mag (9,07 (3.4.2) 
where M is a matrix defined by 


Mag (9) Ms = gh go (3.A.9) 
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In this limit, Eq. (3.A.6) reads 
Fue (9) Mugla.) = Fm F459) 5 4.) fag (F (97) 


(3.a.10) 
re OF, (Hig) 
(3.a.n) 


(+54) av 


m 


Now let 4) approach the identity ; 
! ; 
. 34.12 
4, —»> | +i€ x i ‘ ( ) 
so that (3.A.9) and (3.A.4) give 


Map Os Cure Ey (3.4.13) 
In this limit, Eq. (3.A. 10) _ 


B. otal . Fax (¥) 
Cs! ay I gy) +i ae 
(2.a.14) 


Any set of functions ee (¥) which satisfy these equations will 
be said to provide a realization of the Lie algebra. A 


representation of the algebra is just a linear realization, with 


PenVNe=e .),., to (3.4.15) 


‘In this case the fundamental equations (3.A.14) read 
i CaygTe = [%a, Ty] (3.4.16) 


which just says that the matrices 1 n form a representation 
of the Lie algebra ey 5 

A familiar feature of Lie algebra representation theory 
is that two representations a and 1a are equivalent if 
there is a non-singular matrix M such that T,=MT, M, 
Similarly, we say that two realizations To (¥) and $" Ae ) 


are equivalent if we can go from one to the other by a functional 
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{ 
transformation y a y (v) é In this case, the 
‘ . * . s 
the transformation rule for Y under an infinitesimal group 


transformation 1+ €y vee will be 


WY (Y 
Hie ¥. (terceatealdl) = Hiei, MOE 


and hence 


a¥' (¥) 
F(¥') = 39, Fea GD 


Two realizations $'(y') and £ (¥) are thus equivalent if and 
only if it is possible to construct a function y '(¥) satisfying 
(3.4.17) . The reader may check that if i. (YP) satisfies 
the fundamental differential equations (3.A.14) , then so 


U 
docs the function ey iceaned py ntamtta = 


B. Currents 

Symmetries are generally made useful by exploiting the 
properties of the currents they generate. By analogy with the 
electromagnetic current, these are here defined by 


Bae ot 
J -i 3(3,%,) Fi (Y) (3.8.1) 


(The repeated index n implies a sum over field types.) By 
use of the Euler-Lagrange equations, we can write the 
divergence of the current as 


rp. ok ae 
Op Ja =!) ay ne 003, %n) ap Fou) 


But then — €y 0, iG is just the change in 1, under the 


infinitesimal transformation {1 +4¢ €y ie and so if i is 
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invariant under this Lie algebra, we have 
p 3 


In addition to this conservation property, the currents 


also satisfy important commutation rules. Note first that 
oO 
Spore!) (3.8.3) 


where T, is the canonical conjugate to Y : 


ae 
dis = 30,8) (38 44) 


At equal times, the quantities TY, and Y obey canonical 


commutation (or anti-commutation) rules 
A 3 
lar, (x4), tn (4,8) Sy e-se 


Cm, 4), Toe ly Ad, = 1% 4,9, ly d], =0 
(3.3.5) 


so (3. B. 3) gives the commutation (not anti-commutation) rules 


[x4 he] =- Ferg) filly d) +629 @,,) 


J, 4), Fag (44,4) ] ceca Sauce y) ae al Hyd) 


[H60, 401 » Stes) 4) AGM ag 


From (3.B. 7) and (3.B.8) we find 


LIL), Joly] = Veg) ly; yet aly) + 


lig.) 


ar t) 
~1 8&4) 7, 4) welt Fg (Hly.2) 
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The indices Wh and m may be interchanged in the last 
term, and the result evaluated with the aid of the fundamental 


differential equations (3. A.14) . We find then 


52 04), Fe’ ly.t)] = & Copy Jy (yd) 8 cy) 
(3.8.9) 
That is, the ''densities" Je form an algebra which mimics 
the abstract Lie algebra of the underlying symmetry group. 
This is a familiar enough result for theories in which the fields 
provide representations of the symmetry group, but I wanted 
to make it clear that this result also holds when the fields pro- 


vide more general, non-linear, realizations of the group. 


C. Goldstone Bosons 

Normally it is a quick and easy step from the current 
properties discussed in the last section to the algebraic pro- 
perties of the S-matrix. Since a is conserved, we can 


construct ''charges" 
Qe Sa Wit) (.c.\) 


which are time-independent and hence commute with the 


Hamiltonian , 


[Q,H] <0 , (.c.2) 
and, it follows, also with the S-matrix 


lors | =O, (.c.3) 


These charges satisfy commutation relations given by (3.B.9) : 


[Qu Qe = Cuey Qy : (3.c.4) 


Taken together, (3.C.2) --(3.C.4) would impose a multiplet 
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structure on the spectrum of physical states, and would pro- 
vide ''Clebsch-Gordan'"' rules for ratios of matrix elements for 
transitions among these states. 

It is nevertheless possible to have a symmetry of the 
Lagrangian which is not visible upon inspection of the Rosen- 
feld wallet-card table of elementary particle states. One way 
is to have massless bosons in the theory, which produce long- 
range forces which prevent the convergence of the integral 
(3.C.1). Another possibility, which was suggested by 
Nambu, Bogoliubov, and others on the basis of an analogy with 
the BCS theory of superconductivity, is to have a degenerate 
vacuum, which would infect all multiparticle states built upon 
this vacuum with a hidden Fee evade of this latter 
sort were examined by Nambu, Goldstone, and others around 
1960, and turned out always to involve massless bosons, lead- 
ing us back to the first alternative. Goldstone conjectured that 
this would always be so, that to each Lie generator Ry 
which was a good symmetry of the Lagrangian but not of 
physical Hilbert space there would have to correspond a 
massless spin-zero wenehe This conjecture was subsequently 
proved in 1962 by Goldstone, Salam, and gsi I will give a 
generalized version of one of the proofs we offered then. 

Consider a general ''Green's function", defined as a 
vacuum expectation value of a time-ordered product of an 


arbitrary number of fields , 


LT (YO, aly), 5D, (3.c.5) 


Suppose for a moment that the charge (3.C.1) exists, and 


annihilates the vacuum: 


Q, oy =o 
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According to (3.B.6), we have 
[Q ) _ (x) | a oe (4 (.)) 


UY * 
so by commuting QO past all the Y s in(3.C.5), we 


would find 
O= %< ay { hts), 4.05) sy 
where 


SX TAH), Maly), Wy = TE Fo lle, aly) DP 


+ CTO EOD 


Now suppose that the symmetry is broken, either because 
(Op doesn't exist or because it doesn't annihilate the vacuum, 


in such a way that 
TL O LG DFO. Bce) 


To prove the necessity of massless bosons, we use (325.7) 


and (3.B.6) , which give 
DLO HON, = 


= = SM(aen) CTL FO) 44) oD 
=~ SGALTLE®, Seal dQ, 4 


— 
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Multiplying with ev? » integrating over # , and 
letting Qo , then gives 


ES cqy Vale ¥* CT LZ) 4,6) 9.6), D, = 
= - mt) au), 1), (.c7) 


Clearly (3.C.6) is impossible unless the Fourier transform 
on the left-hand side of (3.C.7) has a singularity at hee “ 
Such a singularity can arise from a zero-mass spin zero 

particle which couples to the current Ju - Inthis case, 


(3.C.7) can be satisfied with 


\a' aa ia), 4,0) Bly), Sy a § CT {tO Gt) 


a) 


the pole at %. =O coming from the massless boson propa- 
gator. However, if there were no massless particles in the 
theory, there would be no way that this Fourier transform 
could acquire a singularity at gl =O , and (3.C.7) would 
have to vanish . 

The original proof of Goldstone, Salam, and myself 
followed the same lines, but made use of the single-field 


case of Eq. (3.C.7) : 


lim ify Vas Ps CTI Tt), 4,4) —> 
> - 5 <P), =-<F, (4), 


which requires a massless boson whenever the vacuum 


expectation values of the fox (4) do not vanish. The present 


o) 
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proof has the advantage that massless bosons are required 
whenever any Green's function violates a symmetry of the 
Lagrangian. 

Eq. (3.C.8) not only tells us when a theory needs mass- 
less bosons; it also tells us how strongly these bosons are 
coupled to various sets of fields. Note the reciprocity em- 
bodied in (3.C.8) : for processes in which a Goldstone boson 
is not strongly emitted or absorbed, the corresponding sym- 
metry plays the role of an approximate algebraic symmetry, 
which requires SF ere) to be small, while for processes 
in which a Goldstone boson is strongly coupled, the corres- 
ponding symmetry plays a purely dynamical role, dictating 
the matrix elements for the Goldstone boson emission and 


absorption processes. 


D. Non-linear Realizations for Goldstone Bosons 

In the general case, a group G_ of local symmetries 
may have a subgroup H_ of algebraic symmetries, like iso- 
spin or hypercharge, which are not associated with Goldstone 
bosons. The Lie algebra { Tat then breaks up into a set of 
generators T; for the algebraic subgroup H » and a set 
of generators Ka ,» each of which is associated with a Gold- 
stone boson. It is natural to look for a realization in which 
the Goldstone boson fields 5.) transform into functions of 
themselves, which are required to be linear for the "ordinary" 


symmetries se y but may be nonlinear for the algebraic 
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symmetries X 


a ° 


A general algorithm for constructing such realizations is 


, {ig 20, 
provided by the work of Callan, Coleman, Wess, and Zumino! 1 


Consider the product of a general group element with 
the group element exp [L ¢ Se ea - Since this product 


must belong to the group, it can be expressed in the form 


gexp lid. X, ] = exp Le H(8 5g) XQ] exp Liu; (839) T, ] 


(3.D.1) 
The CCWZ realization is defined by setting the transformed 


Goldstone boson field equal to ¥.: 
/ 
54 = 5 (Se 4) (302) 


Note that this is a realization, because 


9 $2 EN [i x) = ai exp [é ty (559,) Xa lexpliu,(8;9,) 7, J 


= exp |i £405; 4.) ) 3,)X, J exp Liat, (F(8542); 4) Flee, (9) TJ 
(303) 


Since {4 is a subgroup, the product of the last two factors 


can be expressed as a single exponential 


exp Liat, (854,4,)T] = expliag (F GsqadigMenplin. 5) 7] 
(3.04) 


and (3D3) is thus of the same form as (3D]) , with 


F(B5guga) = ACF Gsgdsa) or) 


as required for a realization of G . Also note that if 4 
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belongs to the algebraic subgroup H , then 
4 Ty Lid,Xo] = ey [i Ss hase | a (306) 


where Nab is the representation of H afforded by the 


generators Xa : 


gXag = baw(g)% he geH . (3027) 


But any element 4€ H can be expressed in the form 
geeplia Ti] f geh , Gas) 
so (3D6) has the same form as (3D,1) , with 
Ab (559) . x; (g) (399) 
and with §, transforming linearly 
$5(85g) = hey (g)S, & geH (sp10) 


as we wished. 

We see that Eq. (3D,1) does in general provide us with a 
realization of the group G_, in which the Goldstone boson 
fields transform linearly under the subgroup Hof "ordinary" 
symmetries. It is natural to ask whether, inthis sense, this 
realization is unique. Uniqueness here must of course be under- 
stood to mean, not that there is no other such realization, but 
that all such realizations are equivalent, any one being trans- 
formed into any other by a suitable functional transformation of 
the Goldstone boson fields tS - The uniqueness proof for the 
special case of chiral SU(2) X SU(2) was given re myself by 


I 
direct solution of the differential equation (3.A.\4). "tenant 
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Coleman, Wess, and Zumino gave a much more elegant proof 
for the general cape! 

Now that we have defined a realization fo (554) for the 
Goldstone boson fields Sa » we can use it to construct a 
large variety of other realizations. Considera field ; 
which transforms under the algebraic symmetries a5 


according to some finite matrix representation D of the 


group H: 


Yo = Dig) Yad & geH @ (30.11) 


We will define its transformation under general elements of 
the larger group G by 


Y 'w = D ( exp Liu; (8; 3) 1, ]) Y &) (30.12) 


where M; is the function of the Goldstone boson field 5 
and of a , defined by Eq. (3D1) . Note from (3D8) and 
(3D9) that (3D12) reduces to(3D]1) in the case where geH. 
Note also that (3D,12) does provide us with a realization of G, 


because if we first act on y and 7 with 9a and then 


with 9, » we find that y is transformed into 


yp" = D( exp Lia. (4 854259.) T]) > 
Pep lia (al le 


Since D is a representation of H » we can now use 


(3D4) , which gives 


4" = D (empl cu; (85 9.9.) 1) ¥ 
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as required for a realization of GS. 

Givén a set of fields a and ¥ » how are we to con- 
struct a Lagrangian which will be invariant under G 2 
If the Lagrangian were to involve only the fields Y , and 
no derivatives, the answer would be simple. We would simply 
put together any function of the y fields which is invariant 
under the "ordinary'' symmetries HH, and then (3D12) would 
ensure that it is also invariant under the full group G e 
However, we want to build up our Lagrangian not only of ip 
but also of Ce and, at least, oy Sa . The solution is 
to be found by defining covariant derivatives, in much the same 
way as in general relativity or electrodynamics. 

To this end, we shall first define functions D4) and 

Se (§) in terms of variational derivatives of the exponential 

explé oe For an infinitesimal variation § 5. the group 
element exp [-i oad exp Ee (S.+ $§)X,) is close to unity, 


and so it can be written as 


exp|-i§.X_ JexplilS.+S8)X,) = 1+ 208, LD, +b. (8) J. f. 
p{-i&Xq J expli(tarSt x.) = 4+ Sh (D,OX +E, OT] ~ 


The covariant derivative of the Goldstone boson field * is 
defined by 

dD, §, = 9,8, D,, (8) (3.14) 
and the covariant derivative of a general hadron field Y is 
defined by 


Dy = O.Y > ese (3.15) 


where t; is the matrix representing the generator T: in 
the matrix representation D(4) of H associated with the 
field Y . These definitions are chosen so that D a and 


P 
Dd will transform just like Y - Since hay (9) is 
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just the representation of a] appropriate to the Goldstone 


boson field, this means that 


DS. = Dyke hy, (explia, (59) TH (3p.16) 


and 


D y! = D (exp eu, (8; 9) T:])D,¥ (30,7) 


! ' 
with § and Y given by (3D2) and (3D11) . 
In order to verify the desired transformation rules 


(3D,16) and (3D17) , we first differentiate Eq. (3D,1) : 


; exp i t Xl id, es 4 De (3) Ke + Ea: (t)T, i‘ = 
= exp Leh, Xq] ca, 8. { Dav lb)X, +E l8V TS ep lia, T+ 


+ xp Lif,’ Keil a, exp ea ee a 


Multiplying on the left and right with exp L-i e X,1 and 
“xp [- Cu; T; ] respectively. gives 
oy a { Ds (cone a E.: oe j = 

= exp fiw, J; i 0, t. { Dap (§)X, ne Ee (§) T, pexplia,TJ+ 


- [ a exp [ iat, T) | exp [ia Tz ] (30.8) 
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Using (3D.7) and equating coefficients of x. gives (3D,16) . 
The rest of (3D18) relates elements of the algebra of H : 


Ot. Ea ($') 1, = {exp Lea 3, 8 E807 + 


+i dp exp [ia,T] j Geass | (3.0.19) 


The derivative of (3D12) gives 


ant = D(eplint1) 3,4 + 


+ % D ( exp Liu,t;]) ¥ (3.20) 


and putting (3D19) and (3D20) together gives (3D17) . 

Since }, De and D,So all have the same trans- 
formation rule (3D12) , any Lagrangian constructed from just 
these ingredients will automatically be invariant under the full 


group G if it is invariant under the subgroup H . 


4. CHIRALITY 


A. The Pion as a Goldstone Boson 

Are there any exact or approximate symmetries of the 
strong interaction which are manifested dynamically rather than 
algebraically 2 According to the results of the last section, 
this question may be approached by asking whether there are 
any massless or nearly massless hadrons which might play 
the role of a Goldstone boson. Of course, there are no mass- 
less hadrons, but there is one spin-zero meson, the pion, 
whose mass (or rather, squared mass, which is what really 


matters) is very much smaller than that of any other hadron. 
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Historically, the idea that the pion might be a Goldstone bosor[aij 
arose from the effort to understand a result of weak inter- 
action theory, the Goldberger-Treiman relation, to which we 
shall come later on. In line with the task of re-writing history, 
I want to explore the idea that the pion is a Goldstone boson 
corresponding to an approximate dynamical symmetry of the 
strong interactions from the point of view of the strong inter- 
actions alone, and put off the application of this idea to the 
weak interactions until Section 4C. 

First, let us adopt the fiction that the pion mass is zero, 
and that the corresponding dynamical symmetry is exact. 
That is, there must be a conserved current to which the pion 
can couple, so that a pion pole can occur in matrix elements 
like (3.08) . Since the pion has isospin unity and negative 
parity, this current must be an isovector axial-vector Arco, 
where @ isa Cartesian isospin index running over the 


values 1,2,3, and 


A," =0 (4.4.1) 


In addition, these currents must form part of a Lie algebra, 


in the sense of Eq. (3B9) , so that 


(A, (0, AL G0] =) Co V, G95 tay) 


pv 
where Cae are a set of structure constants, and y are 
a set of conserved currents. In addition, Cave is anti- 
symmetric in a and b_, so it must be proportional to the 


totally antisymmetric tensor €E abe 
OR. ae [abe os 


p 
and isospin conservation then tells us that the current eae. 
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p 
must be an isovector, which we shall call aw V; - The 


current commutation relation then reads 
r) ° ° 3 
[AS xa), AC (y 40] = 22% eae 8) Sey) Ad) 


P ae : 
with V. unknown, except that it is some vector isovector 


current which is conserved , 


0, V."=0 (4.43) 


Now, what kind of symmetry does the current Vas 
represent ¢ It might be a dynamical symmetry, but then there 
would have to be an approximately massless Goldstone boson 
of isospin unity and spin-parity Oo” es glance at the 
wallet card shows that the lightest particle with these quantum 
numbers is the $ -resonance, with mass 960 MeV, far too 
high to qualify as any sort of Goldstone boson. We are only 
left with the possibilities that WE might vanish, or might 
be the current of an ordinary algebraic symmetry, with which 
we would presumably be already familiar. The only algebraic 
symmetry of the strong interactions whose generators are iso- 
vectors is isotopic spin itself, so we must be proportional 
to the current generated by isospin transformations. We still 
have a constant y at our disposal in (4A2) , so there is 
no loss of generality in fixing Nia to be twice the isospin 
current, with commutation relations given according to (3B9) 


by the structure of the isospin algebra 


LV" ca) Vy byt) J = 2% ane Ve (x,t) Sey) Had) 
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(The factor 2 is inserted because these currents were first 
discussed in connection with nucleon B -decay, where it is 
traditional to write the vector current as N yer N, 

with , the Pauli matrix, equal to twice the isospin 
matrix for Neeya .). Further, (3B6) shows that the 
commutator of NE with any field is given by multiplying 
the field with - 2 ge C ) times the appropriate isospin 


matrix, so that 


[ve 9, ALG] = 2 ete APD Ses) as) 


Thus the densities V.° and A, span a complete Lie algebra, 
with just one degree of freedom, represented by the constant 403 
The currents are Hermitian, so " is real, and without 
changing the Hermiticity of the currents we can simplify the 
commutation relations further by absorbing into Ar a factor 
a if 470 ora factor i if y<O =. With 
axial currents normalized in this ''standard'' manner, the 
commutation relations are given by (4A2) , (4A4) , and (4A5) , 
with ra 
Vi one (4.A6) 
=i 


These three values of | correspond to three different Lie 
algebras: for W*=+ 1 , we have the compact algebra 
Su(2) X SU(2) , which is isomorphic to the four-dimensional 
rotation algebra so(4) ; for y=0 we have a non-semi- 
simple algebra, with the Ae forming an invariant Abelian 
sub-algebra; and for W=-14 » we have the non-compact 


algebra SO(3,1) . For brevity I will refer to these three 
possibilities as compact chirality (y=+4) » Abelian chirality 
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(y=0) » and non-compact chirality (q=-4). The choice 


among them must be made on the basis of empirical evidence, 
by comparing soft-pion theorems with experiment. 

It is already apparent from our proof of Goldstone's 
theorem that the soft pion theorems will involve as a funda- 
mental constant the strength of the pion coupling to the axial 
current. Lorentz invariance and isospin conservation require 
that this coupling take the form 


= _ Savigt e!¥" Fy 4.87) 
o| A. ix)| vw, 4) (an) Vag? ( 


where = is a real number with the dimensions of a mass. 
For by Wears! the normalization of the currents is fixed by 

Eq. (4.2) » so he is a well-defined fundamental constant. 
For y =O the question of the normalization of A is 
still open, and can be adjusted to make Fee whatever we like. 
It should be noted that (4A7) is consistent with the notion of a 
conserved axial-vector current, because it gives <o} a, Ni? 
proportional to a” ) Which vanishes for massless pions. 

Now let us return to the real world, in which pions have 
a‘small mass. We can still suppose that there are vector and 
axial-vector currents which obey the commutation relations 
(4A.2) , (4A4) ; and (4A5) » With Va the conserved current 
of isotopic spin. Also, (4A7) will still be valid, since it 
follows purely from Lorentz and isospin invariance. However, 
the axial current can now no longer be conserved (unless F,,=0, 
in which case iN would have nothing to do with pions) 
because (447) now gives . 
Seb Mer lee € *4 


<o| oy Be we | Ty, 4) S (any* aq? (4.A8) 
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The best we can do is to assume that op Ae is a small 
operator, proportional to a factor Ma A This assumption is 


usually implemented by defining a field TY, ! 
OAL = Fm? a, 


which is normalized properly to serve as a ''renormalized pion 
field", i.e., 

Saneet 

_ Sab ( ) 
dol ar, | 7,4) = Secs AIO 

(a1) ¥29 
If we think of AN as behaving something like a canonical field, 
then matrix elements of oy aS will be small, of order We 
unless some singularity, such as a one-pion pole, intervenes 
to make them large. The assumption that apAe may be 


neglected except for pion-pole contributions is known as the 


. 32,23 
assumption of a partially conserved axial-vector ieee ] 


B. One Soft Pion 

As a first application of dynamical chirality, let us calcu- 
late the matrix element for emission of a single soft pion in an 
arbitrary multiparticle reaction t—» F. We will first con- 
sider the case of zero pion mass, where exact results can be 
obtained, and will then extend these results to real pions. 


Consider the matrix element 


Lentil’) = (um) 


is : 
where % = ea ye . We can split Ms into a pion pole 
term, anda term N, which is defined not to contain a pole 
a 
at 4; =O% Fo! 
Mis {ebm +n” (482) 
e ‘ a a 


4 
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There are different ways of defining Me away from q =o ; 
and for different definitions of Ma we get different no-pole 


terms NP but the important point is that i gives 


: ; 2 : 
the correct physical one-pion matrix element at 4, =0, while 


N has no one-pion pole. 


Since the axial current is presumed here to be conserved 


for m= Oo , it follows from (4B.2) that 
p ; iy 


so 


- ee 
Maj my Ex dp N. i (4.8.3) 


We don't know NP but we can evaluate it in the limit 40 : 
In this limit NP has poles arising from graphs in which 

the axial vector current hooks on to the external lines of the 
"core" process t->»f. The propagator of an outgoing or 
ingoing line, which loses a momentum 4° to the axial current, 


will have a denominator 
[(p* 4)*+ ne] ae [2 4] (4.84) 


( compare Section 2K) so these poles will yield a contribution 
to (4B3) which is of order zero in qP as eae) ; 
which can be evaluated exactly in terms of the axial-vector 
coupling constants and the matrix element for the process iof, 
For nucleon processes, (4B,3) just says that soft pions are 


emitted from the external lines of the process i-»f with 


an effective pion-nucleon coupling 
= 7 er P e 
Lo=ig.F NVeeo No ites 


where an is the axial-vector coupling constant of the nucleon, 


defined by the formula } 
<NIAMINY > Qn) GEE) *g, a Ve tl -i¥Peamgh/a Ju, (486) 
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In processes like nucleon-nucleon scattering, where the 
nucleons are on the mass shell, (4B5) is equivalent to the 
more familiar pseudoscalar interaction 
i 
BL EFF 


=iGNY,TNT (48:1) 


with an effective pseudo-scalar coupling constant given by 


i = Ya_ 
me fe (488) 


This last result is not particularly useful unless we find some 
independent method of calculating or measuring In° However, 
(4B3) always allows us to determine wale for 470 up to 
the unknown parameter dn - In particular, (4B3) tells us 
that ie vanishes as q’>o for processes which do not 
have poles like (4B,4) . This is known as the Adler Be cela 


The calculation is a little different for real pions. Separa- 


ting the pion-pole and no-pion-pole terms in (4B,1) now gives 


ae P 
MM’ = Fr Moos Ne (483) 


We can now define the one-pion matrix element off the pion 


mass shell by using the pion field defined by Eq. (4A9) : 


= Ma e a a (4810) 


aad 


CF lw wli> = 


If we now take the divergence of (4B,1) , and use (4B9) , (4B10), 
and (4A9) , we find 
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which again yields (4B4) . However, this result is now a 
mere tautology, following directly from identities and defini- 
tions. The physical input comes when we assume that NA 
is well approximated by pole terms, in which the axial-vector 
current hooks on to external lines, for momentum transfers 
tp of order M,»- This assumption is valid if (4B9) does 
not introduce any terms of order re into NF ,» which 
in turn is valid if (4B,10) does not yield a matrix element 


which varies rapidly away from the pion mass shell, 


C. Chirality and Weak Interactions 

The weak interaction responsible for nucleon beta-decay 
has been known, since the 1957 work of Feynman, Gell=Mana“*! 
Marshak, and sureenes be mediated by vector and axial- 
vector currents. Further, in order to explain the equality of 
the vector matrix elements in oye decay and p decay, it 
was suggested by Feynman, Gell-Mann, Gerstein, and 


Zeldovich that the vector current of the weak interactions is 


proportional to the conserved current of isospin 


Mie i Cy Vv," ? (4¢.1) 


ate 
where Cy=102+10 ° m,* is the Fermi beta-decay 


coupling constant. It is natural then to assume, following 
27. 
Gell-Mann, That the axial weak current is proportional to 


the axial current of an SU(2) X SU(2) algebra: 


Nees. : Cx A.” (4.¢.2) 


0” on a because the ob- 


We have put a subscript “ 


served axial-vector coupling constant Ce of neutron 


beta decay will be renormalized by the strong interactions 


(unlike the vector constant) » so that 
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Cy 5 Ja Ce (4.c.3) 


where Ga is the strong-interaction parameter introduced 


in (4B6) . Experimentally Re Oe ~ 12 =. 580 (4C3) 
gives 
Cc 
4 xl. . (4.c.4) 
VV 


Also, (4¢,2) and (4A7) give a matrix element for pion decay 


proportional to 


eis) ae) ae a 
1 AL) age C8 


and the experimental pion lifetime then yields 


Cor. = 190°C, Me. (4.¢.6) 


AO W 


From (404) and (4,C5) we have then 
OD wae 40.7 
F. . 190 Hev ¢ ) 
and (4B8) then gives a pseudo-scalar pion-nucleon coupling 
constant 
20938 He) C2) yg (4.8) 
(190 Mev) 


roughly in agreement with the coupling-constant measured in 
dispersion-theory analyses of pion-nucleon scattering. This 
result is essentially the same as the formula for the pion 
decay rate, derived by quite a different method, of Goldberger 
and Treiman. The fair success of this result may be taken as 


evidence that the weak axial-vector current is proportional to 
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the ''partially conserved" current a y but it does not tell us 
what the proportionality constant Oe is, and it does not 
distinguish among the three possible kinds of chirality. In 
ordér to settle these questions, we must turn to problems 


involving at least two soft pions’s 


D. Two Soft Pions - Pion Scattering Lengths 

The problem of two soft pions, and in particular, the 
problem of pion scattering near threshold, plays a fundamental 
role in revealing the nature of the chiral symmetry group, in 
verifying the universality of weak couplings, and in determin- 
ing the properties of pion transition amplitudes which are 
needed for the study of many soft pions. In the early days of 
current algebra ( say, 1965) it was generally thought that 
useful soft pion results could only be obtained at the unphy- 
sical point of zero pion energy and momentum, and that 
these soft pion results would have to be converted into sum 
rules before using PCAC to get into the real world of finite 
pion mass. Even after the derivation of an approximate 
theorem for the physical pion scattering lengths a certain 
amount of confusion remained concerning the validity of the 
approximations employed. Personally, I was never happy 
about my own 1966 papers in Physical Review Letersnen 
partly because the brevity required by that journal did not 
allow a full discussion of the problem. The following is a 
longer, and I think better, derivation that was in my desk at 
that time, somewhat upgraded by adopting some subsequent 
suggestions of Fubini and Furies 

The first step in dealing with the problem of two soft 


pions is to decompose the time ordered product of two axial 
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currents into terms in which either, or neither, or both cur- 
rents hook on to single-pion lines. In analogy with (4.B.9), 

we can define a Green's function TAs eh » in which the 
axial current is not allowed to couple to a single pion, by the 


formula 
TAS, mop} = TIAL, m9}, 
2 
+FL Oxy T {7,0, 7) 


(4.0.1) 


v 
and then define a Green's function "T {A Ss A. s > in 
which neither current is allowed to couple to a single pion, 


by the formula 


T {Arm Arg@h= TLAL@ A, yh, + 
v 3 
Oxy oN ii ia 


+ -* ye TIM, Tay) (40.2) 
Using (4, D. 2 in (4.D.2) gives : 
TAS Aggy = TLAS, Ary}, 4 


t) v.. 2 . 
oh ax, ne 11, ), Aru} a Dy, TIA w, 7, (y) ‘ 


p22 2 rf mo mys (4.0.3) 
T Oxy By, 
is i finition of T {At A,”y)} but 

This is only a definition o r re Wiy , bu 
we are eventually going to make qualitative assumptions about 
its behaviour, which are valid only if (4.D.1) and (4.D.2) , 
with TY, defined by (4.A.9) , really do a good job of isolating 

y 

the single and double one-pion~pole terms in T fA,” A, j 

The next step is to take the divergence of Eq (4.D.3) with 


9 
respect to both xP and y : 
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, T{AP CD, A _——_— WA. )} + 


oe 3) Ox? ay" 
(Fane x T {1r,0), Ay} + Dy poe T {Mam} 
-F Oo. a T { 77,6, Pi (4.0.4) 


ThePCAC definition (4.4.9) yields 
DT LA Ped, Ay) = re Fee T £1, 0, Ae} + 
+ $6¢-4) LALO, ALG), 


SB TLALO, Mi} = wt Fe TL), ty} + 


ox? 
A S&ey) [ A, &, mT, 4) } ; 


and a similar expression with ayy interchanged with ), psx 


Inserting these formulas in (4.D.4.) gives 
mee T LWW), Min} sme Fe, a as (y), M@)]+ 
+5 $629) LAC), A.’Gy)] = ae ay T LATS, Ay}, + 
+ Fe ome DT ATG), my + Fe Oy Se yDLAS Cy), 1,60] + 
+ Fe me OS T {1,08 mph + Fy Oy SG%y VT ALLS, 164] + 
- Fy OL OST {7@), Tip} , 


or collectas —_ ; 


(Op-m2)( afm) Tf 17,0, Mi)h = F, ec a7 TINS, A sie 


-| ’ oO cl! L 
+ FE a, $624") TA, 6d, MAC + Pe (oj-we) S424) LAP, Hoo] 


= a i S62-y') [ APG, A,ty) | (4.0.5) 
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This is the fundamental identity on which are based all 
“applications of current algebra to problems involving two 
soft pions. 
Let us now specialize to the problem of pion scattering, 
in which a target particle o& is converted to a final particle 
8 which may or may not have the same mass. According to 


the LSZ formalism, the S-matrix here is 


Sepa = ~O9Y* (agp ag" J ate eet et FI. 


«( Cp-ms)(Dy-my) <B1T 4 1), Ty) Hl? 


(4.9.6) 


where q and % are the final and initial pion four-momenta, 
with 


a = q" ee 4.0.7) 


Inserting (4.D.5) gives then 


Seat aH" af 2g) Satayet eo" 
mn <8| j F 4+, dy ah FASO, Aly) a Fm $c) [A, 6), 1.(,)]+ 


E -2 ry o v ‘ 
aa ty Ee § 4’) LA, &) , A, | |a> 2 
Translational invariance allows us to shift the arguments of rie 
and A,’ ly) by an amount —X ) with a resulting extra factor 
ex? fcx- (pa-Pe) - The X integral can then be 


done explicitly, and we find 
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cg we fam)" Moa we S"( pa+4-75794') 
ee 
(am) Laqrag’’ ape 2p 1 * ne) 


where M, the usual Feynman amplitude, is given (with 2=y-x) 


) 


by M 
$b, aa See t Cg: 2 | ~L 1 p v 

y = ~+\¢ F. ia A (0), A.) a. 

(ar) Lape apg)” \ ze <6 ie bpd {A, i, 


+ F me $(29 [ A, (oc) 1,4) ] +4, Fe) AL, A) Hl 


(4.0.4) 


In general, this formula does not tell us very much about 
the pion scattering amplitude. However, there is one physical 
point in elastic pion scattering where this formula can be used 
to estimate the amplitude. This distinctive point is the 
threshold. As particularly emphasized by Fubini and Furlan, 
it is very convenient to estimate the threshold amplitude by 


going to the laboratory reference frame ,where 


Pu = Pe E (0,0,0,m) ) 4=> me (0,0,0, ma) - 


The S-matrix here is conventionally written in terms ofa 


scattering length Qa gbaa defined by 


a a (4.3.10) 
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and (4.D.9) elie 


Aebaa = — Mebxa caer) ~ 
Saw (m+ ma) 
Qim -Lm,, a7 rs Ne ( 
atm Wate at Calf Fyne TEAL, ALL s 


+ ee ie NCO (4 (| -iF. ar SLAY (QA ROT a) 
(4.0.11) 


Up to now, everything has been exact. The essential 
approximation now is totreat mM, as avery small number, 
and assume that the m,, factors displayed explicitly in 
(4.D. 11) give the correct order in Way of the three terms. 
This would not be true, for instance, if it happened that the 
first term had singularities near the physical threshold. We 
have presumably eliminated the one-pion pole terms correctly 
(if 1159 is a ''good"' pion field) but small denominators could 


still enter if there were to exist low-lying states a; for 


which <BlA,° Co) YOK ¥L A geal «> FO _and/or 
CBLALW)I SYM YI A,wla> # 0 (with a, @,¥ at 
rest) and Jmy-my | < Mv» Such states would have to 


have the same spin and opposite parity as O& and 8 ‘ 

they would form something like a chiral multiplet, which should 
be visible on the wallet card tables of elementary particles. 
Needless to say, such chiral multiplets do not seem to exist: 
there is no ae Te Ny state near the nucleon mass; there is 
no On Te state near the pion mass; and soon. With 
this proviso, that there are no chiral multiplets, we can then 
neglect the first two terms in (4.D.11). The last term may be 
evaluated with the aid of the current (or rather, density) 


commutation relation (4.A.2) , and we find 
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Boe) =o), 
Cae = plies a 205 Sac < BI Ve () 1x2. 4.0.12) 


But by the same argument py which we showed that the strong 
interactions do not renormalize electric charges, the matrix 


© 

element of V. is just 

2 (tedee 
(arr)? 


(4.0.13) 


LpIVe (ole) = 


Also, the isotopic spin matrix of the pion is just 


ee a ee (4.0.14) 


and, by the same trick used to derive the Lande g-factor, 


v n 
ee = Sl Ti ieietiten es Ds 
ie aL ) )-a] .0.15) 
where 1% is the target isospin, Tis the total isospin of 
the scattering state, and 2 is (i) = Using (aD 1S) ; 
(4.D.14) , and(4.D.15) in (4.D.12) , we arrive at a uni- 


versal formula for the pion scattering length 


-ly 
a_~x ( —t(++1) — DA 
re Te Oa i 


where 
Mor 


r 


This is "universal", except that it doesn't hold if the target 
mass is comparable to the pion mass, as in pion-pion scat- 
tering, or if there are states of the same spin, opposite parity, 
and approximately equal mass as the target, as in the case of 


pion-nucleus scattering. 
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In using (4.D.16) , we must recall that y=+1,0,er-4, 
according as the underlying symmetry is compact, Abelian, or 
non-compact chirality. Also, if we assume that the unrenorma- 
lized weak axial-vector coupling constant Ce. is equal to the 
vector coupling constant om , then according to Eq. (4.C.6) , 


the observed pion lifetime gives 


Fo = 190 Hev ; (4.0. 1g) 


vw 


and hence 


L = 0.086 me 


(4.0.19) 
Confrontation of (4.D.16) witha single empirical pion scat- 
tering length can in principle settle the question of the nature of 
the chiral symmetry group for which the pion serves as Gold- 
stone boson, and tell us whether or not there is a universal 
strength for semi-leptonic AS=O- weak interactions, 
with C,,= Cy. 
By far the best known pion scattering lengths are those for 

T\-N scattering. Here the target isospin t is ‘hb 5 ES 
there are two scattering states, with T=% and T='a. 
According to Eqs. (4,D.16) and (4.D.19) , the scattering 


lengths in these two states should be 


ay = cet ~ - 0.075 4m, (4.9.20) 


R 


ee $OIS Me , (4.0.21) 


a result obtained more-or-less simultaneously by Tomozawa 3 
32 : 
Raman and eS alactandran » Gundzik, and Nicodemi; 


oni 
and barn eperimieeily, we have (these are 1963 values) 
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= -t 
Os), =(- 0.088 + 0,004) mo ae (0.17) + 0.005) my 


There thus seems little doubt that nas 1, so that the dynamic 
symmetry of the strong interactions is compact chirality, or 
Su(2) XSU(2) . We can also conclude that Cs is at least 
approximately equal to Cy . 

The results (4.D.20) and (4.D.21) can be put into better 
perspective if we write them in terms of the %  -channel 


isotopic-spin amplitudes (now setting yp att ) 


= 20y, +0, ~ 0 (40.22) 
268 
a, = Ay, ~ Ajo a ees ladys @.D.23) 
mn 


The result (4.D.22) , which really means that a, is less than 

= m 

a, by a factor of order a was known to be true ex- 

N 

perimentally and was regarded as an interesting mystery before 
the advent of current algebra. The old pseudoscalar coupling 
theory in Born approximation gives about the right value for a, 
but grossly over-estimates Q, ) while the old pseudovector 
coupling theory in Born approximation gives a small value 


for @, but grossly under-estimates @ ( This last remark 


ee 
actually follows from (4.D.16) , because the pseudo-vector 
coupling theory obeys an Abelian chiral symmetry, with 4=0.) 
It is only with the aid of current algebra, based on compact 
chirality, that we are able to understand the values of both @, 
and @,. 


It should also be mentioned that the correction terms in 
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(4.D.23) are expected to be smaller than | by a factor 
Me \2 = 
of order (— rather than me because @ 
mM, m ‘ 
receives contributions only from the part of (4.D.11) that is 
antisymmetric in a@ and b_ , and crossing symmetry al- 


lows only odd powers of m, in such terms. 


E. The Adler - Weisberger Sum Rule 


Ten years before current algebra came into flower, 


Goldberger, Miyazawa, and Oehme wrote down a sum rule for 


(33) 


the pion-nucleon scattering deaths 5 


z=) 
5 (ay,- dy, (1+ ah as os eee | = —s-) 
Bar m2 my 
may 
i One (v +p) 3G: 
ras Smelter ~ Samy] (48) 
where O- (vy) are ore total i seed cross 


™p 


sections at laboratory energy ¥y. The derivation, which you 

4 
can read in Goldberger's 1960 Les Houches lecture ae iia 
nothing to do with chirality; you simply form the odd part of the 


pion-proton forward scattering amplitude 


yo (y?) = a5 [ Map (y) - Map (-v)] 


= ay (Myp(—Maep 3, HE) 


assume that M™ (v3) ie on unsubtracted dispersion 
relation, with a pole residue proportional to G” and a cut 
discontinuity proportional to Trp (v) - Tayty (vy) , and then 
evaluate the dispersion relation at threshold. The only possible 
way that (4.E. 1) could fail is if mM? did not satisfy an unsub- 
tracted dispersion relation. However, Regge pole theory sug- 
gests that the part of the pion-nucleon forward scattering 
amplitude with J=14 in the t-channel should behave like yee) 
as Y-»o,where (0) ~ a is the Q- trajectory intercept. 


If this is true (and experiment seems to bear it out) then we 
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would expect that, for Va» , 

Gs me ee ae, (4.6 3) 
so that Mo (v*) does satisfy an unsubtracted dispersion 
relation. 
The GMO sum rule becomes relevant to current algebra when 
we insert on the left-hand-side the soft-pion prediction 
(4.D.23) for Qy,-Qsj. . Using (4D.17) to express L in 
terms of G and Ga » we find 


On ane 
roa es — Ve ay (v) — Ty] (46.4) 


This may be compared with the celebrated sum rule of Adler 


35 
and Weisberger, ee in one version reads 


ope 2m ( bid a -p lv) 


¢ rG* - Toe ) | , (4.6.5) 


Woy 
and yields a value ee |.2 which with (4.C.4) means again 


that C= Cr . This latter sum rule was obtained by first 
deriving an exact soft pion theorem at the unphysical point 

qr = g’=0 , then using an unsubtracted dispersion relation 
to express the result in terms of cross-sections for massless 
pions, and then using PCAC to extrapolate to the pion mass 
shell. ( Adler also presented a derivation based on the satur- 
ation of current commutation relations at infinite momentum.) 
It was only later that other theorists realized that an approxi- 
mate soft pion theorem could be obtained at the physical thres- 
hold, which in conjunction with the old G-M-O sum rule, 
would lead to (4.E.4), Obviously (4.E.4) and (4.E.5) agree 
up to terms of order me ( provided that the integrals do not 


receive important contributions from near threshold) and I 
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have never been able to convince myself that there is any 
theoretical reason to expect that (4.E.4) or (4.E.5) should be 
more accurate. It certainly would have been more economical 
if the soft-pion theorem (4,E.1) had been derived first, and 
then put together with dispersion theory to derive Eq (4.E.4) , 
but that is not the way it happened. 


F. The & - Matrix 
We are going to generalize the Adler - Weisberger sum 
rule in the next section, eee first we need a general notation 
for axial-vector coupling constants and pion transition ampli- 
tudes. From now on we will work in the idealized case of zero 
pion mass and conserved axial-vector currents, so as not to 
confuse the drift of our argumen t with the different, and 
rather technical, problem of how to interpret PCAC in the 
real world. 
Let od and p be particles with momenta along the +3 
or -3 direction, and assume that 
+ (p,P- Pa”) = (0,0,0,w) ,.- (4.51) 
as would be the case for a transition X— 8 +17 or @> a+r 
with ff a massless pion having energy w and momentum in 
the +3 direction. Eliminating #™ gives then 
oh = Pete (4F2) 
Since & and ¢ are on the mass shell, both Ne and Pe’ 
are entirely determined once we specify Pa or Pe . 


The X -matrix may now be defined by 


° _.3 a 4 ( pe - Pa) (Xa) gu 
<B1 Aan © — Aan (Mla? = “0s i (45.3) 


the label N denoting the part of the axial current excluding 
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the one-pion pole. The properties of the X -matrix are 
determined by those strong interaction symmetries which 
leave the kinematic condition (4.F.1) unchanged, except 
perhaps fora change in W . These are: 

(1) Invariance with respect to Lorentz boosts along the 

3 -direction tells us that %*, is a fixed numerical matrix, 


independent of the particular value chosen for Pao or Pe E 


(2) Invariance with respect to rotations around the 3 -axis 


tells us that X, conserves helicity 
(x,) foe =O  vnless Ag =k, : (4.4) 


(3) Invariance with respect to a combined space inversion 
and 180 rotation around the 2 -axis gives 
= je-tat! 
(CAC) Ped CR) POLL) aca (485) 
where TT and j are the particles' parity and spin. In 


particular, for zero helicity we have 
Sen~4q*! 
(x2) ge =O unless Mp Wa C1) ee =4i1. (4F6) 


: ae 
(4) Since A is an isovector, isospin conservation gives 


[to % 1 = vegeete (4.F.7) 
where t is the isospin matrix, which obeys the commutation 


relations 


fie. £1 = verte (.F.9) 


(5) For non-strange mesons, G -parity conservation gives 
(x,) Ba =O onless Gg=-G, (4.F.9) 
In addition, the axial current is Hermitian so (4. F. 2) 


and (4.F.3) give %, Hermitian 


(ace = (Kaug : (4.F.10) 
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As an illustration, the X -matrix between nucleon 
states can be calculated by comparing the results of the 
usual Dirac formalism with (4.F.3). This gives 


= 4,4. fr Ast, (4.F.1) 


where 
3 ax la 
The connection between the is -matrix elements and 
pion decay amplitudes is provided by the conservation of the 
axial vector current, as in the derivation of the Goldberger- 
Treiman relation. Adding the one-pion pole contribution to 


AC gives, for mM,>m 
~N , an '® 


H(ot-> 6+71,) Fay (pP_p.”) 
Zola =<clne lo) He fe Pe? 
8 a g N (any? V4pe Pe (Pa- te)” 


where M is the Feynman amplitude for the pion decay o> B+ 1 ° 


Axial current conservation says that this must vanish when 
multiplied with 4,,= (Pag) » sO 


FE, M(t > 841%) s . 
(an) Vap pe ~ Pa Pa), <pl Ag, la? (4.F.a) 


If we now adopt the co-linear kinematics used to define the 
%X% -matrix, the right-hand side becomes 


(Posed <el [ Asy~Aaw J Ja» 


and can be evaluating using 
(fa fe )(pa- Pe) = 2 Cpe-peV i+ Pe) + 


EGP Cpe ep) = 4 Calm) 
Hence (4. F.12) a 
Sed eae a (mi-me) (te)pu (413) 


(as)* V 4p, pp 
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( We could have used this result to define the X -matrix, 
except for the case Ma=Mg , where (4.F.3) is needed.) 

In particular, (4.F.13) gives the pion decay matrix element 
for & at rest, and the rest-frame decay rate for the process 
> p+T is 


ste 


Pla g+m) = I(x, ve \* (4.F4) 


G. Algebraization 


There is an Adler - Weisberger relation for every stable 
hadron, but none of them is as useful as the ff-Nsum rule, 
because the only convenient targets are composed of nucleons. 
However, suppose we assume, as done in the Veneziano model, 
that the widths of all hadron resonances may consistently be 
neglected, and that these narrow hadron resonances completely 
dominate all dispersion relations. Then we have an infinity of 
Adler - Weisberger sum rules for general reactions Tea -> 1+B , 
where g@ and 8 may or may not have the same mass, and 
each such sum rule may be expressed as a quadratic relation 
among the pion decay amplitudes for these various resonances. 
How can we make sense of all these relations? 

We shall work in the limit of zero pion mass and conserved 
axial currents from the beginning. According to Eq.(4.D.9) , 
the Feynman amplitude for the reaction +h > 148 » is given, 


for m=O ; by 
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M av: 
Trevee (yh ett <a | ST {Are AQ 4 
am Page aps 295 Ast 22 BILF, i > an" 
a SGA TA, (0) A me ce (4.6.1) 


We shall be studying forward scattering, and it is convenient 


to adopt a laboratory frame of reference, with 


Pa= (0,2,0,m) P= (0,05-P, VP Om) yg) 
4 = (0,0, ww) $= (0, 0, w',w') 


Energy and momentum conservation give, respectively, 


Mi tw = Vpr+me ten, 


Ww = wi-p 


and eliminating w'-w  , we have then 


ma =y poms +p 


whose solution is 


2 u 
amy ; 
The energies of the particles in the final state are then 


Eg = YP yng" = mgrmg. (4.6.4) 


2My ’ 


m,- Mm Zz 
w = wt 4.4.5) 
=— | ql 


The only independent variable left here is W , and (4.G.1) 
may now be written 
ler (a2) = (an) TEgme Vb eh? x 
Pere ciencal T 1A, lehg G)) Is? + 
_ ow Ft 502) Bl PAY), AC] lay 


(4.6.6) 
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where we have used the convenient abbreviation 
A = AL- AG 
Both in order to derive our low energy theorems and to 
write down dispersion relations, we need to know the pole 
structure of Mw). Suppose that there is a single particle 
state y ,» With internal quantum numbers such that 3> B+ TT, and 
Y-> of+T1, are both allowed transitions. Then (4.F.6) will 
have a pole, at which 


bo) —> -i (an)? —_ tEgmy fom x (4.6.7) 


Mob,u0 
( o= ” n Oe i(p-p) 
Fi Vie @(-2°)\d*p” e ‘$7 <B| AL lp Op" IAG, wlaye Pe : F 3 


The integral over ¥ immediately gives lan) , times a 


§-function which fixes 2" to be 


Ry = Pa GS (0,0,«) 


(We shall simply drop the p” integration and the momentum 


label in }¥).) The integral over 2° now gives 


\ dz Pexp fi 2” (Pee °-4°)} = 


Re ree Ps -é€ 


= Mgt — ae ite 

This has a pole at w= mm, » and behaves near the 
i ame 

pole like aiEy 


ame *) md +m, +i€ 
where E, my Hn is the energy of particle ¥ . 


ama 
Finally, we note that 


Pa Pa’ = Pa Pe = Pr-fy = ma 
so (4.F.3) gives 
0-3 fz x 

<BIA,, (o)| ¥> aE Os) ey ; 


= =e 
Z| Ac, (o)le> ee OD, 
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Putting all this back into (4.G.7) , we find that all factors 
3 
QE and (a) cancel, and near the pole 
faerie ota (eyay (%,) 
ner (2) — ied pres Ua) 


dma —my +m rie 
The whole amplitude must be invariant under the interchange 


of @ with b and w with <n) » so the (42°) term in the 
pa 


time~-ordered product must yield a pole at — 2m, wo! =m \ 


» OF 
in other words, at Qm,w = mg my , with 


Mpies (w) aes 16m, ao ww! (i) ye ve (4 ¢.9) 


—Imw —mMy +mg? +i € 
Let us now write down our general low energy theorems. 


For clita we have w'=w » so inthe limit w+o the first term 
in (4.G.6) is of orderw’, except for pole terms with YA,=mM, 


The density commutation relations give 


BC2)<B]L AS (0), Aa’ (2)] lay = S%2) <@l fae EarcV, (o)} Jax >= 
= —4 Ean. $ (2) Coen (any, (4.6.10) 


while parity kills the contribution from i hes A,’ | . Using 
(4.G.8), (4.G.9), and (4.G.10) in (4.G.6) gives, for m=m, 
and WO , 


Mob,a0o)—> Bm, Fw l es L(%) py Ka a 


Yi mem, 
= CA COPE | +e Cate (te) bee ] 4. é.1i) 
For m,# Me » we have ie non-zero in the limit W490, so 
both terms in (4.G.6) vanish like & as WO , except for 
those pole terms where M,=M, or My =e - Inspection of 


(4.G.8) and(4.G.9) shows that, for wo with aba!) “ 
Mo wa) > 4+ Omg? 1 EL ODpy Go 
: y= My 
- ne CAR Oy, } (4.6.12) 
E 


¥emy= m 
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These results can be expressed more elegantly as formulas 
for the even and odd parts of the scattering amplitude at W=O . 


Define 


Mosca (a) = - Hes aa) +Mogar] (46.0) 
hee aa (w) = W+w' = Wien ( ola, w) a Moa ab er (4.6.14) 


Crossing symmetry says that 


Mer aca Lo) as Hea wb (w') (4.6.15) 


so we can also write 


He @- - hag ae 46) 


bb, ta 
Mowe - mee wal) Hey wa o'], (46. fm) 
and therefore 
aie 
= wa ©) Hay, awa (-w') (4.6.8) 


The low energy theorems (4, G.11) and (4.G.12) now read 


Me (2) = DEE Canp-mi- me) tape a “alias 


s— (4.6.19) 


Hens ACh = Bm, F rape {x oe (X.ye —Ua)px (XL) ye ite ddga | 


(4.G.20) 
both for M,=™p and for mM, img . ( Recall that (t pe vanishes 


if Me # My ).. fhe prime on the sums over vs indicate that 
we are to sum only over states ¥Y with Wy =M a or bal ets 
As discussed in Sec. 4E, we expect HO (co) to vanish as 
WwW —-yob something like i , so that it should satisfy an unsub- 
tracted dispersion relation. This dispersion relation, when 
saturated with single particle states, just amounts to a sum of 


pole terms, each defined to vanish as |w|-ye0 . Using (4.G.8) , 
(4.G.9) and (4.G.5), we have then ( dropping the ¢é ) 
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MO God = Om Ee? L Comgtomad)Cmgromg) 


eb x my — mY - ng? 


\ 1 
+ x 
hak j r z 1 2 \ 
am w my +m 2m,W —m, +m 


+} Ney dyn — es va} (46.21) 


The factor (my-m>) ( yy? gt) kills the contribution 
from any terms with My=, or Ls air | . Combining de- 


nominators gives then 


MO to) =-8m, Fo? dae TCAMCAME 


= a )oy Oe { (4 6.22) 


’ 


the double prime indicating that terms with mMmy=m, or sa ai 
are to be left out inthe sum. The sum of > ee ee Ba is 


just the sum over all ¥ 5 Be (4.G.20) and (4.G.22) give 


2 § (Koy es = %) gy Con. = Ll €abe Carn 


or, more simply, 
| eae e (4 G.23) 


Together with (4.F.7) and (4.F.8), this says that the 6 
matrices: he and Ky form a representation of the compact 
chiral algebra, su(2} x su(2) . 

The result (4.G.23) may be regarded as analogous with 
the algebraic version (2.L.13) of the Drell-Hearn Compton 
scattering sum rule. In both cases, the algebraic interpre- 


tation of the sum rule may be obtained most easily by the 
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infinite momentum method, but the method used here seems 

to be indispensable if we want to avoid all assumptions about 
high-momentum behaviour which do not follow clearly from the 
asymptotic behaviour of physical scattering amplitudes. If we 
were to assume that the % -matrix connects nucleon states 
only with other nucleon states, then (4.G.23) and (4.G.11) 
would require the axial-vector coupling constant Ya tobe +\ , 
a result analogous to the statement that if one-proton states 
saturate the dispersion relation for proton-photon forward 
scattering, then the proton must have gyromagnetic ratio 2 . 
Actually, higher states like the 3-3 resonances do contribute 
strongy in both pion-nucleon and photon-nucleon scattering, 
which is why Ja is not unity and de isnot 2. 

The Pomeranchuk and Pp’ trajectories prevent H+) 
from vanishing as @— »o00 , so we cannot derive any general 
sum rule from the low energy theorem (4.G.19) for yo) (c) 
However, we can separate out the part of the scattering ampli- 


tude with T=2 inthe ‘+ -channel: 


@) re) a) 
M oben (2) = Hist, aa (w) = + 3 ba Mesa (w) : (4.¢.24) 


Fubini and others have suggested that the absence of known 
trajectories with T=Q requires that MW) vanishes asW-»o0 , 
hat M” ; a on 

so that (w) obeys an unsubtracted dispersion relation. 
With (4.G.8) and (4.G. 9), the pole~saturated form of this 
dispersion relation reads 
(?) = -2 Bes Nien 
M ab,xa ) = 2 = » (mm 3 ny ~mg) x 


2 2 = ae Lt 2 
am,w ~™, +m, Am, Ww My TK 


Ae to + CORE see a 


and therefore Mp, > al = =-2 Ee - ' (auap-m,t-mig) e 


«LOD Lady + Lede Xn) ye — 380 Kgs Mal. 4.626) 


4.6.25) 


x 
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The low energy theorem (4.G.19) gives 
MS, we 9 FIR = (amy mom s° (4.427) 
{Mpg Key + (1), ne 35, (Woy aa J. 
Putting iocether (4.G. 26) ae (4.G.27), we have then 
z (2m ~m adel | 2) { (Xray Dy, + (a) 6¥ im), 4 
= $ yi & ay (Ke yy i Oo 


or, more simply 
(%.,[%e,m7]] = 4S) 0%] Gaze) 
where m is the mass matrix 
(mn? eS = 9 a Ma (4.6.29) 
This result can also be derived by the infinite momentum method, 
but apparently only by starting with Wa, FO , and then passing to 
the limit M,=O . ( Special cases of (4.G.23) and (4.G. 28) 
were first derived by Gilman and Hoenn without using the 
t-matrix. The algebraic significance of their results was thus 
somewhat ob scure.) 
The commutation relation (4.G.28) has a very appealing 


geometric significance. 


Defi 
ela, (4.6.30 ) 
Then (4.G.28) may be written 
(Xa, my | > —imy — 4.4.31) 


The Jacobi identity for Kaas aaa m7 sewden 
[xe fte, mT] - he ftameT] = [The tel,me] = 


: 2 2 2 
= Cand Cty, m. J = ~ €abdedce Me = Bye g ~ SecMy 3 
Inserting (4.G.31) gives then 


Ka my] =o My (4.6.32) 


= 
Taken together, (4.G. 31) and (4.G.32) imply that WwW, = and 
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os form the four components of a chiral four-vector, the 
representation (4,2) of SU (2) x SU (2) . Subtracting (4.G. 32) 
from (4.G.30) gives 
Hee : mm? | a 
or in other words 
m= MyM (4.@.33) 
where m, is a chiral scalar , 
Femene| = "9 
Thus the mass matrix is the sum of a chiral scalar and the 
fourth component of a chiral four-vector. 
If there were no P or ?! trajectories, we could derive 
a sum rule for M gcc), which would yield the result that 
m, in Eq (4,G.31) vanishes. It would then follow that m* 
commutes with the x -matrix, so particles of a given mass 
would have to form complete chiral multiplets. It is the trajec- 
tories with the quantum numbers of the vacuum that keep 
chirality from showing up as an obvious symmetry of the spec- 


trum of hadron states. 


H. Chiral Dynamics 
The use of relations like (4.B.3) and (4.D.5) allows us 


to express the matrix element for the emission of n soft pions 
as the product of a factor Fale times known matrix elements. 
The same must be true in any chiral invariant Lagrangian 
theory. If the Lagrangian is such that ae appears as a coupling 
constant, then the correct current algebra result must be 
obtained in nh order perturbation theory, except that we have 


to put in the correct axial couplings Re and, in problems more 
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complicated than pion scattering, the correct matrix element 
for the process sans soft piond bonus phenomenological 
Lagrangians can be used in chiral theories in just about the 
same way as in electrodynamics. 

We can construct a suitable chiral-invariant Lagrangian 
by the method described in Section 3D. The group G _ here 
is SU(2) X SU(2), and its algebraic subgroup H is the 
isospin group SU(2) . Any Lagrangian will be chiral-invariant 
if it is isospin invariant, and constructed only out of various 


fields ve their covariant derivatives 


eet 
OM! = a, ? Pare o,f, apm) 1, 
(44.9) 
and the covariant derivative of the pion field 
Dd, N= 3,1, Dap (T) | (4.4.2) 
We have here replaced the Goldstone boson field of Section 3D 


with 
t= le 4.4.3) 
ee ? 


where AN is a conventionally normalized pion field. (This 


normalization will have to be checked later on.) The functions 


UF and EAb are now defined by 


exp ey: co 7X, ] exp oe FE (m,+57,)X, J = 


yt ieee _ $1, [DAONe +E (eT | 
(4.4.4) 


where Ra and is are the generators of the abstract Lie 
algebra of SU(2) X SU(2), with 
Xee ed =¢€abe Ie ‘ es ore zu [xe = ¢ Egbe he 
(4.45) (4.4.6) 4.4.7) 
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The functions De and Eos can be calculated directly from 
(4.H.4) , using for xX and Y any finite matrix represen- 
tation of the commutation relations (4.H.5) - (4.H. 7). 


this way, we find 


Da (a) = Sy(S2) + Tks (1 - at) Gus) 


2 
pee! 

Egy () = Fy (2) eae Me , (4.4.9) 

where S =a Cry eo ‘ This is not the same reali- 


zation that I used to employ, but it turns out in the next section 
to have some remarkable advantages. 

The lowest order in ee in which mn soft pions can be 
emitted or absorbed, is fee : Hence the chiral-invariant 
Lagrangian is to be used only in lowest order, keeping only 
graphs without loops, in which trees of soft pions are attached 
to external lines of hadron processes. 

In carrying out such calculations, we are not really inter- 
ested in the most general possible chiral invariant Lagrangian, 
because the results can only be believed to the lowest order in 
the soft pion four-momenta. For instance, the most general 
purely pionic chiral invariant Lagrangian would contain terms 


of the form 


a 
2 y 

t= -20,4)-(0’ 9) - AL Q@0)-0'n) 

Cg Al v ~ ~ ~ S 
If only the first term is kept, then the matrix element for any 
process involving only soft pions will be of second order in pion 
momenta, while a tree graph of order MN in A will be of 
order A+an in the pion momenta. The leading term in 
the ‘soft pion limit will thus be generated by the first term alone, 


which for a conventionally normalized pion field, is 
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£7 - 4 ,7)-(0"n) | 


Similarly, the leading part of the soft pion interaction 
with other hadrons, generated by the second term in (4.H.1) : 
is linear in 245 oy AY. * 

4 On tm 
tiem a Sap 4M Fas (te P =-F om, Ey iV," 
yf P ‘ eee 

where N and by are respectively the non-pionic parts 
of the Lagrangian and the isospin current. This term, taken 
to second order in the pion field, gives a "universal" pion 
scattering length in agreement with the results of Section 4D. 
This verifies that (4.H.3) does give a correct field norma- 


lization. 


Finally, it is possible to have chiral-invariant interactions 


between hadrons and soft pions which are of first order in pion 


field derivatives, of the form 


, DAN =-F 8m, Da Ary. 


Comparison with the results of Section 4B for a single soft 
pion shows that AY is the non-pionic part of the axial- 
vector current. This conclusion, and also the verification 
of (4.H.3) , can also be obtained by direct calculation of the 
axial-vector current. 

The full effective Lagrangian for the interaction of soft 


pions with other hadrons is now given by 


Loe = ADT Da Bp LEME DIOA 
(4.4.10) 
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This Lagrangian will give results which satisfy the 
‘requirements of current algebra, or in other words, of 
dynamic chirality, for any choice of the operator he } 
including the possibility that Re vanishes. Where 
then do the restrictions on X derived in the last section 
come from t The answer can be seen by using (4.H. 10) 
to calculate the amplitude for forward scattering of a pion 
on arbitrary hadron targets. The EV term gives a scat- 
tering amplitude M? (10) which approaches a constant as 

uw) —» © , and in order to cancel this unphysical behav- 
iour, we must put in a DA coupling, with a coupling 
matrix x which satisfies the commutation relation 
(4.G. 23) . This was the route I personally took in arriving 
at these commutation relations, but the derivation given in 


the last section seems much more convincing. 


i Summing Soft Pions 


Having derived a Lagrangian which reproduces the results 
of current algebra, it is a natural next step to ask whether 
this Lagrangian ean be used to carry out realistic calculations 
* beyond the lowest order of perturbation theory. As an example, 
consider the exchange of an arbitrary number of soft pions 


[10] 


In the limit of large hadron momentum, the matrix ele- 


from the external lines of the hard hadron reaction toF. 


ments of the currents in (4.D.11) approach the limits 


am)? (4y'29")™ <p elA* oxy > 4p? % oe 4) 
(an)? (4p'?p)™ Cpe lV? lex — > 4pP Eg, (42) 


where x is the matrix introduced in Section F. The 
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numerators of the external line propagators just become pro- 
jection operators which, sandwiched between the V and A 
vertices, yield these mass-shell matrix elements. The 
denominators of the propagators have the familiar eikonal 
form ap4 : which, when Fourier transformed, becomes 
dYq \ 


amy Rp-qave exp Li(peg)-G,-x,) ] 


eX) Pp) = 


—> ag 8 em) OW) , Gia) 
where MA and yY are the auxiliary coordinates 
me x-Pt ve s(px4t). dry) 


In an external pion field TT &) ( ignoring pion-pion interactions 
for the moment) the effect of sandwiching a string of vertices 
between hard hadron propagators is to replace the final and 


initial state 'wave functions'' e@ te ed os by et™ F csp) 


and eee ia de. eeeecuvey: where 
re) 
oan “va, Sau... vy (av) Tlav), zs) 
n=) Vv Vy Vv, 
oD Vv V, Vat 
Teie2 Vay, \) dv, \ dv, Fl, y) ++ Tl«y,), 4.26) 
n=) ~oo ~ od -o 
where i is the matrix 


= Oa i 
Mix) = E [Dx + Ealmt,] ary) 


This looks complicated, but recalling the definition (4,H.4) 

of DPD and E we seethatif xX and ¢t obey the 
pame commutation relations (4.H.5) = (4.H.7) as x and ale 
then 


[= ac exp {-2i are f exp fai, % % § 
4.8) 
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The sums (4.1.5) and(4.1.6) are now easily carried out, 


and we find 


F = eee ne tz) 
L= ep Vere es x0} (4.5.10) 


The over-all effect of an external pion field on a hard hadron 
reaction matrix element is then that we are to make the 


replacement 


(ar) . ( Reh) —— Vdk oP BY copie ALM, 
(4.5.1) 


where AX is the sum of the Xx -matrices in the final state, 
acting from the left in the final particle indices, minus the sum 
of all x -matrices in the initial state, acting from the right 
on the initial particle indices. 

It remains to tie together the external line insertions 
described by (4.1.11) with soft pion propagators. Inspired 
by current algebga, we will include pion-pion interactions only 
to the extent of summing over purely pionic trees. The sum- 
mation technique has been described by Nambiit Wwe must first 


solve the nonlinear pion equation with an external source Mi C 
a 
OW =-3—- Jim) , (1.12) 


where 2) is the pionic current 


J=-— - Hy 
a> eer. C 1) (4.2.13) 
! 
with ae the pion self interaction 
{'- 540 Me =-3h oy re) 
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The sum of all pion trees for the vacuum-vacuum transition in 


an external pion field y is then 
ai Ty] = exp | NV dhea'y 4 &) ‘y(y) A wy (xy) + AVN eee 


-3 Vakdty Tk). Tly) Awe (-y) j ; ae =) 
where AS is the usual pion propagator 
4 : 
age et 


= l 
Ay x) = (amy 3" -re) ; 


4.5.16) 
By expanding the exponential (4.1.11) we see that the effect 
of tying together the pion insertions in external lines with pion 


trees is to make the replacement 


= ee 
amt 68 (pep) —> Vahey (E) A%, Mey 


x s" ly] ematate 
1=0 


Translational invariance requires that the variational derivative 


(4.2.17) 


here is % -independent, so we can replace $y) by $y (0) , 
The Xx -integral then just gives a factor (aw)* $*( ) , so the 
effect of pion exchange is just to insert into the S-matrix an 


additional factor 


Tr [2 ax s'w | (48) 


rr 


4 
However, direct calculation shows that for a source Yw&)= e§ (x). 


the solution of (4.1.12) is 
= Ja 
T (x) € re x) 


/ 
because for this function, J =O. Also £'=0, so (4,1. 15) 
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gives : 
TL Le Ste] = ep fe fo Anledf 
It is necessary to employ a cutoff at momentum N to dis- 


tinguish soft from hard pions. Summing only over soft pions 


ee 
byl) = Fas 


Hence the factor (4.1.18) is just (ERRATUM: See note [42 ) 


pe . 
exp § ae (any } (42.19) 


and the whole effect of the exchange of arbitrary soft pion trees 


in (4.1.16) gives 


is just to multiply the uncorrected S-matrix by this factor. 
It proves very convenient at this point to decompose the 


uncorrected S-matrix 5; into terms which, with 


on 
respect to multiple commutation with the matrix Ax ; behave 
like the representation CN/z, N/z ) of the algebra 

Ssu(2) X SU(2) , or in other words, like the 4+t-“+ component 
of a traceless symmetric tensor So of rank N. We 


then have 
eae be 


AX, AX, o =-iN A, a = 
oe KY oa, 
= -i(N Vi tned) 4 a +c eo a, ‘ ] 


and since oe is defined to be traceless, 


(AZ) S., = ~ ENP EONS, +3085, ] = NGS, 


Thus the effect of soft pion exchange is to suppress the part of 
the S-matrix which belongs to a representation (N/z , w/z.) 

by a factor 

pa ies 


A 
= NG) 
= { | 1.2.20) 


de 


exp } 


° 


The physical origin of this suppression is clear - the emission 
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of soft pions takes place more strongly in the part of the 
S-matrix with N large, and not at all in the part with Neo, 
so for large N_ the S-matrix for processes in which soft 
pions are not emitted must be suppressed in order to avoid 
violating unitarity. We therefore expect that at high energy, 
where our approximations may be valid, the S-matrix is 
dominated by terms which conserve algebraic chirality (N=o) 
or belong to low representations (N~)). Of course, most 
S-matrix elements are already suppressed by unitarity at 
high energy, and we don't want to count this suppression 
twice, so our remarks apply to the unsuppressed S-matrix 
elements, and most notably, to forward elastic scattering. 


The conjecture which comes out of all this is then that the 


residue of the Pomeranchukon may belong to a low represen- 


tation of the chiral algebra Xe Unfortunately, to test 
~~ 

this idea we have to know what 48 is. A good deal of 

analysis of pion and photon decay matrix elements must be 


done before these results can be test4d. 


The relation between algebraic and dynamic symmetries 


has turned out to be far more complicated than we might have 


expected. Dynamic symmetries like gauge invariance of the 


second kind and chirality are directly manifested in low energy 


theorems for bosons like photons or pions. When put together 


with unsubtracted, single-particle-saturated dispersion re- 
lations, these low energy theorems yield algebraic relations 
for matrices like Mo and x . These relations are still 
far short of providing a full-fledged algebraic symmetry like 
isospin conservation, because uM and x do not commute 
with the mass matrix (a failure which arises for x from 


' 
the presence of the vacuum trajectories le P ) or with 
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the S-matrix. However, the strong emission of soft pions in 
processes which violate algebraic chirality may lead toa 
suppression of the matrix elements for such processes at high 
energy, in which case chirality would play the role of an 


ordinary algebraic symmetry in the high energy limit. 
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(42]Added note: A serious algebraic error in the steps leading 
from (4.1.18) to (4.1.19) has been pointed out to me 
by Lowell Brown. According to (4.1.17) , the coeffi- 


cient of AXa, ie AXa,, in a power series expansion 
as 

of IL Le AX ue | must be completely 
av 

symmetrical in (ooo (ee » SO it should be evalu- 


ated by expanding alte [ e he (x) | in a power series 


expansionin €& , then symmetrizing the coefficient 

of ea mee ates in the indices CE Ooo Uy. and 

only then replacing @ by = V0 a Thus, in 
Tr — 


place of (4.1.19) , we should have a matrix 


M = a cr 4 Sia) Samak) <a 


n 


2n 


gedites 
where = ark, , and $ is the product of 
Kronecker deltas, averaged over permutations of the 


indices. That is, 


oe 
S (aed) = §Gachen + Seeeva SuOnione ae 
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and soon. To evaluate M it is easiest to use 


a trick, and write 


% (a,---a.,) = ant) \ 40. Akg 777 Akg 


tat oii 
where AK is a unit vector and df) is the element 
of solid angle in the direction of At . Then we have 


m= ty Sam [iar la an) exp (rear), 


For the terms Des in Sa belonging to the (Nz Ma) 
representation of Su(z) X SU(2), we have 
(4 -O%)* S,, =0 , 
CaPBE) So, = Se. > 
(w- ALY Soo = 4CM AL) Soa, 
M a£)*S,, = Liolw AX-9] Sas , 


and soon. This then gives 
Moo = Dee, 
eee * (ean) 5. , 
MS. = [4+ 3e7* U-5x9 15.2 , 
H5.,= [bee % ed (me ]5,, | 


tt 


There still is a suppression of all terms in 58 except 

Soa for the same reason as given previously. How- 
ever, for \=> e the even-rank tensors Dee sen ne 
are now only suppressed by finite numerical factors. 
The consequences for the P and p’ residues 
are more complicated than I had thought, but still 


well worth checking. 
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I. Introduction 


The main topic of this course will be the problem of defining 
local operator products in quantum field theory. Let Ay, Ay be 
two local field operators satisfying the usual postulates of quantum 
field theory. Ai Ay may be components of tensor or spinor fields. 
In general the operator product 


A, (x) ALY 


has a Singularity near x~y and for this reason it is not possible 


A, (x) A, 


at the same point in a naive sense. IK can easily be seek that a 


to define the product 


singularity necessarily occurs for any scalar field A(x), provided 
it has non-vanishing matrix elements between the vacuum Q and 


one particle states - : 
1 
(1, Awd) #0, BS =kb, ham”, 
By translation invariance 


(1, Ato $,) = ce i 
c= (1, Ae) $.) : 


Thus 


z d,k 
(n. ,AW 2) 2 \ a (1, A) é,| Be ere lel", 


~ 
O=Vieem , 


which of course diverges. 
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The simplest example is a free scalar field A, (x). 
In this case the total singularity of A, (x) A. (4) near ¥~y 
is carried by its vacuum expectation value < A) A, iy)) ' 
Subtracting the vacuum expectation value 

SALG)*! = bin {AIA () —SAGIAG) | GI) 
Ay 

one obtains a well-defined local operator in the limit which may be 
interpreted as the square of the free tielal?! 

Unfortunately the situation is more involved for interacting 
fields. The problem is to analyze the singularities of the operator 
product A ee A.) near x~y . Concerning these 
Singularities Wilso? thas made a powerful hypothesis which states 


that any operator product allows an expansion 
A (x48) A, (x3) ~ EQ)B A 4t-- + EQ) BAG) (22) 


up to terms vanishing for yt ©O . Here the B. are local field 
operators (anti-)commuting with themselves and = , aS well as any 


other local field operator @ of the model 
[B,, BW) ], =o 


The EF are functions of SN . The B may represent tensor or 


fr (xy) <0 3) 


spinor fields, accordingly the Ej are tensors or matrices in spin 


space. 
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If one is willing to make a number of assumptions one can 
indeed obtain such an expansion from general arguments. This 
will be discussed in section III, 1. The expansion will first be de- 


rived in the somewhat different form 
A, (x+B) A, (8) = 2 , ih, aa (x,n,¢) (1.4) 


where the operators C; are allowed to depend on the direction | 


wee , ea Tiel ty 


The coefficients f; satisfy the following conditions 


£ 
Lim 1 = 0 (x.6) 
ee a 

The last function f,, has the limit 
Lim § FO (it may be 00) (1.7) 


ae 


while the remainder vanishes 
dim R =O 2 for y¥ constant. ea) 
ee . 


Moreover the C; are linearly independent operators. 


By (I. 6) the functions are ordered according to decreasing 
Singularities. fi is the most singular coefficient, while aes is 
the least singular one, which may even be finite. It can be shown 


that the operators Cc; are local in the sense 
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[c. (x,n) Cj yD], (9) 


for &-y)*<o (I4) 
Lc, Gn, Ay], =0 
Suppose the C; are polynomials in UI (which is of course a strong 
assumption) then (I. 4) becomes an expansion of the form (I. 2) 
A,r 8A, 4) ~ EE) BIA + 
d 
fo ee ee 
4% } Pr,’ fa 
with a finite number of terms. The coefficients are 
Races Se Eeae 5 Pe = ae 
Be Os SS bare 
\$*\ (2 3 


(I-10) 


(r.1) 


BIW) = Cole 


With the expansion (I. 4) it is a straightforward matter to de- 
fine local operator products associated with AjAy . Dividing (I. 4) 
by fi one finds 


C= ban ———— tae 
5+ ty ( | ) 
since 
; 4; a da Vy. R = 
as consequence of (I.5-7). Furthermore 


C= She Aybar 8) Ase) — £,C, (x. 13) 
pre i 


Local Operator Products and Renormalization 403 


and finally m-i 
A, (at 3) AL(K-€) ~ L 4,6; | 
eee es! GH) 
gre +, 
The direction independent operators B. ; B, Pie Po are ob- 


tained by expanding C; with respect to the components of y| 
Which one of the operators B; is called the product A, (x)A,(x) 
is largely a matter of taste. Of course, one would exclude the 


identity which may appear as the first operator C,- 


As we have seen the operators C; are uniquely determined 
for given coefficients fi . The question arises how much freedom 
one has in choosing the Ci if the coefficients fi are permitted to 
change. Let us assume that fi ; C; and oe - Cc" are two sets of 
functions and operators satisfying the conditions ..4-1.9. 

Then it can be shown (section II. 1) that the operators C ; are de- 


termined up to an arbitrary triangular transformation 


Oy oT G 2 aC, cere 


(T.15) 


There is a corresponding transformation of the coefficients fi (see 


section HI. 1). 
Wilson has extended his hypothesis to the statement that 


A, (ve 3) A, (x3) 
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may even be equal to a series 
A, ber) A, (x-8) = 2 S (3) B (x) (C.16) 
| 


with an infinite number of terms. Here only a finite number of co- 
efficients become singular or different from zero at the origin while 
the remaining coefficients vanish for e+ OQ . Of course, it can 
be arranged that the B; are linearly independent. Moreover, 
Wilson makes a statement concerning the leading term of E is ) 
near 5 ~0 . Since this is related to scale invariance let us 


_ first assume a theory which is invariant under scale transforma- 
tions (=> Se : 


In the quantum mechanical sense this means that there is a family 


of unitary transformations U(s) with the property 
=| di : 
U(s) | B@) Uls) = 5“? O(sx) (c.17) 


for any local field operator of the theory. The realnumber d(6) 
is called the dimension of the operator 4) . Using this transforma- 
tion law Wilson determines the singularities of the coefficients in the 


following way. Applying the transformation U(s) to the expansion 
(L16) we get dtA)) rJ(A,) A (se +s) Ay (se-s$) = E@ SB 6 
d 
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Expanding AA, on the left hand side yields 
g EA) + d1A,) z, E, (s$) Bi (sx) = 


= y E (5) oy 5 (sx) 
J 


Since the B; are linearly independent we obtain 


E, 3) a ACA.) +d(A3) -d(B:) = (s3) 


as the scaling law of the coefficients. The exponent of s 
d(E;) = a(A,) +4 (A,)-d(B) = dA) C8) 


is called the dimension of E j and we have the result that in each 
term of the expansion the dimension of E; and the dimension of 


B; must add up to the total dimension of the left hand side 


d(e,) + dB.) = d(A,A,) . €.14) 
The dimension of E indicates the behavior for $0 : 
=) ak E, (6) (Z.20) 
i Me.) 
—ViEs 
E,W) = ) Ej (x) (x.21) 


with the variables (1.5). As a consequence the E. are singular 


or £0 inthe limit $0 onlyit d(B\< d(AA,). (2.22) 
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Hence the singular and non-vanishing terms are provided by op- 
erators B; of dimension less or equal to the dimension of the 


product A,A, ; 


Unfortunately in all realistic theories scale invariance is 
broken; in fact any mass term breaks the scale eee To 
make things worse, the indication is that scale invariance is not 
even recovered in the limit m+0O . One might define the dimen- 
sion d through the generator D of the scale transformations, but 
it may not even be possible to define D ina sensible way. So it is 


not clear how this part of Wilson's hypothesis should be formulated. 


However, dimensional arguments work very well in pertur- 
bation theory!3] In that case one may even use the conventional 
definition of dimension. As follows from the canonical commutation 
relations the dimensionsof a scalar field A anda spin 1/2 field Y 


in inverse units of length are 

diet , ah) = % (x. 23) 
Each derivative increases the dimension by one , 

d(2, 70, B) =  +dCB) , (x.24) 


and the dimension of a product of operators is 


d (AA) = d(Ajl+d.) (t.25) 
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For free fields of mass zero this dimension coincides with the di- 
mension defined by scale transformations. This is not so in gen- 
eral; a counter example is the scale invariant Thirring model where 
both definitions disagree !® 7) tn this case the dimension defined 
through scale invariance depends on the magnitude of the coupling 
constant. 

In section II. 2 local operator products will be defined for 
renormalizable theories which are finite in every order of pertur- 
bation theory. These operator products will be called normal pro- 


ductsand denoted by 


N{ Do) --d, 0 (© 26) 


where D;,; Areane dD, may be any derivatives of the basic field op- 


erators of the model. We will confirm that Wilson's expansion 


of 
A (xr§) A, (x8) = 2 Es) Oe ‘Gupay 
jai 
is valid in perturbation theory (Section II 7 ). A, and A, are 
derivatives of the basic fields. For the B; one takes all possible 
operator products (I.26). Concerning the singularities of the co- 


efficients we will find Wilson’s rule 


die) +4(B,)  d(AA,). (z.28) 


Here the dimensions of the operators are the free field dimensions 


given by the rules (I. 22-24). The dimension of E j is defined by 
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the leading term near ee 0 

e~ ley ee 24 

J 

up to logarithmic factors. Hence for renormalizable theories 
Wilson's hypothesis holds in perturbation theory with the conven- 
tional definition of dimension (with the possible exception of some 
mass zero theories). For the exact solution the situation may be 
quite different. This can be demonstrated in the Thirring model 
which is scale invariant. There Wilson's hypothesis holds in per- 
turbation theory with the conventional dimension. But this is no 
longer true for the exact solution of the Thirring model for which 


{7 


the dimension defined by scale transformations becomes relevant. 


In Chapter IV local field equations in finite terms will be 
discussed as an application of the operator expansions. We briefly 
explain the method. For definiteness we consider the case of At 


coupling. As interaction Lagrangian we take 


f= ~ NU - yer eenbaty) 5) (T. 30) 
where ee is the free Lagrangian 
oe Saad —4ynt AX 


m?, \ , a did b are iiilite conainey Slegpcre reer eaee 
normal operator product N{A(x)?1 leads to a surprisingly simple 


equation for the field operator 
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— (dam?) Aid= WN {AG)'}-aAG) +b (+m) AG). 31) 


(I. 31) resembles what one would formally obtain as equation of 


motion from the effective Lagrangian 


se = i + io (x. 32) 
with the only difference that the normal product is taken for the in- 
teraction term. So far (I. 31) is a linear relation between N{A3} 
and the field A and its derivatives.: In order to obtain a field 
equation for A alone the normal product should be expressed in 
terms of A. This can be done by using the expansion of 
Alc) AG) A(x-¥) 


near ¢~oO . The final result derived in section IV. 2 is 
~(O4 v7) At) = 


= ihm 7,8) = a8) AG) + Gpol8) MO"AD ay 


we F(3) 
gets) = se ae 


The Pe product 
Pex = 3 Ae+$) AG) Alx-8) + (x34) 


is defined by taking trivial vacuum subtractions 
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NG.) Ali) Ac,)+ = AG.) Abe) AG) ~ € AG,) Aled) AG.) 
—~ (Alia) Abg)) Abe) — (AGs)AG)Y AGL) 


(r.35) 
In quantum electrodynamics a field equation of a similar form was 
first proposed by Valatin 9; 10, 11] The limit form (I. 35) replaces 
the formal field equation of conventional renormalization theory 


which for this model reads 
sy ~I 2. Toe 
~(aemJA= ZZ QA7 - Sm A; (xr.36) 


Z3 is the renormalization constant of the field, Z 4 the renormal- 
ization constant of the vertex function. Since Zs Bers 4 and { m2 
are divergent in perturbation theory the equation does not make sense. 
In the limit form (I. 33) the coordinates of the singular product A3 
are taken apart and the divergent constants are replaced by functions 


of § which become singular at the origin. 
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Il. Renormalization! 4] 


1. Definition of the Finite Part of a Feynman Integral by Bogoliu- 
bov's Method. 


In this section the finite part of a Feynman integral 
will be defined in the form 

aa ae Va wedk,, Ry (2) 
where the modified integrand R r 1S obtained from the original 
integrand I r by subtracting a suitable number of counter terms. 
We first explain the notation which we use for the unrenormalized 
integrand I rr: Tet [ bea Feynman diagram belonging to an 
interaction described by a Lagrangian which is a local invariant 
polynomial of the fields and their derivatives. The vertices of the 
diagram are denoted by Vy gieale ts Vy . The lines connecting the 
vertices ve and Vb are denoted by Iny r To each line Lap or 
we asSign an internal momentum 

i a ie: 

To some of the vertices vy external momenta Pa oe are assigned. 
The total external momentum at V, is 


Ga aa 2 Pas 


nf aaa 


or 
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if Ve carries no external momenta. The unrenormalized integrand 


is of the form 


t= eo TR, (r3) 


aba ) 


with the propagators 


a 2 L = 
= lee ( tee Pac rielE tune) ; 


= : 
£70, Paceweoe 4) 
and polynomials P.. of the momenta 2 Abe joining at the vertex 
Va "ae abv jee F 
conventional form of the € -term in the propagator will be explained 


is a polynomial in The reason for the un- 


in Section I. 3. 


The internal momenta jog satisfy momentum conserva- 


tion relations 
X Aate * 4a Gs) 


at each vertex V,. In (II. 4) the internal momenta are written as 


ie oe Br Jabs - .«) 


The q abo | «are linear combinations of the Paw and form a 


particular solution of 


2 abo cae (x. 7) 
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The 4abs~ are called basic internal momenta, The &,,— 


are linear combinations of the integration variables ky, Scar ka 


and represent the general solution of the homogeneous equations 
& Fur =O (s) 

A diagram | is called proper if. it is connected and cannot 
be separated in two parts by cutting a single line. Proper diagrams 
are also called one-particle-irreducible. A diagram [ is called 
trivial if it consists of a single vertex and no line (Fig. 1). The 
dimension (or superficial divergence) of a proper diagram is de- 
fined by the dimension of the corresponding Feynman integral with 
respect to the integration variables. If J is proper we have 

d(T) = 2 d(AZ*")+ 2 dR) +4m fr) 
ars a ) 
- d( ies ) and d(P,) are the degrees of the propagator ner 
and the polynomial P,- For a proper subdiagram ¥ we have the 


dimension (or superficial divergence) 
us abo, s ; 
A’) = 20 d(Ap") +2 aR) +4ml¥), (rio) 


The sums are restricted to lines and vertices of Y, m (¥) is 
the number of independent integration vectors in the Feynman 


integral of ¥ . Y is called superficially divergent if d(y)Z0. 


We now turn to the definition of the renormalized integrand 


R_. A Simple example is Dyson's original prescription of con- 
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structing the finite part of a primitively divergent integrat.l9 4 
diagram . is called primitively divergent if it is proper, super- 
ficially divergent (i.e. d({) 2 © ) and becomes convergent if 


any internal line is broken up. In that case the finite part is simply 
ir 
pe a Jak, «+ dk, (4-4 ak €c.11) 


Here t" I r denotes the Taylor series with respect to the external 
variables p,~ around p,, = 0 up to order d(T). We give the 
explicit form of the Taylor operator. Let Py ses > Py be the ex- 
ternal momenta p,, of [ , consecutively numbered. Since lia 


is connected, M- 1 of the external momenta are independent and 


aa £ (pe, Puri) 


Then the Taylor operator is given by 


u £0 p+, Pia) = Flo 0) 4 oe + 


dp. 
l oa 
BS al rs Pay Pius 55 ene 
Dae aaa Pi. Pi 'p,=0 
For more complicated diagrams overlapping divergencies 


we write 


occur which will be disentangled by using Bogoliubov's R- operaeine4! 
for constructing the counter terms of the integrand. First we give 
some combinatorial definitions. Proper diagrams which are super- 
ficially divergent ( d(S) =o ) are called renormalization parts. 


Two subdiagrams F , ¥, are called disjoint , 


YY, =¢ 


) 
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if they have no line or vertex in common. Let fy aoe YF be 


a set of mutually disjoint connected subdiagrams of |. Then 


Fa Ae ¥ 


is defined by contracting each y, to a point. 


the reduced diagram 


We now give the definition of R a . iswhare 


normalization part we set 


ae R. : (ar.12) 


ff T is a renormalization part we set 


a 2 R (Ir. 13) 


The function R is defined recursively by 


y 
a ace an Dopo T| oa (cx) 


iS = 

eee ee. 26 EAS) 
The sum extends over all sets { By ae ie f of renormalization 
parts of Ne which are mutually disjoint and different from ¥ ) 

vA =¢ Sr i#j s GF. 

t 3 denotes a Taylor series in the external variables Pas 
of ¥ up to order d( X¥). We briefly explain how the variables 
Pay ek phe: pertaining to a subdiagram Y¥ are introduced. 


Let ve be a vertex belonging to x. The external momenta 
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¥ 
Par 
vectors -f,, of lines joining at V, but not belonging to o 


of Va are the external momenta Pag and in addition all 


Then the total external momentum da at Ve becomes 


qi = s Pas = ye oe (I. ) 


with the sum on extending over alllines aoe which 

join at Ve and belong to 7 . The momenta ab r? ee are 
then introduced in a way analogous to the case of |. . The internal 
momentum se is decomposed into 


ie A ae ore 


uv 


where the q,) go are ral solutions of 


i ‘uke 7 : (x. i?) 


v 
should be chosen such that the k 


abo become 


The solution q AiG: 
functions of k,, ... , k,, alone. 7] 


v 


Application of - t to Eq. (IL. 14) yields a recursion 


formula for Oy ; 
ae 
0, =-t 1,- 1 Dapguns. T 0. () 
{8% | 
which we will use in the following section. 


Finally we check that for primitively divergent diagrams 


Dyson's prescription is obtained. In our terminology a proper 
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diagram [- is primitively divergent, if the dimension d(r) 


is 20 and if J does not contain any renormalization part 
rf - . . Then 
kK, = I, 
and aes 
Re = (=<) ioe 


in agreement with (II. 11). 


Sometimes it is convenient to take more subtractions than 
would actually be necessary for convergence. To include this possi- 
bility we introduce a function S$ (¥) which assigns to every proper 


diagram Y¥ of [ an integer larger or equal to the dimension of Y 


SG) = a) . (ar 20) 
$(3) is called the degree of ¥Y . In addition we require 


§(x) 2 AV) + F 8G) (3. 21) 
j 


for any reduchion of the diugvom ¥ + ie. 

x = AB, °° 
Proper diagrams of non-negative degree are called renormalization 
parts relative to $(¥), Relative to §(¥) the finite part and the 
functions R x? O, ; Ry are then defined by equations similar to 
(II. 13- 15). 
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Figure ae 
A Awel diagram. Alin mirka with a bor dees mat bung +b the disso. 


GD GD os 


Frquee a 
Figure 3 4 
Fiquee ah. ae y ¥nt,=¢ 
¥,c%, a" 
figure 5. 
8,0, 
z ¢ 8) 
Figuee 6. 


A forest with Pree maximal clements : ¥,, 02, ¥; - 
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2. Explicit Form of the Renormalized Integrand 


In this section we will derive an explicit formula for the 
function R ri We begin with some combinatorial definitions con- 
cerning subdiagrams of a given diagram | . The diagrams. os 

vy are said to overlap 
Yo¥, 
if none of the following three relations holds 
3, Sh , 8%, : 408, =p ; 
Otherwise FF : ¥ 9 are called non-overlapping 
7 
2 
Figs, 2-5 indicates the various possibilities. 
Let [ be any diagram. A [ -forest U is a set of diagrams satis- 
fying the following conditions 


(i) the elements of U are renormalization parts 
CO ies er 

(ii) any two elements y. xe are non-over- 
lapping , 

(iii) U may also be the empty set. 


A f -forest U containing [ itself is calledfull, a [ -forest 
U not containing [ is callednormal. ff [ is a renormalization 
part then there is a one-to-one correspondence between full [~ - 


forests T and normal [ -forests U given by 


T=U+trs . @@.22) 
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Note that the empty set U = % corresponds to T={{ }. 


We first prove the following explicit formula for 0. 


Nevmal 
eat oz We (20 ae (1r.23) 
us AEU 
a Full 
OF ii 
T XeT 
Normal Full 


extends over all normal Y -forests, 2_ over all 


full ¥-forests. Inthe product Tj" (~+?) 


the factors are ordered such that Me stands to the left of tt if 
ADs. For ANT = fp the order is irrelevant since then the differ- 


ential operators tr and t° _—refer.to independent variablesee 


Both relations (II.23) and (II.24) are equivalent because of 
the one-to-one correspondence (II. 22) between full and normal 


forests. 


For the proof of (II. 23-24) we denote the expression (II, 23-24) 


~~ 


by the different ee e 


eo _ Ze. (1.25) 


AEVU 
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or 


c= Pr Cer. ( 26) 


ye OVeQy 


Our aim is to prove O, = Oy by showing that O, solves the 


recursive Eq. (II. 19). 

If the normal ¥ -forest U is not empty it contains some 
maximal elements which we denote by ¥p sean So (See Fig. 6). 
Let T; be the set of all YEU with yey, . Then U is 


the union 


BS eee TL, (1r. 27) 


A tree is a forest which has only one maximal element. Apparently 
each T; is a tree with 8 as the maximal element. Hence (II. 27) 
is the decomposition of the forest U into its trees Ty ee > Jk Bi 
We can now rewrite (II. 25) as 


yy, eae x} Hex 
GB=-1-22 LDL Te'’)--TeyT, 
f rf 7 nant U AeT, rel: 


The first term on the right hand side is the contribution from the 


empty forest. The sum £5, 02.4 Hey 


U 
extends over allforests U with the maximal elements B49 aes ¥. : 
The sum 2_ goes over all sets 1%; Me i 
PY, ue 
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normalization parts of ¥ which are mutually disjoint and different 


from rf 


T; is a full uF -forest. Replacing the sum over U by the 


sum over all T; and using 


Ay = Die IL ae bi (29) 


we get 
= ae 
es —t oe = Piety AB o--¥ 
Ful y ‘te 
Punk GL: =: Tee) IT, . (i. 3c) 
ae ‘ Tae 
full 
The sum extends over allfull ¥- -forests. With 


T; 3 
(I. 26) we have 


Opa —U Ty EZ Tipe gh G ta 


which is the recursion formula (0.19) for © Hence 


O22 0, 


This completes the proof of (II. 23-24). 


y . 


With this result it is easy to derive an explicit formula for 


R 


Ralls 


Substituting (II. 24) for O, into (11. 14) we obtain 
a aim = 
1s -) IE 
cae ee r 
- i anh (-+) Reo (x. 32) 
wv AEU i 


Local Operator Products and Renormalization 423 


This is an explicit formula for Gs . TET is nef a renovmalization 


part no | -forest may contain T , thus any J -forest is normal. 


=e Were 
U AEV 
where now the sum extends over all possible | -forests. Next 


Hence 


let | be a renormalization oe Then 


R.=k ~t R= 57 WeeL 4 
vo AeU 
Full 


a ES) 18 = 


O A€Ev 


=? TCATL 


Ob jAEU 
Hence in all cases we get as = result the following explicit 


formula for the renormalized integrand 
= P S 
R.=L Ter (ar.33) 
IP T 
O Ev 
with the sum going over all [ -forests. 


Finally we consider the special case that J has no over- 
lapping divergencies, i.e. any two renormalization parts af ie are 


non-overlapping. In that case the terms of (II.33) can be combined 


into the single product 


TT (2) i (xr. 34) 
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which is taken over all renormalization parts of [ . It is easily 


seen that (11.34) follows from (II. 33) by multiplying out the factors 


(4-t¢t : ). (11.34) represents Dyson's prescription for handling 


non-overlapping divergencies it9] 
3. Convergence of Renormalized Integrals. 


With a common denominator the renormalized integrand 


(IL. 33) may be written as 
a A 
R ~ BB, 35) 
B= TT uerpas tie +p) 
oe 
TT T4(Re2— pas rie (Ry a7 


where A is a polynomial in the integration variables and the ex- 


ternal momenta. The denominators in Bo come from differentiat- 
ing with respect to the external momenta Pee of a renormaliz- 
ation part ¥ and setting Pac =©. (See Eq. (1.17) ). Hence the 


finite part has the general form 


P is a polynomial in the integration variables and the external mo- 
menta. The four vectors i. are linear combinations of the in- 


tegration variables and the external momenta. 
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One would like to have absolute convergence for this integral. 
The natural way of checking this is power counting. But there is the 
well-known difficulty that Feynman integrals in Minkowski space are 
usually only conditionally convergent. We discuss this difficulty in 


the simple example 


i 
GB = OR) 
The Euclidean counterpart of (Ir.37) 


dk 
(Rs 2) 3 rr 35) 


is certainly absolutely convergent. But the Minkowski integral 
(II. 37) is not, as can be seen in the following way. If it were ab- 


solutely convergent any subintegral 


\ dk 
een +e )* 
ik 


would have to be absolutely convergent too. Suppose we take for R 


the shell between two hyperboloids 
ask’<>b 


Then 
er aes e| = A 


is boundedin R. Hence 
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Pi Leanne ena which Oe 
Wrosz mee) | pane ; as 


sides the volume of the shell is er 


However, there is an easy way out of this difficulty. If one 


simply replaces ie by (eé( Bn?) in (II. 37) 


adh oe 
\ (42— En sie (Bme)) (ir 34) 


the new integral is majorized by the Euclidean integral (11.38) due 


AG nied) + = +m fad 


to the inequality 


oe 
i "we ethan) 


Hence also (II. 36) is absolutely convergent provided the Euclidean 


version 


ir dl 


is absolutely convergent. But to (II. 41) we can apply Weinberg's 


Us +f ee) fx) 


= 4 


se 


fornd? lee the power counting theorem, which states that (II. 41) is 


absolutely convergent provided (II. 41) and any subintegral 


’ 


oV Tr (ft Aen AR 
H an ptt th) 
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have negative dimension. H is an arbitrary hyperplane in the 
4m-dimensional space of Ky, arc kK Thus the convergence 


proof is reduced to power counting. For a detailed proof we refer 
to [33,39], 

The limit €-—»0" is difficult to perform for the mo- 
mentum space integrals directly. A more convenient way is to re- 
write (II. 36) as a parametrized Feynman integral. Applying a 
method of Hepptl it can be shown that the parametrized integrals 


approach covariant distributions in the limit €->o BY] 


4. Bogoliubov's Method of Renormalization in Coordinate Space. 


Originally Bagathibot Formulated the renormalization 
rules for the regularized integrands of Feynman integrals in co- 
ordinate space. Hepp has proved that these renormalized integrands 
‘approach well-defined distributions in the limit when the regulariza- 


tion is removed and € ~» ot, [281 


In this section we.discuss the equivalence between the two 
formulations in coordinate and momentum apace! 1} We start out 
from the definition of the finite part in momentum space. For this 
purpose it is convenient to eliminate the polynomials sa assigned 


to vertices by changing the polynomials of the adjacent lines accord- 


1.= iA (xc.42) 


r abs” OF abo 


ingly. Moreover, 
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will be considered as function of the integration variables and the 
total external momenta q, at each vertex. An external momentum 


will be introduced for all vertices including the internal ones. We 


regularize according to Pauli-Villare? 2] 
REG REG ; 
i Sy (43) 
T abs i abs ’ 
where 
REG : 
=P (£ ‘oe: 2 ae 
as abo abt abe a — babs Spits ey (Ue re) 
at: m f ) 
moa se(E emg 2) 3. Wad 
i oe abo : 
The Ming are constants, the c’, (M) bounded functions of 
M which are arranged soe: that 
With this regularization the Fourier transform 
SY REG at a REG 
60° = VEE goa ( 
Ee aba (an)* < LN oath p) 


of the propagator is an ordinary function and already the unrenormalized 
Feynman integral J r is absolutely convergent for €>0O . The 
Fourier transforms of J r 


, the finite part F Cr and the cor- 


responding integrals over Re ram?) r are 
Sp Wha ents 255 § TAs) 


o Qnl" 
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a qx. 
R= \ehed 2 Mie. g erty § Rk, 4s) 


1D = wre b da ces 24; R 5 
R, = \then db, Be ae oe Been 


= ven dq, ant pairs © Gee : £) 
os \ ak, Qn)" s c ve , §(Z4) Or. © 


Here 4 r denotes the product of §-functions expressing momentum 


conservation. Let J. 5 Pe ve be the connected components of 
T, then 
: Cc 
Ome (ar-49) 
r j= Xf j 


where the ae denote the external variables attached to l 

(IZ, 45) is theintegrand of the unrenormalized Feynman amplitude, 

(II. 46) the integrand of the renormalized amplitude of the diagram 
| in coordinate space, both in regularized form. fi r becomes 

just a product of AN r -functions 


a hex (i sv) 


r abr Faber 
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For R r one derives a recursion formula by taking the Fourier 


transform of (II. 14) 


= Jee Fei Mee (xsi) 


{Vn %¢ © Ti 


The sum is taken over all sets iv, +00 Gig fof disjoint re- 

normalization parts with VF alee. a \S ... ¥, is the diagram 

obtained from | by omitting the lines belonging to oF ates ¥ é 
Cf is defined by (Il. 48) with 


O = - tO R, (x22) 


or in Hepp's notation 
ake is given by 


R= R_ sy) 


if | is no renormalization part and 
aetna ss) 
if | is a renormalization part. 


Finally the regularization must be wei by taking the 
EG 


limit H>o, Multiplying out all terms of ve Bi in the 


definition of © we obtain 
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bia =a ea (ir 56) 
where 


¥ abe ort | (r.s7) 


a 
abo 
A... = ie em = eee eels 5. 


The masses Maree Ore 


either = pusr 
T 
o = Mum, 
where the second value involving the auxiliary mass M is attained 


for at least one line ee of the diagram. Since Bogoliubov's 


R-operation is linear (see Eq. (II. 33) ) there is the similar relation 


Ri = R. ie x R: (rss) 


with Rt defined by applying the R-operation to [’ . According 


to the results of the previous section 


\ dk dk, K. as ) 


and 


V dk, wed k., Ro (1r6c) 


are separately absolutely convergent. 
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ic 
Since at least one factor en = of i contains M in the de- 
nominator it should be expected that the integrals (II.60) vanish in 
the limit M —> © . This can indeed be shown by appropriate 


estimates of the corresponding Euclidean integrals io i] Thus 
REG 
i \db, + dk, RK = abe ike R. 


ie G+ ) 


7 . REG ., 

Qn Daim SPkyon dey RES = je \hbyn Abe Rp 
cot Haw ove 

This implies that *R (x) approaches the Fourier transform of 


§ Dw | dled Re 


So 
which is known to be a covariant distribution. 


There are two minor differences between (II. 51-55) and 
the results of Bogoliubov, Parasiuk and Hepp 122,23 1 In their work 


(i) fewer Subtractions are used 
(ii) the € -term is treated in a covariant manner 
even before the limits M —> 6 and 


€ —» O° are taken. 


It can be shown that the additional subtractions of (II. 51) are re- 
dundant (provided they are dropped before the limit M —> © 

is taken) and that the difference of the expressions is of order € in 
the limit ¢€ -—» ot . Thus there is complete equivalence between 


the two formulations of Bogoliubov's method. 
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5. Feynman Rules for A* Coupling 


In this section the complete set of Feynman rules for the 


model of A+ coupling will be given. As Lagrangian we take 


ae me L, y ie 
. = & OAQYA~ Set? (xu) 
=-)(4 reg ee | hea) | 


- , a, b are finite . (IL. 62) is called the effective 
Lagrangian to distinguish it from the full Lagrangian involving di- 
vergent renormalization constants. The effective Lagrangian is 

used for defining the renormalized Green's functions as the finite 


part of the Gell-Mann Low seried**) ‘ 
<'T AG) Alx,)) = 
=F KT e Stmrdt hi) Aad G>, & 6) 


Here. A, is a free field satisfying 
"(i +m*) Aj.@) =o , 
[ A, (x), A a) =i % ey) fr P=¥? , (x c+) 
[A,0), AT = LAG), Au) Joo bevy’ 


ie 4 is the interaction Lagrangian with Pee inserted 


INT — te. (A A.) . (res) 


wT 


433 


434 Wolfhart Zimmermann 


The construction of the finite part is done according to the rules of 


the previous sections. We first expand the Fourier transform 
<T fi ACp,) a AG.) ty = 


66) 
= \ ax ore dy, | PCT {Ako +: At,) » 
( 


—_—, —, 
my (ary 


of (II. 63) with respect to Fynman diagrams i 


< TLAG) Med) =D <TEAG)-AGY (eed 
ee 


The sum extends over all Feynman diagrams [| with n external 
lines which can be built up using 4-vertices (Fig. 7) (corresponding 
to the A‘4-term) and 2-vertices (Fig. 8) (corresponding to the quad- 
ratic terms of oe jee ). Connected components of J” without 
external lines (i.e. disconnected closed loops) are not permitted. 


The contribution from the diagram | has the form 


~ r i een 
< TER -Agoty! = Jo Ser) Vdd, T, , e8) 


is the product of § -functions expressing energy-momentum 


$ Cr 
conservation (one factor for each connected component). The symmetry 


number Y¥(r)is [24 | 
rege (es (a e9) 
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Figere a. 

A 4-vertex . 
Figue 1. Fipre (0. 
ey eee Trip Line c 
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Figure +f 2 
A 2-vertex . 


Figure Ih. 
A bwe comnechng & 
vortex wile aself, 


436 Wolfhart Zimmermann 


where & is the number of double lines (i.e. pairs of vertices con- 
nected by two lines, Fig. 9), 6 is the number of triple lines 
(pairs of vertices connected by three lines, Fig. 10), % is the 
number of lines connecting a vertex with itself (Fig. 11)Ag is 
the number of automorphisms of the diagram, i.e. permutations 


of vertices which leave the diagram unchanged. 


R r is constructedfrom I, according to the rules of 
section II. 2-3. The insertion rules for the unrenormalized integral 
are: ; 

For each line : ) Foe ae (Liem) 
For each 4-vertex (Fig. 7): ~ Ged (I-70) 


(277) * 


For each 2-vertex (Fig. 8): <A@-+i Ab (2"—m *) 


The finite constants a and b are used to adjust pole and residue 


of the propagator. For the propagator we use the notation 


A, Gey = <THAQ, AW) , | 
(ir.71) 


A (») = vet Ae (x) dx 


a 


The function TJ] is introduced by 
As A x ae 
A= A +A, ieee Gr 72) 


where /\ is the free propagator 
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K ¢ 


A eS pm" tle 


F 


A / 
A has a pole at p2 =m* of residue i if TT and its de- 


mae fos a 2 2 
rivative vanish at p" =m 


TGA, Sr pam 70 73) 


According to (II. 72) Ale is the sum over all contributions from 


proper self-energy diagrams , 


Tats = y my F (p°) ? Cr.74) 
S 


Separating the contribution from the trivial diagram of Fig. 8 we 


get 
{ 
‘A eo - Leng) es alee 7 2 
Th (p) = cha +A bpm) + ae), Ors) 


where now the sum is restricted to non-trivial proper self-energy 


parts. The conditions (II. 73) then lead to the relations 


ho oe Sb FE (m') 


o ¥(s) ; ; 
; (ar. 76) 
hbo -+ a ots 
Xr = x(s) Op* p= 2 


which recursively determine a and b as power series in A with 


finite coefficients. 
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6. Unitarity Equations 


For the model of A*- coupling we defined the time ordered 
Green's functions of the field A by the finite part of the Gell- Mann 
Low series (see Eq. (II. 63) ). Similar definitions can be given for 


other renormalizable field theories. 


The question arises whether the Green's functions thus de- 
fined fulfill the postulates of quantum field theory in every order 
of perturbation theory. This is not obvious since the Gell-Mann 
Low series were taken as a definition. Moreover, the Feynman 
integrals were mutilated by an ad hoc prescription for removing 


the divergencies. 


Rigorous work has been done by Steinmann [27 nd Epstein- 
Glaser| 36 |concerning the locality and unitarity properties of 
Green's functions in perturbation theory. Though not all points 
have been clarified in a completely rigorous fashion their work in- 
dicates that the renormalized Green's functions do indeed satisfy 
Wightman 's postulated “4las well as the unitarity of the S- matrix 
in all orders of perturbation theory. 


Steinmann has constructed the Green's functions in every 
order starting from the unitarity equations of the retarded func- 
tions.[ 67,70 | These equations already imply that the Green's 
functions describe a local field operator with a unitary S- matrix. 


However, it remains still to be shown that the expressions found 
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by Steinmann are equivalent to the conventional Green's functions 


defined by Bogoliubov's rules. 


In a completely different approach Epstein and Glaser have 
constructed generalized Green's functions (including the time ordered 
and retarded functions) which rigorously satisfy locality along with 
the other postulates of Wightman's formulation. But there are still 
difficulties with checking the unitarity of the S-matrix. Possibly a 
comparison of the methods of Steinmann and Epstein-Glaser may 


already provide the complete answer to these questions. 


In this section a simple method of checking locality and uni- 
tarity is sketched which I used to convince myself that locality and 
unitarity are satisfied in renormalized perturbation theory. (4748 ] 
The method is certainly not rigorous, in particular some limits are 


interchanged without justification. 


We begin by checking the unitarity equations of the time or- 
dered functions which on the mass shell represent the unitarity re- 
lations of the S- matrix elements. In general field theory these 
equations follow by taking the vacuum expectation value of the op- 


erator identity 


Fa Tt) Tig) 22 eal 
creed T Gye) = TAG) +> AG) 
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The sum extends over all subsets (x; oe & ) of (x, oe x). 
1 v 


Summing over intermediate states and using the reduction tech- 


nique one eat the <aaamiae relations 
om (1) fen] QW \ days + daty da, “dey Fas ail va cS isi 4 
ou 
(rr. E 
Af a lacedKe Ketone); § 
(x,<2¢x,) = yer = AG,)> | 
for t-functions. Our aim is to check that (1.78) is satisfied by 
the Green's functions which we defined in the previous section. 
We consider the case of A*-coupling. In coordinate space the un- 


renormalized integrand of the contribution from y to 


ot STAM) AX) > 
J,= 1 RT AN G,-2,) (11.39) 


Here the propagators are regularized according to Pauli-Villars 
with the limit ¢€ —> o* already performed. The external co- 


ordinates X,> +++, X, and internal vertices Wy +++, Wy), are 


labeled consecutively by Zyy s+ y Ze ae is assigned to the 


vertex Zo and is 


P= i for an external vertex (i.e., endpoint x, 
of an external line), J 


—6:A fora 4-vertex, (1-40) 
: <_ > e 
and =P,= ¢ahtch C3, ” ae) for a 2-vertex. 
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ce 

LENS 
2, » 9%,» act on the coordinate Z, of the two propagators join- 
ing at Vee We are going to derive an identity for SI r - Modeled 
after the relation 

T AW) Bly) — At) Bly) ~ Bly) AG) + T AK) Bly) =O, 

we Set up an identity for two functions of two four vectors X41) Xo. 
First define a “time ordered" function tho by 
Fo Gam) Gr xbox,© 


(x,x,) = 
In £,, bus) Gr xPexe 


an antitime ordered function 849\ by 
£iGx) Be xe>x, 
542] (x, %) = 2i | ) ‘ 2 
fi. (xx) Say ee a 
and "mixed" functions 
ees GXa) = £1, x2) ‘ Sahn (x2) = £ (.x,] 
Then the identity 
Ghia Slee Sac + Jur) = 
holds for every X14» Xp- 
Before proceeding to the general case we give the cor- 


responding identity for functions fink of three four vectors Xy, 


jm *3 
Sd i5| it Jee aa Joshi ne Date a Shj23 — Jafiz ~ Jai > Fiza © 


with the functions g defined by 
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9 lias (x, «. %) Fg MohXs) for x 7XT PX te 


f_, (x, x23) toe oe <Xy 
oe) 


(x, %, Xs) 
5 123 
s N\A a eae 
One (4, 0%) = $e Ke) ee x, >) iS j 
J als Wor) = te, (xix) £ %; <x; Gasl2 
In the general case define 
: - . 
4i (X77 &),) = f. ce (x7, ) bias eee 
ivy - | 
. (k,+<+ x, ) Cp Whee oye 
% Care 


Eel 


Gyesin lion dn Oo SRR ce (X81) 


a Gace Oe ¢,) are the permutations of G dy) 


cree (K++ xn) ae 


, > * ° o 6 .o 
and eee yn) with X ceeeni Sy olan x2 . Then the 


nw 


identity 


n vi me a 
Ci) Jizan + (-i) ye Bale + ee Jugh-- sae Gin 
a, ot 
‘ ' (z.82) 
follows with the abbreviation 
Aree oa elect en = SLA. 


We apply the identity (II. 82) to the integrand (II. 79) of the 
Feynman integral belonging to fe . As functions f we take 
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£, & z= TP TW i An 7) 
a abs 


leeen 
: § sf 
(with the sign of the arguments in A determined by a > b) 


and 


Fi Gore) TR Tee Gn), 8) 


With the sign of the arguments determined by aR ifazc,, 
b= ip . Applying the definitions (II.81) to the functions (IL. 83) 


we get 


Sia eon tenella A, _ (eh) = Sp _ 94) 


ey an VT, "TS BF Gem)eey I 
ars) 


using the usual connections between NS A. and ; A ie 
which are retained in the Pauli-Villars ee [48] Next 


we determine the mixed functions g. Any subset ai os Z of 
v 


(z,--. Z,) defines a cut C of the diagram | which separates 


Z. ... Z, from the remaining coordinates z. ...Z. . Let 
Vy Jy Iy41 In 
i be the subdiagram of |. which contains the vertices 
aes we a and any line connecting these vertices, T_ be the 
vy 


subdiagram with vertices z.  ... 2, and connecting lines. 
y+l n 
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With this notation 


oN a 
ee et) q. J, ' (or at} 


where 3 denote the integrals associated with i and i 


SE mm ib ie A’ (zie. Gr $1) 


The products are restricted to lines and vertices of i ; I, is 


the product over all ee associated with lines cut by C 


c 
= en. a “(2,- 2 (ar 83) 


With (II. 84-88) the equation (II. 82) already gives formal unitarity 
for the unrenormalized Feynman amplitude after integrating over 


the internal coordinates. 


Before taking the limit M — >» c® we must make the 
necessary subtractions. Fortunately the counter terms have a 
structure similar to J, . They represent products of We - 
functions associated with reduced diagrams of [ , times dis- 
tributions which contribute for coinciding arguments only. Com- 
bining the identities (II. 82) for J; and the subtraction terms 
one finds for the renormalized integrands 


ee ‘KR. ae =O. (x54) 


Gy: Jy) " 
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Integrating over the internal coordinates, taking the imitlS] 

M —* o and finally summing over all [one obtains the 
unitarity relations, (11.78). The integration over the internal co- 
ordinates is best performed by considering the Fourier transform 
with respect to the z j first. To avoid divergent or ambiguous ex- 
pressions for momenta near the mass shell it is necessary to ful- 
fill the conditions (.73) by choosing a and b according to 

(u. 76) #9] 


This completes the check that the S- matrix is unitary in 


renormalized perturbation theory. 


In order to see that the Green's functions define a local 
quantum field theory one has to show that a field operator A(x) 
can be constructed which satisfies the usual postulates and has the 
time ordered functions (II. 63). Necessary and sufficient for this 
are the unitarity equations of the retarded functions combined with 
the symmetry and retardedness requirements for the solutions. 
Since retarded functions will not be used in the work that follows 


we restrict ourselves to a brief description of the method. 


The retarded operator product 
R (x x,-%q ) = Ed" TO) OK -x)] [AN AG) AG] 
Gr 40) 
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can be expressed by (anti-) time ordered products 


4 n 


(ar.41) 


This relation suggests defining the contribution to 
rls xxd = < Re xem, 2 (42) 
from the Feynman diagram T by the renormalized integrand 


»\N t Gy 
Ree berae)= OTEK RE TR 


(ar-43) 


Zip cee By denote the variables x, Ky, +++ 


Raced eaD CF Tn, I A. 


» xX) and the in- 


ternal coordinates wy, ... , Wee The sum goes over all sub- 


sets @, » +++, 2) not containing the variable x. Other- 
1 ot 


wise the notation is the same as in Eq. (II. 86-89). The retarded 
functions thus defined have the correct properties, such as sym- 


metry in Ky, ++. X invariance and retardedness. 


n ») 
The unitarity equations to be satisfied are 
OG YX, HHT XK) = 


n 0} 


= 2 4. y fda Ki Ke aa es Ne 
a u if wi i ‘ ryt 
x A (u,-47) Ww N (Tera) Kye Kas, rly ) te a A .4,) — 


— ( yey) , CE.44) 
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These relations can be verified by using the identity 


Leg 2 ~ 26% 


aalla ty dy | Raat Gy = 


ol + 
in 26) » JR Ry |e, nm g ~ (4,292) 


G45) 


> goes over all(z, ... z, ) which do not contain z 
' iy oi 1? 


ae over all sets (z; ...Z, ) not containing Z) . The func- 
1 Ton 
tions g are again defined by (II. 81, 83), the functions b by 


Pia lly [DL y lon, romg i ' fr) 


= t, Bre 24 ke (A? 4 lm, nae (252) | 


The meet of b form a permutation of the numbers (3, ... , n) 
with the following properties ( y< p ): 


* : 2 « * : x ‘ 
Tl We i is a permutation of (5, dy such that (X, t Dy <{x, ! ), 
cy Kost is a permutation of (ky, -- ‘ ek 1) such he igh Ce x), 
{ e Y 
= dt y is a permutation of (Q a Le ) such that Ky <b), 

ae m'¢ 44 is a permutation of (m, -. mg 2) such that 

Co atten j 
The sum on the right hand side of (II. 95) extends over all ordered 


partitions of (3... n) into classes 


Cj, da) (k, i Ler fy) (mw, wt) 
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Ill. Operator Product Expansions 
1. General Derivation 


We begin with a derivation of Wilson's operator product ex- 
pansion in the general framework of quantum field theory. We will, 
however, have to make a number of restrictive assumptions. More- 
over, some questions of mathematical rigor are put aside, in par- 
ticular we will not concern ourselves with domain problems of op- 


erators in Hilbert space. 


We consider a product of two operators 
P(xt) = A Gea) A, &§) Car.) 


which may also be a Suitably defined (anti-)time ordered product 


or any other type of operator product 


PEE) = TAC 3)A,L-8) or TAGs 8)A, 63). 
_ (ar.2) 
For suitable vectors & ; ‘the matrix elements 


(E Pet) £) 
are differentiable functions of x as is indicated by 
2, (EPG) B) =-CE, LP, PIP) 
In general (III. 1-2) will be a distribution in § , but we assume 
that (III. 1-2) may be considered as an ordinary function off the 
light cone (i.e. Se £ 0). 
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We are interested in two problems: 
(i) The definition of local operator products associated with the 
formal product A, (&) A, (x) 
(ii) The complete analysis of the singularities of P(x,§ ) near 


= =0. 


Both problems are of course closely related to each other. We in- 


troduce the direction ) and the length ° of the vector § by 
$ : 
eat Neaieae | (ar3) 


and consider P henceforth as a function of x, 4 and § : 


P(x $) = Plxx,¢) 


If P diverges for e =o we define an operator 


c (x ”) = du. Pons) (weak limit) 
p20 £ (9) F 
dividing P bya Suitable function f 1 The singularity of fy is 
restricted by the condition that the result be finite and different 
from zero. A Suitable fy can be found if we make the assumption 


that there are some matrix elements of P 
{ 
( Ple'y's) P) Gs) 


which near g =O are as singular as or more singular than all 


other matrix elements of FP. 
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In other words 


F Pung? 
in (E P(xyg\®) for ¢) 
pro (E! PUu'n'y) BY 
exists for any @, 2, x,and 1 + Choosing any of these most 


singular matrix elements (MI. 4) as the function f,; the operator 


(Il. 4) should have finite and non-vanishing matrix elements. 


By (I. 3) the operator C , is local in the sense that 


TA.&), C,lynd]y = . 
G7) 


eC a at yu) Pa 
for (x - y)? < 0 with commutators or anticommutators taken ap- 
propriately. The (anti-)commutators vanish already before the 


limit provided ? is small enough. 


In many cases C, turns out to be a multiple of the identity. 
In perturbation theory it seems to be a general rule that the most 


Singular part of a matrix element is given by 
(B, Plan) £) ~< Pere)? (BF), Gs) 
provided the vacuum expectation value does not vanish ; 


< PCy 3)? Oo. 


A rigorous theorem by de Mottoni and Genz concerning this point 


will be quoted later. 
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With ( 10.3 ) one obtains 
C@, P&y9) f) 
eee eG DP 
ee < Pim) ; ) 


or 
Q=4 

If the vacuum expectation value vanishes 
Z Pune)? =O ) 


(MI. 4) may lead to a suitable definition, but we will see that in 
general there are more local operators which should be associated 
with P. 

We now turn to the second problem of analyzing the singu- 
larities of the operator product. To this end we introduce the re- 


mainder 


which vanishes in the limit 

Gm Y (xno) =0 ) Gir.tc} 

P20 
because of (II. 4). In order to get some information about the 
singularities of P near } = 0 we multiply (Il.9) by £,( 9) and 


solve for P 


Plxye) = £.(9) C (xy) +P, ng) ; Gr.) 
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with 


P, (ce) = . (o)y, (une) : 


Here fj — 06 and ry =O for Cao Hence nothing 


can be said in general about the limit of Po . 2 


ee VSS 
(ex & 
(I. 12) aiready gives complete information on the singularities of 
P near § = 0: 
| § | 
Pusd= § WipT)C&, =) +? KS), 
(ar..13) 
with 


Hence the term £1Cy carries the total singularity of P. If how- 
ever P, diverges the product P has additional singularities near 


} = 0. If this is the case we repeat the procedure for 
Pa lene) = Plane ~4(9) C&x) (us| 


We choose one of the most Singular matrix elements f 


and form Che Qo. Blend) 


gro P(e) Gr: ic) 
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With this we get more information on the Singularities of P. In- 


troducing the remainder 


ry (xg) = P, (xn 9) = C, (xy) | 
f, \¢) (av.17) 


we have 
Lae (xx 9) =o. (uc .1¢) 
920 
With 
ie ae aoe (ar.17 ) 
we obtain 
we = f on + ie : (ar. 20) 


Inserting (I. 20) into (IM. 11) we obtain 


Poem) =F bp) Cy) + Fle) & key) 4B eng). 


aaxgea) 
Here fo is less singular than fy 


£2 Co) =O (ar. eo) 
£, () 
e370 1X? 
which means that we have refined our analysis of the singularities 


of P. (II1.22) follows from 
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Diem £4) = Oaa (EP, eng) B) /4. (0) Ei) 7 
Cameo C7° CH Ptens) B) VEG) © E, ?, one EA,() 


because 
i nr Se ( Eq. mw 10) 
Ree 
and 
Rend ~ Cun) #0, brie) 
oie £, (¢) 


for at least one matrix element. 


In this way we may proceed until we arrive at a term Pe 
which vanishes at iS =0. It is of course an assumption that the 
process terminates after a finite number ot steps. As a result 


one has the expansion 
Plre) = i (9)C, (xn) +e + (0) Cer) +Rlxy e) (a .23) 


with the following properties 
fi (6) S es oe Ee 
oe 0 ae r.24) 


p20 


Lim §,(p) za  0R tin G)= «#0. acas) 


gro 


hum Rin) =O. (ir 26) 


ee 
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The operators . are given by 


C; = ie ost a Ga (ur. 27) 


and satisfy the locality conditions (I. 9). 


Some arbitrariness in the expansion can be removed by re- 
quiring that the G are linearly independent. This can always be 
arranged without changing the general properties of the functions 


f.. For if there is a linear relation 
La) 
XW ay oe = 2 (wa, =o) 
y=| 


we express the C; with the highest subscript b = j , by 


y 
Cae, Ce? 
b-1 
eS Ss ae C. os 


Then 

b-t zn : 

oe eC et, 

a J 3 J jre J 

jo! 
The new coefficients again satisfy the conditions (III.24-25). In 
this way all linear relations among the C j can be removed until 
the finite set of operators is linearly independent. An expansion 
of P satisfying the conditions (II. 23-26) with linearly independ- 


ent C; is called a standard expansion. 


455 


(III. 27) 
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If the operators < are polynomials in the components of 
% Eq. (Ml. 23) takes the form (I. 9-10) of Wilson's expansion. 
(I. 19) implies that the Bi, B : are local operators in the 


Piet’ Fa 
usual sense. 


De Mottoni and Ganz pnered a theorem concerning the 
most singular term E 1Py in the expansion of 
Pix e) = AlsS)A(e-8) 
where A is a (pseudo-)scalar field. They found that the vacuum 


expectation value 


<8> +e (1.28 ) 


is different from zero provided the Wightman functions have a power 
type behavior for coinciding points. In conjunction with the ex- 
pansion (II. 23) the rezation (III. 28) implies that the vacuum ex- 


pectation value is the most singular matrix element of P. 


Fmally we quote without proof a uniqueness theorem which 
clarifies to what extent the operators G and coefficients i of a 


standard expansion can be changed. 


Let n | 
Ef, () Cb) Rea?) 


and 


i} 


Plead = LMU) © Ge) + RC) 
j>! 
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be two standard expansions of the same operator product. It then 


follows that 
(i) nt =n, C=HAC 
with c=(C, Bate c.), ' ={c' aie Ce) 
and 


(ii) a, £0 for “=1,..., n 


(iii) The £',;(9) satisty Af’ =f-}, 


where A is the Eee eed matrix of A and 
(iv) R' =R+ oe c 
yd 
On the other hand any set of operators @’ j and functions f 4 
given by the transformations (i) and (iii) leads to a standard ex- 
pansion of P. ry may be any triangular matrix with non-vanish- 
ing diagonal elements, and the functions h; are arbitrary provided 


Nine h. =O 


e270 
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Unfortunately the general method of this section cannot be 
used in perturbation theory. One reason is that it is often impos- 


sible to decide whether a power series 
; ae 
Pa a+ Cae e 4 ee 
is more Singular than another one 
La 2 
e =b + D, 8) 4 + 3, &) 4 i) #lens 
-Let the coefficients Se be logarithmically divergent at § = 0. 
Then, in general, both ratios P/Q, Q/P are power series with 
logarithmically divergent coefficients at ¢ =0. In this case it 


does not make sense to compare the strength of the singularities 


of P and Q in perturbation theory. 


We will therefore proceed in a different way. First local 
operator products will be defined in renormalized perturbation 
theory. Expansions of time ordered operator products with re- 
spect to these local operators will then be verified to every order 


of perturbation theory. 


2. Notation of Greens Functions 


In this section we collect some definitions of Greens 
functions which will be used in the work that follows. The Fourier 


transform of a time ordered product will be denoted by 
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= {esd A aie T Ox) 0,6,), (1.29) 


The oi are components of local field operators. In particular 
0; may be a component of a vector field A, » a spinor field ve 


or a (pseudo-)scalar field A. Propagators are defined by 


A! &-y) = <TAW AW), A, OD =<TAAG) 
{ = 
S- ix-y) = <TH) ly) > (qi 30) 
Neh ipx / Dy x 
A. (y) = Saxe A.) , vnilody Lr a Sse) 


The connected part of a time ordered function is defined re- 
cursively by 
LT0,& S++ On) > = (ar: 31) 
own _ Conn 
> 2 SIR Nae > pce Or x). -3) 


The sum extends over all partitions of Kyo ee) X, into classes 


oo Arie ) Ree” (Xe, —) 
In (III. 31) and some of the following formulae operators should 
always be ordered such that the over all permutation of the fermion 
operators is even. In perturbation theory the connected part is 
given by the sum over all connected Feynman diagrams. The 


Fourier transform of the connected part is of the form 
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pe Cown ; mS ae TRowe 
LT Hl ¢)O,0,)> = S(LeJ<TOG)»--O.@,)>. 


(ar. 32) 
A Fourier transformation with respect to Py yields 


ae aq TRONE - me CONN 
<TOlg) Ol) = Qn) TO, (0) O,lp,)---Onlp,). 
(ar. 33) 
The generalized Wick product 


; 0, (x) “<D (vy) 3 


is defined recursively by 
T 0,4) On l,) = 20,0,) 0 Ona) s + (ar.34) 
+ Da < 10; ey yr 0, ee 2 


The sum extends over all partitions of (x1, vee x,) into classes 


Gage) Omi, 


where the second class may be empty. 
The mixed product 
oF 20. )+0 ©, &,) Onn e, 
is defined by 
T 0,lc) + On bin) 0/4) On Gy) = Gr3s) 
= T 3 0,&)---0,&,) 2 O, {y,)* O, \y) + 


+ < PO, oe aes Oy)-Oy) , 


In perturbation theory 
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e se / ( 
LT 2 OVX) #60, Ku)! OF Lye Of (yy) ? 
is given by the sum of all terms where at least one Y; is attached 


to every connected component. 


Next we introduce the factorization 


ST § 0,6) O,6)7 Oy) OLS = 
lr Conn 
~ a a ok ce Ke WO%, (ye, ee erro 


Conny 


t : 
x TOO lye Jere S (ar 36) 
The sum extends over all ordered partitions of Yyo +++ In into 


n+1 classes 


os) Cye ee ) eae Cy, rcs) 


“i 


(y. <7) is assigned to x,, j=1,.-. , n. one) 


ae J 
may be empty. 
In perturbation theory the factorization is just the sum of 
all diagrams for which no pair of different variables (x; P x) is 
connected by a path (Fig. 12). We give some simple properties 


of the factorization. For N=n 


( r 
CT fA) Aad Aly,)-Aly,) > = paves. &,- y A. &:-9,) | 


with the sum taken over all permutations of the x.. (ix .37) 
DENG f FACT 
0, (x,)**+O,, &&,) ©, y,)«°O ( = {Ce n>N. 


ZTLOW FO ly) +O, GOT = < TOW OY) OLY). 
(Tir: 37) 


J oF 


Figure (2. 
Diagromns conbr buting 


Fire 13. 
“Diagrams relakd by A = iz 5 


Ji 


Ay he factorization. 


Jw 
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In a model described by a single (pseudo-) scalar field A(x) 
we introduce the proper part 
PROP 
ZT AY Aba) tA) Alyy) 5 (ar. 40) 


by the recursive formula 


Yhap ie A (x,) ee AG): A ly,) + Aly, SS = 
N 


re ad YAR de, ST: Abe) AG): AG) AGS f 
STAC) Alen FAL) AY ee 


For a unique definition we must require (ar.40) to be symmetric 
in Yyo ++ Ye In perturbation theory (III. 40) is the sum over all 


diagrams satisfying the following conditions 
(i) At least one Yj is attached to each connected component 


(ii) The diagram does not permit one particle cuts which 


would separate a group of coordinates \ nn A from 
1 ow 


»X, andthe remaining y, ...y, .(a=Nis 
n i ing 


2% Pern 
1? a+l 


permitted). 
Condition (ii) may equivalently be stated as: The diagram should 
become proper after identifying Xj =X. 
We give a few simple examples: 
LT Ae): 49 = SG) (as. 42) 
LT AW AWIAU) AQIS” =o Sr nol, G8) 
ee Kp) i Klp,): Nan yee” oe 427 Ap ACpa): AG)? 


4, 9) (ar.¢) 
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We also introduce the proper part 


; PReP 
ZT Bw Ay,) “Aly, )> ‘ Gar. 45) 
for an arbitrary operator B(x). We define (III. 45) recursively by 


TBH) AY) Aly = 
=) 3 Vda da. CT BW ALB) AG) 
pag FacT 
1 Al) AY) Aly, ) 
2 TAG) yg.) Aly _ 


We briefly indicate how the proper part of a Greens function 
Should be defined in other models. Consider a model which is de- 
scribed by a Lagrangian involving two elementary fields, a spin 
1/2 field ~ (x) and a (pseudo- )scalar field A(x) (for instance the 
pseudoscalar interaction). Let B be any field operator or a 
generalized Wick product of fields Y and A 
B=0,0) 


or 


e 
BS Ot eae, ), 


Then the proper part 
LT Blu) ++: Fly,)o AG S™? or) 


is defined recursively by 


CT BC (a) Cy (a> = 
- De Te Sax, iy ely 2 od, ST BIG) Fy)-AG) YS 


a,b,¢ FACT 
amet STL Fx) ply) Ale $C, ke) Cyl.) 
(ur. 48) 
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For a model involving a vector field A p and a spin 1/2 field Se 
as elementary fields (for instance, quantum electrodynamics) the 


proper part is defined by 


£7 Be, (u,)-- Ce = >» <a ae Vee “dK, dy dy, d2,-d2, » 


iy Teen Facr 
CT BY) Hyd AL ed" CT FRG) Hy) AM Felecia) 


(ur 49) 
Finally we need the elementary part 
ae 
hes 0 (x) «+ 0,06 2 Cf.) Cy la) 
In perturbation theory the elementary part is defined by the sum 
of all connected diagrams contributing to the proper part. Ac- 


cordingly 


<T 10, (x) Oy ten): Cy.) Cola) = 
= age Ge) ie -C; wy i 
ys ‘ F EL 
« oy. 0 2 Ci 4)" > : (wr. so) 


The sum goes over all partitions of Kyo cee Vy into classes 


ee) ae (x: an Tia) 


with at least one xj and one Yj in every class. We note the 


particularly simple relation between proper and elementary parts 


for n =2 fora scalar field A 
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PRoP 


XT: AGAGG) Aly.) AY)Y = 
EL 

foes . 4)) ¢ ly)» Aly) 7 Ce N>2, 

KT + AlqAls) + Aly,) + Aly,,) Oe 


iT 
and 


Ep : 
=s one Alx,) Abs) : Aly.) Aly.) ) a $(x,-y,) $(-4,) ra $O,-y,) $(x,-4.) : 
(r.52) 
For later reference we give the free field value of the proper parts: 


re He (x) A, eae A,ly,) ai Akg 4 = 
= oc. 2 PS Ue ye) $&,-y.,) : (ur.s3) 


with the sum extending over all permutations P of Vy eee oY 


PROP _ 


n’ 
In the following section local field operators B(x) will be 
defined through their Green’s functions 
<a Bi) Aly,)+ Alyy) > (ar. s4) 
The matrix elements of B(x) between incoming and outgoing states 


can be expressed in terms of (III. 54) by using the reduction formulae 
[ss [SBU)AX bY] A* (kJ = 
N a Zz 
= CA" eft) elh,) Gan T (iam) < ws} 
«T BY AUR) AU) fir kaw? 


Aas (x) denotes the incoming field. It is not obvious that the time 
ordered Green's functions of the operator B(x) given by (II. 55) 


are identical to the original functions (I. 54) (up to contributions 
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from coinciding arguments). This requires the validity of some 
consistency conditions which are similar to the unitarity equations 
of the retarded functions. For the operators studied in the follow- 
ing sections these conditions are always satisfied as can be checked 


by the methods of section II. 6. 


3. Normal Operator Products 


We consider the model of a scalar field A(x) with At. 


(py? means 


coupling. Let A denote derivatives of the 


field A 
ar) = Xp, A, \p), 7 CH , Paws) 
Op, _ Opi ap Gr st) 
Then the normal operator product 
Bix) =N { Ag, Ay, Ff (a7) 


is defined by the Green's functions 


KT BH Aly) Aly)? = 
— i Cet re) © oO. S 
Fin CT fexplif 42) Ayo) Ay’) 2 i i) 
The symbol "Fin" means again that the finite part of each Feyn- 
man integral should be taken according to the rules of Section 


1.2. The diagrams contributing to (I. 58) contain a new vertex 


V with coordinate x which requires additional subtractions. The 
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number of subtractions is determined by the degree $(%) which 
is assigned to proper parts containing Y. For the operator pro- 


duct (III.57) we choose §(%) as the dimension of the diagram Xs 


SQ) = d (8). 
We will also need operators 
BeG) = Nef Aye) Ay,  f (ar 54) 

which are constructed with additional subtractions. The degree & 
of the operator may be any integer which is greater or equal to the 
dimension d of B 

d = Nt Des # Cp; 

# (p); = ng) = degree Ae Cry (ar.s0) 

Szd S=arc. C=0, Ui cay Or 


The Green's functions 


£T B.A) + Aly) > (ar.«1) 


are defined by (III. 58) but with a larger number of subtractions. 
To any proper part 3 containing V we assign the degree 
§(Q3) = dee, c=ah-d 
where d(X) is the dimension (or superficial divergence) of X¥ . 
For §= d we have 
B= By 
The Feynman rules for constructing the unrenormalized 


integrand of 
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~~ tT ~ A 
a B. (p) A(4,)--- Ala.) > (ar.63) 
are conveniently derived in the following way. Let [bea 


diagram with external lines Kyo soe Xy Vyy +++ Vy contributing 


to the Green's function 
ST AG) AK, YAG) AQ > | 
Identifying the coordinates 


XK, =x 


we obtain a diagram (\ contributing to (II.61). The diagrams 
f and A are related by a one-to-one correspondence which 
we denote by (Fig 13) 
(ee \T=A Gr) 
Let [have the following connected components : 


i Faia in ae ee Bar 
i 
ro |. j at least one x andone y are attached. To ir only 
y are attached and to r” only x. With this the unre- 


normalized contribution from [ becomes 
tnd lod ~ ~ r 
<T Alp) © Alpn) Ag.) AG.Y2,, = 
= 8. Ue) Jak sdk, De Pn Gu Gus% Kin) 2 


e—vor 


$= SCZ a0 S Gin) WCE Gin) TSS hse), 


(ar. 45) 
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Pir jue Gin, # ee denote the external momenta belong- 
ingto. | 1 or J." respectively. A Fourier trans- 
one : req] 


formation with respect to the %j yields F 
ZT Ayy bad Agy, Ge) Big) -AQ,) 7, = r ’. 
a com evden e* 5 Peg 8, dim Val den 
Pez =) TH); Se eee oe 


{yi = Poe (ee 
Introducing new variables of integration 


G) n 7 
fee <r + Ke Rea oe 
p a =k ie 
we obtain ne . 
an A i): (x) tae (xn) AG) AG)? a (ar. ¢¢) 
“2B; ‘Tak 1 
= aa THK, Ta a A ae 


where in the new variables 
8, = Oz K.) OI K".) . (T¢') (ar-ca) 


Setting =x and taking a Fourier transform with respect to x 
we get 


<T BG) Aly) HAY, = 
— M F 4 / 
= §, be, \Tak, aK’ 46S,’ I 


(ar. 10] 
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where a ae 

ils = oy Y, ; ia 

by = Slp+Tg,) WSCIg! ) (7) 
at T SCZ KA) TSK) 


This ee ents the explicit construction of the unre- 
normalized ese The finite part of the integral is given by 
<T Bia) Al)” = 
= Vite, STANESER | oa) 
Here an 5 is ees by sitesi the R- ane with the 
degree — (1II.62) to (III.71). Finally we sum over all 


diagrams 


<T Bp) AQ)» Ala)? = 


=- > < TB tp) AG)» Au,)y° 
= 6 (0.73) 


with 
¥(a) = ¥(r) 
It is often convenient to have a normal product 
Ne {Ags Gd he Aw, lx) § fxr. 144) 


“available which approaches the local product (III. 59) in the limit 
x. —> x. For the Green's functions this means that the contri- 


bution STN LA, Gd" Ay FAG) AG)? TBs) 
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should approach the Fourier transform of (III. 70) 
-? A 
i AG)“ AG) = 
LST AK, aK oS, bain Gtaa; WS 


€0+ 


=a 
? SF pe a te) 
in the limit x; > % (Il. 76) suggests defining 
ET Ne {Ag ba)» Aap, a) FAQ) AG) 2° = 
Gir AK dK eo 20% a fn Cdk od dk, re 
(ar-77) 


which indeed approaches (II. 76) in a suitable limit. However, 
due to the presence of the € -limit it is not easy to study the limit 
x, > x rigorously. A careful analysis shows that the limit must 
be taken such that all quantities 

X= % 


V1 &.-% 9) 


stay bounded. Otherwise the limit may diverge since (III. 77) in 


general has Singularities on the light cone. In the following 
sections we will study in detail the relation between (III. 77) and 


en 
the ordinary Green's functions 


<T Aap, + Aga, ben) Alq) AG)? = tarn3\ 
= den UNG, Maes FHS Bae Wak; F Re 


oe o* 
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Eventually these investigations will lead to a proof of Wilson's 


hypothesis in perturbation theory. 


We finally note that at different points x; the normal pro- 
ducts can be defined for any integer Da However, for S<d the 


limit x; —> x does not exist. In particular we have 


NTR ep be Ayy 6 4 = T Ags Ga) Bg, en) 


Since for 5 = -1 no subtractions are performed for proper parts 


containing V. 


In the remainder of this section we will work out some 
normalization conditions which are satisfied by normal operator 
products. Let A\ bea diagram which contributes to (II. 73) and 
is a renormalization part. An external line of A\ which is directly 
attached to V is called triviaL We assume that /\ has no 


trivial lines. The relation 


§ S06) = 5 
Ret late ek 
implies 
S$, Gn $ - 
Oey" By) K,=0 ) Ae 24,=0 
provided 


2 ae), SBR SN . 
The condition also holds for renormalization parts containing trivial 


external lines, but the proof is more involved in that case. Differ- 
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entiating (I.77) with respect to q we obtain Ge] 


| oa use A 
<T Me {Av {) Ai, (%n)f Ay Ais, Y go 
Summing over all proper diagrams we obtain the final form of the 


normalization condition 
PRep 


<T Ne BTA Ay KO} AG, (- A @) = 
PREP 
< Aya oe: Ay cl A 3, (ur x0) 


N+ 2 #0), <8 (ars) 


The right hand side of (II. 80) is the contribution from the trivial 


(v) 


provided 


vertex V. A, denotes a free field’ the value of (III. 80) is de- 
termined from (III. 53). 


For ci a 0 (III. 80) becomes a normalization condition of the local 
operator product 
aaa Be ©) A ©) . Aw, (2) wits _ 
s/: © Oo ; ~ 6 DizcP 
ye Au, i) 7 A : ee Aaa) Ay ie ()Y 
aa | 2 (ar 82) 
4. Algebraic Identities. 50] 


In this section we will investigate the relation between 
R rc and the renormalized integrand Re which we used for 
defining norma! operator products, in the case of A* coupling. 


More generally let [ be a diagram belonging to a Lagrangian 
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which is a local, invariant polynomial in the fields and their 
derivatives. V,, ... , V are some vertices of [~ , each of 
them connected to the remainder of the diagram by a single line 
L, with momentum 4. A is the diagram obtained from |~ 
by identifying the vertices Vip praaes ve to a new vertex V to 
which a polynomial P in the & is assigned. R, is then con- 
structed according to Bogoliubov's rules with the dimension 
§ 


d(X¥ ) as degree function for renormalization parts. R A is 


constructed with d(¥) for renormalization parts not containing 


V and iene 
$Qx) = AQ) +e (ar 33) 
for renormalization parts containing V. The relation between 
§ and c is 
S =dte 
d=n+ deyee P 


tS 
Using the explicit formulae derived in section OI, 5 R- and R A 


may be written as 


Roa ieee. r.$4 

TF Vertr) seu a ( 

a CUT, rss) 
2 vEeUls) yer 


with a = Tae 
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VL (r) is the set of all [ -forests, U(A) the set of all 
A-forests. Apparently 
UA) = UN+ & 
where } is the set of all A -forests with at least one renormaliza- 


tion part ¥Y containing V. From (Il. 85) 


Dive Gz +) 


W 
rn 
i 


xy ft 
x = Dm. Te (t } i (ur 87) 
. Ly 
VEd Fey 
The problem will be to write X in aconvenient form. First we 
note that any two elements ¥ , X‘ of U containing V must satisfy 
Yew yoy 
For YA # p since yy have V incommon. Hence 
among all elements y €{(J containing V there is a smallest one 


which we callT. Then 


U = Uv,» fr} (ir. ss) 
U, is the set of all ¥ « U(x 47) with Tc¥ or tay =f. 
U, is the set ofall Ye U(Y¥A 7) with yoo . (M188) implies 


eee) T ¢ )(-9 TT C4*) Ges) 
ae) Yeu, 


Let 0 be the subdiagram of | which corresponds to the 
subdiagram T of /\ . Inother words, T=@ 
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is obtained from O’ by identifying the vertices V fo 2s gw 


Apparently U, is aforest of o . 


2 
With this information (III. 87) becomes 


K=-22 2 TWRoaenre) 


TET UEM_ U,€UG) YEU, Yeu, ee es 


Here T is the set of all renormalization parts T of A which 
contain V. n x is the set of all A -forests Uy having the 
property thateach ¥€ U, satisfies 


TOY 2 TNHX=S. 


(a) is the set of all ¢-forests. (II.87) and (II. 90) represent 
the final form of the algebraic identities which will be used in the 
following sections for checking Wilson's hypothesis in perturbation 


theory. 


We shortly discuss a generalization of (III. 87), (III. 90) which 
will be needed in section III. 7 for the relation between normal pro- 
ducts of different degree. Suppose me and Re are formed 
with different degrees 


Ga ae 


We have 


= ae (=x-41) 


7 Vea) eu 
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x Ty 
ie 8 <7) 2s r.42) 
A VE UCA} ie ) ( 
with ue : uy denoting the appropriate Taylor operators. For 
any xX containing V_ we split 
> f a .¥ LS y 93) 
while ne 
| en aS ve) 
ty rt 4 
for & which donot contain V. Substituting (III. 93) into (II. 91) 
we obtain 
eer ia 
veh FeF(v) Yeu 
Here ‘*(U) is the family of functions with the property 
a 1S 
F either = - ¢ | cr ~(t- ty) 


x 
if ¥ contains V 


or Fy =) =-ty, 


if "y does not contain V. 
For any U there is afunction F, in "F(U) which assigns 


Fi=-t toany Ye U 


Local Operator Products and Renormalization 479 


Taking out all terms with eae we find 
o> _ of 
X= DO 7 


., Ue Fetrio FFF, rev 
U is the set of all forests having at least one element ¥ which 
contains V . We have torearrange X . For FA F,, there is 
a smallest element T in U_ which contains V and satisfies 

_ te 
= Ber et om 

For given U and F we decompose 
where U, and Uy are defined as before. As generalization of 


(II. 87), (T.90) we finally obtain 
be 
mek, 
y 
X= = 2. Ctl) 


tTeT Vem Ue) s€U 


*(-45-4,)) TH Ce) T,. 


r, Ne , 0 are defined as in the sient case. 


(44) 


5. Singularities of TA(x,) A(x,) at Short Distances 


In this and the following sections we will use the identities of 
the renormalized Feynman integrands for the derivation of Wilson's 


expansion formulae. We begin with the case of TA (x,)A (5) and 
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try to determine the singularities near x; ~ Xp - 
First we recall the definition of the Green's functions 
KT AG) AG): AG) AGS 
KT NG AG)*E Aly.) Aly)? 
TN {Abed AG) Aly) Aly) 7 (ar 45) 


N2Q 


in perturbation theory. 
Let [ be aconnected diagram with N +2 external verlies labeled 
by Xj Xp» Yy-- Wy Let 
—l 
Nees! 
be the diagram which is obtainedfrom | by identifying (Fig. 13) 
Sze al 
The new vertex at x is called V. The contributions from J] , 
Ato (I. 95) are 
— , wo : ai (fh 
£T AG) Aw): A iq.) ” Alay = 
. ear \ dK, dic, SK, HG ) ee tpoxrt pax) x 
% Niwa Vdee, ak, K (f, Pe4qu qn Rie b) ; (ern ae) 


eacr 
7 tr2 ~ WA aime -( PA f - ; 
<T NEA TAG) AG = Gaye Phe Vlad, + 


« SG) Me dE RY (ner qenge kk.) Gra 
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<T NT Mul AIF AG)- Ary = 25 (due die, Slavs) 


ate hy ; 
te I deol, Rn Bp pngukyk,). rat) 


é4o" 
th the preceding section we proved that the integrands R- 
and ue appearing in (III. 96 - 98) are related by 
mel. 2 
in a em K, + x (i. 94) 
with 
Y=- v 
X9EY LL Wee )T CVT, 
TET UEM, UF) Ya, You, 


reste 


In the work that follows we will study the expression X in some 
detail. First we should determine all possible diagrams T to 
be summed.over in (III.100). The set T was introduced as the 
set of all renormalization parts containing V . These are the 
proper and non-trivial subdiagrams of AN which contain the 
vertex V and have dimension 

Aly) 20 
Now 

dir) =2-a 
where a is the number of lines connecting ~ with the remainder 
af A (see Fig. 14). Hence for N> 0 only diagrams with a = 2 
are eligible (Fig. 15). Their dimension is AM=O 
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V 
T 
sf tee 4« 
Figure 4 Figure 1S. 
Suledingrens vv codronoy Vv Revere ta tv, pet { 8 
Camected by a ines fo faz Lnchnonong V : 


rest & He Aiegriom 5 


Yo 


Fyre 16. Konermals min part T and corresponding digit 
volokad by Gir. 10 i). 


V 


o 


eet err diagrem cnr V. 
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Therefore T is the set of all proper, non-trivia! subdiagrams T 
of A which contain the vertex V and are connected to the re- 
mainder of a by two lines. The Taylor operator becomes 


T Acr) ° 
to=t qe ta, 


and prescribes merely that the external momenta of T be set equal 


to zero. 


The diagram QO was defined by 
T= oO ar .101) 
i.e. ‘T is obtained from gq by identifying x1 =X - (Fig. 16) 
The set of allsuch o is called S. (IM.101) is a one-to-one 
correspondence between S and T. For any subdiagram O of 


re the unrenormalized Feynman integrands factorize 
(car 2 ) 


or 
(Qa) ai 3 (ar)” Tay, ee (Zr.\03) 


due to the convention 


— 


; oS) SSeS 5h, ss 
(ny aN = 1; ) Qs) Lay, = Lege 


We shall see that also X factorizes. To this end we recall that 


ss (ar ; 104 ) 
U,é Ih 
extends over all forests of renormalization parts ¥ of is which 


satisfy Xv oe YATH=HaS. 


the sum 
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Accordingly (III. 104) can be replaced by the sum over all forests 
f 
U' of A/t with elements Y =¥/y. The sum 


U,€F() 
extends over all renormalization parts of G . Combining this in- 
formation with (Il. 100) and (III. 103) we obtain 


om Gar. 105 ) 
ee ee aad 
ae 
Raye = = ig Ce) T, +A/, = )- Ty (ee )Iy 
Ve YEO ve F (Me) fou ie 
R= 2... (eer es 
VeF) yeu 


Hence X is a sum of terms which factorize into the renormalized 
integrand of the reduced diagram A/- andithe renormalized 
integrand of 0 . Thus 


(y (2) 
gk = 2042 Ry 2, (ar 106) 
Multiplying by 


Sicha PH _ civ eget elton 


with x, = “+ ¥ ; x = x~F Gr 67) 
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and integrating over K; and k, we obtain 
XT: AK AG): At) 1p) 
= CTN AG) AGI Aig)? + 
: ore A eo 
e(aay" os CTN YAU Ala) fe LT AGA) Aly)” 


The same relation holds for disconnected [ . Summing over all 


(cor. 10%) 


possible | one finds 
£7 AL) A): RQ) KGY = 
= CT N{AGIAG)} AUG.) Rg,)) + (az. 1) 
2\4t ; 
+ GD" GUC TN {AW FAG) Alg,)) 
“(2 Ft ST AALS) B09 
G(s) 2 ¥(o) 


with 
Zz 


roy 2 TROP faa 
= <THAL)ACE) AY = Ga, 
Gar.119) 
Aer 2 2 . yeas | 
Multiplying (11.109) by factors q j7™ and setting q j7™ 
one obtains the operator equation 


M(x) Al): = N JAW) AG) § + 
+ Gal! GON {Aw bar) 


as a consequence of the reduction formulae. Introducing the re- 


mainder Riyx,)=N {AGIA} NAW eve) 
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we can write (III.111) in the equivalent form 


T Alas) AG-8) = E, (8) +6, (8) N {AWY Gia, 
with 


EW) =<TAMAIR)Y  £8)- ee) same | 
(ar it 


The remainder vanishes in the limit 


Rix, PO Ge § 0 and si - bemled 
Applying the reduction technique to some of the q, only one obtains 
TT: Alx+3) Alx-8): Aly,) \ Alyy) = 
= E, (8) T Aly)» Aly,)4 E, 8) TN CAG} Aly) -Aly,)e 


skal S gota) tar. 11s) 


Ro & $70 «J ue bonded 
ike 
Finally we check Wilson's statement concerning the leading 
Singularities of the coefficients z . Since the diagrams contributing 
to Ey have superficial divergence 2 the function Ey 
quadratically divergent. The diagrams contributing to E 


is at most 
9 have 
superficial divergence O, hence Eo is at most logarithmically 


divergent. It can be checked in lowest order that the indicated 
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Singularities are actually present. Hence Wilson's rule is satis- 
fied with 

GEN 2 

d(e,) +a(A) =] 


In perturbation theory we found that the coefficients E 
equal certain Green's functions. These relations can be obtained 
more easily from the expansion formulae (IM.115) with N=0 , 
2 by uSing the normalization conditions of N § 3} , which we 
found in the preceding section. Details will not be given here 
since Chapter IV will contain numerous examples for this method 


of determining the coefficients E i: 


6. Expansion of TA(x,)A() with Respect to Normal Products of 
Constant Degree. 


In the last section we determined the singularities of 
TA (x, )A(Xy) near xX, ~ X, in perturbation theory. We are inter- 
ested in the following more general problems: 

(i) Higher order terms in Wilson's expansion (I. 27) 

(ii) Singularities of derivatives of TA(K,)AG) 


It will be seen that both problems are closely related to each other. 
As a first step towards the solution of these problems we will de- 


rive a formula which expresses TA(x, )A(&5) by local operators 
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of a given degree 9 . This will be a generalization of Eq. (II. 113) 


which expressed TA(x,)A(x,) in terms of operators of degree 
§=2. 
We consider the Green's function 
£T Ng { AG.) Ale) J Aly.) Aly) (ar) 
of the normal product 
— Alx,) CAL, 


of degree Sra 2. The contribution from a connected diagram to 


(MI. 116) is given by 


LT Ng {AMY AG,S § Ala) AGY" = 
\ dx, dk, SK aK) e~ (Pr i‘ 
x Jim Vdd bp Rr, 8) (P24, qh ie jon 


Eot 
Again we use the identity (III. 86), (III.90). This time T is the set 


= ee 
en 


of all proper, non-trivial subdiagrams of A which contain V and 
which have degree 


§ (xr) =de)+e = §-a = OF 


Here 
C= ser 
denotes the number of additional subtractions used in the definition 


of N ox Hence the number of lines connecting T with the re- 


Local Operator Products and Renormalization 489 


mainder of /\ is restricted by 

ass , & even. 
The number of lines joining at the reduced vertex of Ale is a. 
The factorization (II. 102) leads to 


Ke- 20 ap a CHT : 
is 1 


« res = TT ee \T ~ (a 18) 
F (co) Sev, ; 
The fr -factor sive ons 


\" apy 


Gr) i= a eer 


The explicit form of the Taylor operator is 


di ey 


£F uO! 
=) C2 a yt 40 le), ‘ “0, “yr 7 
a+ I Fle) #d 
with q5 = 0 in the differentiated expression. By definition the 
external momenta 4 of T equal 
4 ‘ies ‘- . 4a ay Re i 
where the {., .. L denote the total momenta of the lines con- 


necting 7 with the remainder of the diagram DS vod Introducing 


H# (), # (2), 
Taj, = Leet) Mee GI 


a ( a 
we obtain the following factorization of X : 


(ar ui) 
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ee 


o_o * 
veT OO, CZ # le)! 
; ) ~ e) Poh Me 
A RK : lg Lar" ane oe K i, 
‘ . ta te) 
(s) poe eeeal 
KR pee ef ee 


See 
at (che vem Sev, 


k= 2. ) Ga 


UEF) eu 


(S 
oe Ge is a contribution to the Green's function 


LTN yt Aa, in) Ag | ir) } AG). Alay) 
Thus we hens om (III. 86) 
\ (c) , / 
Gam\t Br = Ky = » | (in. 9 ) 
with X given by (IIL. Multiplying (II. 119) by (II. 107), in- 


tegrating over the internal momenta and summing over [ we ob- 
MDT Ng (Alen) AK B)F AG) BQ = 

a Atsa$) Als-8): Rig) AG)? * 

> r G, ae MIA, ( A i} fAl)- Aa) 


ytd) cp), Cy 
Gt el “(Ply (aw. pel 
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The sum is restricted to values of a, (9)4; Are. (a for which 
aw +Z #(e), Za and a even. (ar.)2)) 


The function G is given by 


g oi Bo) ep peas): A 0)--A rey 
WG al (Lal)! 
(ar 12) 
The elementary part 5°" was defined (Eq. (IIL 50)) by the 
sum over all connected diagrams 9 which contribute to the proper 
CP 
Daa 


part < This corresponds to the sum over all non-trivial 


proper parts T= o. 


Using the reduction formulae we obtain the following operator 
form of (II. 120) ; 
s Alxa8)AG-3) + = Ng TAGE) AG-8) $+ 
+ y i GOP) Nod Avo (y) ss Aig, 
a=) (Pll, 
a+ TZ Hp), <4 — (o- 123) 


with the sum restricted by (III. 121). 


Unfortunately (III. 123) does not meet the requirements of 
Wilson's expansion. Indeed the non-vanishing coefficients G all 


diverge for ta oO while in (I. 27) it is required that the co- 
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efficient of 


NI AG WO» Avy, & f 
decrease like 

gto ee s =Vig4 
The reason for this is that (II. 123) uses operator products of con- 
stant degree S . “But < is different from the dimension d of 
the operator product for the higher terms. In the following section 
we will derive a modified expansion formula in which the degree 
equals the dimension of the local operator products occurring in the 


expansion. 


It should be remarked, however, that expansions of constant 
degree are sufficient for the discussion of field equations in re- 
normalizable theories. 

7. Wilson's Expansion of TA(x,)A(X5) and nae! 
Light Cone Singularities 


We first establish some relations between normal products 


of different degree. We consider the Green's functions 


KT Ne FAC) AGF Aly, Alyy) 2 ae, 
ZT Ng LAG) AG) Aly) AG.) 
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andassume @<§& . The contributions from a connected diagram 
to (III. 124) are given by (MII. 117). The two renormalized integrands 
R% and ro are related by identity (III. 94). Applying the 


methods developed in the preceding section we obtain 


Ng LAC) Als-89} = Ny i 2 
cine | (3) By (x) (ar vs) 


with the se iicn ' 


The sum ae goes over all values of ; pf which satisfy 
C2 a4 Z#(—); 55 Gir.126 ) 
The An H are ee by 
~ (6); “) Alp) ?) 
on H Sub era <TH, JABACH ACL... AO) 
al (L¥ yf - (ar 127) 
Here the elementary part < , denotes the sum over all con- 
tributions to re > ial excluding the contribution from the 
trivial diagram Fig. 17. Accordingly the relation between < >> 
and < >is 
; ae 7 aie ~ PRoP 
<T Nei AG) AGATA GAG)? = 


=KTNg Sale) Ale) f AG) RGD + | 
T hee: A.q)+ AG) (rng) 
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The second term on the right hand side is the proper part of a free 


field A, which is given by (III. 53). 
Setting 9 = § -1 in (III. 125) we get 
No 1 Ales dAli8)} = Ny TAGE AG-R)S 4 


meee i () 8; | 
it Gr.124) 


i 
Here the sum ps is restricted by 


+t 2 tp), — Gar. 13 ) 
In this relation all tocal operators have equal degree and dimension. 
For $23 the coefficients are finite in the limit ©  , but 


still do not vanish. However, the appropriate behavior of the co- 


efficients can be achieved by introducing 
Me Atas§) Att) = (- £2) Ny AGE) Al) 


Ge 


Gar.13) 


for c <0, i.e. S< 2 we set 


He Abn\ Ala) = Nis Alt Abe) 
We first check that the new products behave as 


Har SAG-8) ~ sigs = Vip (aria) 


d 


for$—»0 and fe- bounded. 
| 
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Since N ¢ exists with all derivatives of order < c at 
S = 0 we may use the Taylor formula 


(45 Ne = e tp) yy Ng (88) Gir.135) 


ee: & lp), : 


with 
O-60< 1 
Hence 
; 7 et) 
(I-t¢ Ng # yy Ng (68 ~ ve (94 
lp) =c ; 


Since the expression in the bracket behaves like § a for 


S ~o we find 


=.) No ~ 5° Ba's fur 1) 


We will a he No by Mg in (L127). Application of 
l= ce to (III. 129) ee 


LA) At ay = (te) NAb IAG) 4 
Mi Rit " br. 135) 
= § 


Here 


es ) No {Ala Yale, ee = He CA IAG)F 4 
Oh Net Aba) Ma\t| 


wly\ 9 2 


Gr.xe } 


=O 
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It will be seen that the second term of (III. 136) cancels if 
we simultaneously replace the elementary part by the proper part 


in (III. ay Indeed 


35 Ne hla) Ale) = Nig 2° AUDA) + 
ae Bae TAU Ada) = 
, #) § Ww _s 


P), ' 2 A 
a eS) peat, Cae (x,) 
ate: 0. if § ), Pie 
YH, +(p), ‘ +t), 0 
with : 
#(p), 4 #lp), = §-2. 
On the other hand we use (III. 128). For a? 2 there is no change 


TIAL WAG) A, QA alo) yy reer 


since 


For a=2 we have 


LTRALEA CEA ASA a> 
cbela, + #02) 
—— reg om Oy) 


Since this expression is homogenous of degree #(9), + #0). 


one 


(eee 


the operator j — 


§-3 = 2 #(e); = 


has no effect. For 
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Therefore, replacing the elementary part by the proper part in 
(MI. 135) we get a contribution which exactly cancels (III.137). The 


final result is 
Mo TAG) AG) = He £AW) Ala)? 4 
1 z Ee; 4 BEC , 


Z ¥#(0; 
iB 4 = eat" 5 Al&\¢ x 
Caer Ea TH. SAAR) 


, me prop ; 
x He eens a (a.138) 
The sum is restricted by (II. 130). Eq. (III. 138) is a recursion 
formula for M¢ . For § = 0 it takes the form 


T AW) AL) = tAG)AG): 4 <TAGIACHS 


By induction we arrive at the following form of Wilson's expansion 


formula | e - ; tl 
TF Aust) Ate) = E08) 4 Sal E, 8) Be a) 4 
+4, 5 Aba’) MG S)} Gur 134) 


The sum ae over all $ > ef with 


a+ TD He), Se 
d is the dimension of the local operator product 


db = Oo, 2. #(0) . 
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For t+ 0 the coefficients behave at most like 
. A \ (an . 
My, LAQVALS $ ~ 5 les oe d-3 (ir. H0) 
Hence the sum of the dimensions of the coefficients E and the 
corresponding operator product does not exceed two : 
we ek 4-2)) Sf 
as required by Wilson's hypothesis. The remainder behaves at 


most as ; 
H, 3 Maer ®AGeRS wis ae Grn) 


This implies that (III. 139) gives the short distance behavior of 
TA(x, )A(X9) to any degree of accuracy provided e is chosen large 


enough. 


Formula (III. 139) aiso gives the singularities of 
vA(x +¥)A(x -* ) near the light cone iS 2_0 , in agreement with 
results previously derived by Brandt? Y] It should be noted that an 
infinite number of terms of the form 
Rhy patie ig be Be (x) 
contribute to the light cone singularity. The structure of singu- 
larities near the light cone thus appears far more complex than 


near the origin. 


With the results of this section it is easy to determine the 


Singularities of the derivative 
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nes} : 
On Con, T AG) A(x.) (ir 142) 


of a time ordered product. The notation used here is 
ty), a Pi, i Pins) 


ey = ono 

P; P5, °P; jny) 
Since differentiation with respect to x = X4 + Xo does not produce 
new Singularities it is convenient to express (I. i42) in terms of 
derivatives with ee to x and S . The singularities of 

a; T Alva?) A(x-8) (ae 143) 
are then simply obtained by differentiating the expansion (III. 139) 
with respect to & 


tae 
an “T AG ¥) AGE) = 0.) E08) + 


hey + 


hose X 8 als 4 By 


ASE=ay 


sak HEC DAG} ro 


The coefficients in the expansion of different derivatives (III. 143) 


appear thus to be related by simple differentiation rules. 
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8. Singularities of TA(x,)AG,)A(X3) 


The derivation of Wilson's expansion for products of more 
than two operators is a rather complicated problem. In this section 
we restrict ourselves to determining the singularities of TA (x, )A (A(X), 


the only case involving more than +wo operators which will be needed 


in the following chapter. 


Again we use the identity (I. 86), (III. 90) for contributions , 
on ~, i 
CT : Aly.) AG.) Als): Aq) + A(4y) > 
In momentum space the external momenta of [ are labeled as in- 
dicated in Fig. 18. We decompose the set T of all renormalization 
parts containing V into 
5) 
Bye 
j=! J 
where T,, ... , T, are defined as indicated in Figs 1 (1-5), Cor- 
respondingiy' X is decomposed into 
5 
yt 


where for j=1, 2, 3 


and 
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t ‘9 3 Pz fs \, fi i P3 


{ 
: Peapre. (bo 
Figure ig! [. Fique 18.2. re 
Vevechasm toe © € 1% 


cal 
Figure 18.41. Figire (8. 5 
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X, is more complicated due to the quadratic superficial divergence 


of the renormalization parts T € Ts. 


X- 22. Gal Ray Re 


Tel, 


+L. GTC) % Ry, 


ele 


ce 


+) ah sa Peru Ray, O'S R,,| 
4 


Tele 


Note that in Af the reduced vertex W is connected to the re- 
mainder of the diagram by a Single line. Accordingty no additional 


subtractions are taken in R Mfr - 


After application of the integral operator 


Vp, de, de, @ —i Cp fire 4 (5%) S(p + Ty, be \;k, Ake 


eer 


to the identity (I. 86) and summing over all Tone obtains 
XT Ala) AG) Aly): Ald) = 
= <TN {Alx) AW) AL) § Aw.) WS + 
+ G,<TN TAG) AGG.) | Ala): ) cyclin permetochom + 
+ Gy STN TAGE EAG)9 + 
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4G. CT AGYAG) > + 


+ Gd, <T AGW) AG) + 


Rr uA x eee ' iy . 
+ Gy" 3d) 3, <7 AGA) © 7 | 
(ax.i4s') 

We are using the variables 

a! ; gah, 23 
x; x oy ey 

a : Dy x. 

Ke sz \-; + a ; 
Xe = Xie ~ Sie 

The coefficients in (III. 145) are 


G a a CT: A(e 23) AC. aie Nope 
G. = a) LT ACE AL): AUP 


q 


G_ = (ga) STs AUG AGED: Ady 
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Gi =e ea ALE) AGE): Key 


Gt = (ar) Gl <T: AG) Ala): Bete het 


A *() 7 2, Ay) | (aa .46) 
Setting 
Kz Hr, eT x- 
and applying the reduction ‘technique to Gis?) dn We obtain 


SAGAR AWD AG Rs = 
= E (3) A) + Ef (8) Bp AG) +E) Ope At) 4 


+E, (8) N LAG + R&P), Cur. 47) 
with 
R&R) Oo tr FO «ed ne bo. aded - 
vis} 


The coefficients are 
E = (an)*<T: ARS) Al ALS) : Ki” 
Eee =i (Qe) 2 + A(8) ALR): Ayr”? 
Ee § (on <T: ARAL) AGS): APG) 
B= 5 Gan! <7: Atala ALS): Aly 


(ar. 4g) 
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Hove, 


Bo 


2 


iS and of the form 


since ik iS Gen im 
gfe gt (2) 


i 4, oly Some of 
H och technique 
Applying the red m 
we obtain similar 0 Nida Gr 


the : Taek J 
de Sime - ordured probucts 


Ts Aber ¥) Me) AGB)! AG)~ ALyy) 


- She coe Pcie Ee ave 


The dimen sims 0 


ACE )=2 
d cet”) = d(E.) =O 


aug reeonta with Wilson's rele. 


tn 


505 


506 Wolfhart Zimmermann 


IV. Local Field Equationd?#! 


1. General Remarks, 


In the preceding chapter we obtained a general prescription 
for defining !ocal operator products in perturbation theory. The 
method will now be applied to set up finite forms of local field 


equations for renormalizable theories. 


We first outline the procedure for the general case. We 
consider a renormalizable theory with a Lagrangian density 
= ) - 
L049 39 (1) 
which is a local invariant polynomial in the components of the re- 


normalized tieids and their derivatives 
: oF, 
a aan ' — eacslas 
1S Sieg sa ) cs he i ayt 
For simplicity we assume that the coupling terms of a, contain no 
derivatives and have dimensionless coupling constants. The inter- 


action part i is defined by 


Mei oed) fs (wx 2) 


where ml > is the free Lagrangian of the renormalized fields. 


wT 


In perturbation theory the time ordered Green's functions of the re- 


normalized fields are given by Gell-Mann Low expansion e 3] 


ae) te, ya < Tap SLi ate) . eye GY, re 3 
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ra) 
where the 9. denote free fields belonging to o and 
J ° = ; P 
= Int p ee te} 
The main theorem of renormalization theory states that in per- 


turbation theory either 


(i) the divergencies of the Feynman integrals occurring in 
(IV. 3) can be absorbed into the parameters of the Lagrangian (IV. 1) 
or 

(ii) ae can be modified by adding a finite number of counter 
terms such that all infinities may be absorbed by the parameters of 


the new Lagrangian. 


With the appropriate infinite values of the Lagrangian the 


Green's functions (IV.3) become finite in perturbation theory. 


This renormalization theorem was first proved by Dyson 
in the case of electrodynamics. [14] The most elegant proof has 
been given by sesounver, 22) His method even applies to non- 
renormalizable theories in which case however an infinite number 


of counter terms must be admitted. 


Since a Lagrangian involving divergent constants is not 
meaningful the theorem is of heuristic value only. We will there- 


fore avoid using the formal Lagrangian of conventional renormaliz- 
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ation theory. Instead we will introduce an effective Lagrangian 
Le = a eee (+) 
which is used for constructing the finite part of the Green's func- 
tions. In contrast to ae the effective Lagrangian depends on finite 
parameters but otherwise has the same form as x . We decom- 
pose Si EFF into 
Z Pind dare ’ Lan 7 J, dy @s) 
where fis the free Lagrangian of the renormalized fields, 

y \ is the interaction part consisting d non-derivative terms 
with dimensionless constants, and SG 2 is asum of bilinear 
counter-terms with finite coefficients. The Greens functions of the 
theory are then defined by £3] 

= : —_ Lande Ae ° 

al 8, i) $. (xq) ) =i 0°49) far-<) 
The finite part of the Gell-Mann Low series is constructed accord- 
ing to the rules given in the preceding chapter. Though all sub- 
tractions are made at zero momentum the poies and residues of the 
propagator can be adjusted by properly choosing the parameters of 


dy: 


Detinition (IV.6) implies the following relations 
ay { we et os 
N13 an “a axh 3G.tn| a. — 


Oe) ota. ae { | 
a? ax? Ba, x) ay, |. tus) 
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Here N indicates that the occurring operator products Should be 
taken as normal products. We do not give a general proof of re- 
lation (IV.8). The validity of the relation will be obvious for the 


examples discussed in the following sections. 


(IV.8) is a linear relation between the kinetic terms of the 
field equation and the norma! products of the interaction terms. 
Equation (IV.8) may thus be interpreted as a finite form of the 
field equation. In order to obtain an equation for the fieids alone 
the normal products must be expressed in terms of the field op- 


erator. To this end one takes the operator products occurring in 
oa, 
OF ra 


corresponding time ordered products. In this way one can write 


at ditferent points and applies Wilson's expansion to the 


N ee as a limit of operator products involving renormaliza- 
6 vd 


tion functions which may become singular at the origin. 


In the following section the method will be illustrated ‘in the 
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models of A* coupling, pseudoscalar meson-nucleon interaction and 


neutral vector meson theories, including quantum electrodynamics. 
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2. A*_coupling 
2a. Field Equations in General Form 


The effective Lagrangian and the Feynman rules for the model 
of At coupling were given in section 1.5. It is easy to derive the 
following system of field equations for the time ordered Green's 


functions 


— (Dm) <T AG) Aly.) Aly > = 
ELSTON JAW) Aly)” Aly) — Aad TAG Aly) Aly)? 4 
+b ny sm) LT At) Aly.) Aly) ) 4 


re a §{x-y.) <T AW Aly,)> Bb) s Aly)? 
ae 
(wr.4) 


We recall that the Green's functions of n{A (x)} were defined by 
the finite part of the Gell-Mann Low series (equ. (III. 58)) 


KT N § Ale) Aly): Alyy) = 


ZA = Gh e Welnares Reba) Asly,)~ Alga) r (w- 10) 


The first term on the left hand side of equ. (IV. 9) comes from dia- 


grams where the vertex x is connected by a line to a 4-vertex 
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Figure if. 
XK Connected To For-vertex . 


Figure 20. 
K Connected To “Twe - vertex 


Figure 2). 
ye Directly Connected To Coordinede N re 
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(Fig. 19). The second and third term represent the contributions 
from diagrams of type Fig. 20. The last term is due to diagrams 


where the vertex x is connected by a line to a vertex Y; (Fig. 21). 


Applying the reduction formulae to some of the y; we obtain 


(IV. 9) in operator form 
= (Gsm) F AGA AG) = 
= \ an $ Al) 5} Aly): A\y,) _ ta Ale) Aly,» Aly,,) ‘ 


+ db (Dam) TAG) AG,) « Aly.) + 


im erat 


For N=1 we have the field equation 
— (di) AG) = NENA)? 6 Alx) +b (om?) Ald Fi) 
which is equ. (IV. 8) for the Lagrangian (II. 62). So far (IV.12) isa 
linear relation between NA® and the field A . na? can be ex- 
pressed in terms of the field A by using the Wilson expansion 
(equ. (I. 147)) af 
PE) = 2 Ales SAG) AC 8): 


Px 8) ~ ECR) AG) 4 EP (8) 8 AG) 
FES WAG) +E) NEAMT ey) 


v 


up to terms which vanishfor § “CO provided 


vtet 


is bounded. We further have the following expansion of time ordered 
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products | P(x?) Aly,) 7 Aly) me 


~ EG) TAG AWS © Aly) + 
+ EPO TAG Aly) AQUI 
+ EST UR) A 8,* T AD Aly) Aly.) + 
4 ©, UF) TN 4 Mo} AG) AG) (4) 
In a given order of perturbation theory the functions E j be- 
have no stronger than : 


ad ,, o 
ee E,~ 4 ee. 
ys saviet 
E,~ o4s Ey~ e's (1s) 
for a5 with 3"/s bounded. 


Dividing (IV.13) by E, and taking the limit 5—>O we can 
express N{A%} in terms of the fier? 4] 


. = me DALE ean . 
NiWy = be —— f-1) 


The relations (IV.12) and (IV.13) represent the dynamics 
of the system. Combined with the general principles of quantum 
field theory (IV. 12) and (IV. 13) give a description of the model of 
fe eaaipemaastedeumal’” | 

The remaining part of section 2 will deal with the technical 
problem of finding a more convenient form of the current operator 


(IV.16). First the renormalization conditions of the theory will be 


worked out in section 2.b. This will lead to a more natural definition 
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of the normal product fart, In section 2.c the . - dependence of 
the coefficients E; will be investigated. Finally a limit form of 
the field equation is obtained which will be compared with the formal 


field equation of conventional renormalization theory (Section 2d). 


2b. Renormalization Conditions. 


Since the subtractions for vertex parts were made at zero 
momentum we expect the renormalized coupling constant A to be 
related to the zero momentum value of the vertex function. In order 


to find the precise relation we introduce the vertex function 


Ngoryd) = Got ST Ride Rear 
A_(p) » A! ‘(p.) (v.17) 


The perturbative expansion is 
mee a 
Noooo)= -bi)d 4 _ xn) ve (ooee) 


The sum extends over all non-trivial proper vertex parts J with 
four (amputated) external lines. Each T contributes 

Na (p,--py) = \ok,-dk,, RK. CP ty k ok.) 
where 


Ree = @.| 


This implies 


BY (Grae) = ©. 
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The renormalized coupling constant is thus given by 


Meooc) = -6¢) (mis) 

Recursive formulae for the constants a and b were already 
obtained in Section Il, (Equ. II. 76). We will now derive a more ele- 
gant form of these conditions which does not directly refer to per- 
turbation theory. To this end we use the field equation of the propa- 
gator (equ. (IV.11) for N = 1) 

-. 3 é 
y ge Hf n _ i 7 
— (Arm) Ad Gy) = NST NAG) FAG) + 
i 
=) (a- b(0,-mi)) Ap x9) 4 « Sb-y) 
Taking the Fourier transform with respect to y we get 


(pom) a, (p) = Alan)” <T NAc) FA(p) oe 


a (a+b(p-m'3) al OG) 4+< G14) 
We recall that the conditions 
Ane aa ie 
Wwe) =O , oe ie =O (ir 20) 


are equivalent to the requirement 
(pew ASG) =o at fem’ &21) 
if |\ is defined by 
Az = A+ AWA; 
For || we obtain from (IV. 19) 
CTA, = q=") A: —( = 
S eres Nae) Au) — G+ put) AF () 
The proper part < Tw {At $3 Np) > PReP is defined by 
K<TNIAAPAQ = STN LACITAG)Y ALG) 


(xx: 22) 


516 Wolfhart Zimmermann 


Aft 
according to (III. 46). Hence dividing (IV.21) by De we obtain 
. PROP 


ul = d { (an)? TN f Alc}*} AG) == b Opes { 
This shows that (IV.20) can be satisfied by putting 
a= Rr) STN § Ale} AD See pe ST NEA ay 


Civ.23 
As follows from (IIL 82) the normal product "eta! } satisfies the 


normalization conditions 


LT N LAL) AEP ~ G3," LT N fAlht A Ay. 
31 Key \eRoP _ 
KT NAL FAG) DO = Qn) (x >4) 


It is convenient to introduce a new normal product which has norm- 
alization conditions on the mass shell. To this end we define the 


operator product 
fnba?s = NAGS — a Ak) $C oem) AG) — Gas’) 


and time ordered products 


TAG) Aly)» Alyy) = TNE AGI?f Aly)» Alyy) 4 
~ (a= b(Oy4m)) T Ale) Aly) Ay) Gv. 26) 


The new operator product satisfies the following normalization con- 


ditions  <T {A(oj\*} AQ? at = 


o ° 
apt ay } Alc)? § RQ) =O (xe- 27) 
ST TAPS Alopsp PRP = tan (ar28) 
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as follows from (IV.23-25). In (IV.28) we used that 
<T AW Kiayey PR? 2G 
because of (III. 43). 


With the modified operator product ea the field equations 
take the particularly simple form 


— (Dam) Alc) = 2 £AG)?4 (wal 
— Ye Ag.) = AT LAGE AG) AG) + 
(z S(x-y,) TAG) Aly) » Aby) Aly) (az. 30) 


with m and iy being the renormalized mass and coupling constant. 


2c. The Current Operator 


s 


In the expansion (IV.13) we replace N{A*} by the new op- 
erator product ia (equ. (IV. 25)) 
Rt) ~E/A SERA FEI GAAS 


E, fA3t Gx 31\ 


We want to express the coefficients by Green's functions of A. E 
is not necessary to use the formulae for E, which we derived in 
perturbation theory. The coefficients E, * can be found directly 


from (IV.31) using the normalization conditions of {a3} : 
We first determine E a from 
KT PRY AY *) PRP Wg! LT AG) APO? 
+ EPP CT Aad MPV? 4 E;P oO CTA) Mey 
+ Ey STH AWE Aloy3 PR? 
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which follows by taking the proper part of the expansion of oT POYY Ale)? 
With (III. 43), (IV. 28) we nee 

E. (3) ~ x@4) = og * LTP) AL 1 eee (ar 22) 
In order to determine E,', Ey’ and E,' we consider the expansion 

LT Pd) MPO? WB CTAW APT + 
FELPIS LT AT® YOON 5 BLP Op ay STARE" 

+ BLT EAH Acpy > PP 
with (II. 42) we get 
(anh ST POA Pn EE pee 4 


dpe PRoP , 
— feeb + any ¥<T TAA 33) 
Setting p= 0 we find 


E/(S) ~ EQ) 
E "= Qui ST Plea) AY any STAR 
@s) 


Differentiating with respect to oh we find 
vd PReD 
cE ~ QF dO! LT Plot) Ap. 


- Qn\ a am On 1c) sah 


For invariance reasons the right hand side is of the form 


tes) 
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Since on the other hand P(0,%) is even in § it follows 


(ETO tr 35) 


Hence Bah vanishes in the limit. 
Finally pare 
Ej ~ -£ Ga) Oh a2 LT PCORAGDY 4g + 
ites wm vy)  \% v 
43258 C34] > o> KT fA) Tp rier 


For invariance reasons the right hand side is of the form 
I py dyril grey 
BO) ~ gre) - Se oG)  & 30) 
Inserting the results (IV. 34-36) back into expansion (IV.33) we 
find 
Se ES) - pe Ys 


Zz 
i a} o(3?) + ¥(§*) FG) 


PROP 


£(p%) = <T { Ato)? $ Alp)S 
Hence 
Pepe Pec, 
(aay <7 : AG) AG) ACR): ACY 


consists of a directional dependent part 
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and an invariant part 
Teen < i a 
= E,"(3) — 9 E,"(s2) +502) Gp) (37) 


which depends on = and p2 


ot (57) = ie ST PE) Alp) > oe (a. 38) 


only. We may therefore define 


g(S*) = (ar) dp a dw GT Bes) KO? or 39) 
Then 
as Ewe | B=- E," G40) 
because of the normalization conditions (IV.27). Combining (IV. 32), 
(IV. 34-36) with (IV.40) we have as final expressions for the co- 


efficients E j \ 


E‘~ % — 0B 
a oe we ee 


Be 
Hence the expansion (IV. 31) becomes 


P~ ah -e(aswA + 
~YE O20, A + ven (wa) 


Dividing by v we get the following limit relation for the current 


operator ~ sev ~ 
a A= CSO doom 
eae 


(a.42) 
(IV.29) and 8 provide a field equation for A alone. 
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However, it is not quite satisfactory that second order time deriva- 
tives of A appear in the current operator. In the directional dependent 
term this can be avoided by setting g , = 9. In order to eliminate the 


wave operator in (IV. 42) we go back to (IV.41) and insert (IV. 29) for 


(a+ m?) A 
apap 3 

P~aA-FEo + Opes) fat Gras) 
Dividing by AB+ x we obtain a more suitable expression for the 
current nls : 

ea et ee (x 44) 

{a*}= Ea; ) 

340 a 

Here it was used that Q8 as diverges logarithmically while 


the remainder of (IV. 43) vanishes linearly in the limit up to logarith- 


mic factors. Similar formulae follow for the time ordered products 
T {Aw *s AY) + Aly.) = 
: re) AOS we ; 
= LL. Ee-aA, +o" cp ov ie 
$70 AR +y 


PL = TP) AY) « AY) (wr 4s) 
A. =T A&) Aly,) . ACy,.) 
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2d. Discussion of the Field Equation 
With the expression (IV. 44) for the current operator the field 
equation (IV. 29) takes the form 
— (a +m?) At) = 
= hn P&¥) —2l8*) AG) + (9) 22" Ac) 


Jods (32) 
PAs) = : AG) AW} AG-5): @ 46) 
Se i oe?) — F =dBr¥ 
§ ‘ 


The functions ~ , P , & and o are given by (IV. 38), (IV. 39), 
(IV. 32) and (IV. 36). 


It does not seem quite satisfactory that the field equation 
(IV. 46) involves a time ordered product. There are several ways 
of eliminating the time ordered product. One possibility is to re- 


strict the limit to spacelike ES . Inthat case P may be replaced 


b 
; © F) = Ab,) AO, AGG) — CAG AY AUG) — cyclic porrtchons 
eras eX * x Me en 
On the other hand there is a field equation similar to (IV. 46) which 
uses the anti-time ordered product. Using both types of field equa- 


tions, depending on the sign of a , one obtains a new form of 


the field equation which involves ordinary operator products only 
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— (Dew?) AQ) = 
= 1d, LAD =2'OAGD +740) oo"AW) 
fo £( 39 
It should be remarked that there is an ambiguity in defining P de- 
pending on how the directional dependent singularities are separated 
in equ. (IV.36). Another possibility would be to set 
tov vid a ' 
Bb F e gi he(et 
EG e (&") + oh? (8?) 
with 


giv = ee e a) oe) 


This definition of the directional dependent term is distinguished by 
UJ 
the property that 7 ie is a traceless tensor. 
Our choice (IV.36) has the property that for special vectors 
ee 0. Ese) 
no time derivatives of the field occur in the formula for the current. 
This may be more convenient for a discussion of the field equation. 
Combining (IV. 26) and (IV. 45) field equations for the time 
ordered products follow 


— © +w?) TAG) Aly) AGA) = 


ie NCB yg) (v.47) 
tro 1 pls) + G7) 
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N= POE) AG) AG) 4 
+ Coy BBP 2” ~ aE) T Aad Al) AG) + 
+6 2 OU) Shey STAG AG) ADT Aly) 


It is interesting to compare this with the formal field equation 
of conventional renormalization theory. The formal Lagrangian of 
A*_ coupling is 

Y= EAA, ~ Sm AP- RIAL 
where A, denotes the unrenormalized field satisfying the following 
field and commutation relations 

— (D+) A, =A, As 

CA, 6, A, Q)] = iS; &-y) 


a bat xoy, 
[A.G), Asy)] = LA,0a, Ay) 1 =0 


Renormalized quantities are introduced by 


mamittet  Al=2RA  e2,27A 


In terms of the renormalized quantities field equation and commutation 


relations read 


—(f+m>) A = Pre Ane Sm A 
i At), Ay) ar 25°5, ey) fr eae 


(w.4s) 
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The field equations of the time ordered products are 


= (Q.. +n) T AK) Aty,) “Aly,) = 
os Oy eels At)® Ay)" Aty,,) ‘ 
— Sm T Ak) Aly,) " Aly.) + 


aay ae 
ee X Slog.) T Aly» Adxsf> Aly) 
ar 4) 


Comparing these equations with (IV. 46-47) we can express the re- 
normalization constants by the values of the functions o , f and ¥ 
at the origin 
7 er ge 
Z; = 1+ =y¥ =} F +Y 


In perturtifion aa these values are infinite, but nothing can be 


(ar. 50) 


Said at present how the renormalization functions behave for the 
exact solutions. Introducing iN - dependent renormalization func- 
tions Z,, Z, and § m2 by (IV.50) we may rewrite (V.444) in 


the form 


— (ow) AW = Lin $2,(P) Z'©) APGP 4 


ete) 
+ (%,, (sod ~ Su l¥2)) AK) § av.5!) 
: 


Sete. as 
Similar relations hold for time ordered products. 
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It has not been studied rigorously how the wave function re- 
normalization function Z4( = ) is related to the constant appearing 


in the sum rule 
; * 
a = 14+ s dc ec) 0< z,< (| 
“tm” 
derived from the K#llen- Lehmann representation of the propagator 


with weight function p . One should expect the following relation to 


hold 
| 
jee ee ne 
So : H- ob tet: y dx* ele) 


‘tem 
However, the ambiguity in defining @ shouldbe noted in this con- 
text. The condition Z, < 1 implies that the ratio 


B®) 
Jorn 


go (SG) 
must be finite for the exact solution. In terms of g and ¥_ the con- 


dition for divergent wave function renormalization is 


We finally comment on the form (IV. 42) of the current which 
we derived first. In terms of the renormalization functions Ze ; 


Z, and Sm° the field equation formed with this current is 
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(ow )AG) = Lin {XZ P—SaeA + (2,-1) (0 am) As 


S20 
LuVAP Ges) 
If Zoe is divergent we have 
dim % (3) =O 
530 


> 
and (IV.51) is equivalent to 


him 425) GR)—2, OV SWE) AL) + COTM = 0 
$0 


(aw 53) 


Hence for divergent wave function renormalization the equation 
(IV.52) does not contain the kinetic term ina non-trivial way. (IV.53) 
is certainly a valid equation which also follows from (IV.51). But it is 
not directly possible to recover (IV.51) from (IV.52-53) since this 


amounts to dividing by a function Z3 which vanishes in the limit. 


3. Pseudoscalar Meson-Nucleon Interaction. 


In this section we discuss the derivation of field equations for 
the model of pseudo-scalar meson-nucleon interaction. A new feature 
will occur for the meson field equation where two independent finite 
currents A® and y oe fe can be defined. We begin with the no- 


tation of conventional renormalization theory. 
3a. Formal Lagrangian. 


The formal Lagrangian for pseudo-scalar meson-nucleon 
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interaction is 


which leads to the field equations and commutation relations 
Cys He = Alte te 

=u +m,2) A. = A, he i ae Le ve 

T An, Aut) 1 = 684-4) | 

7 | ose 

OA et i S (jy) 


The remaining (anti-) commutators vanish at equal times. 
Renormalized quantities are introduced by 


mo =m + Sm? Hi tie 
A=2,7A, f= Zen 


g rear ae Z, fe Jo yi me Zs ae e 


I 


ti 
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In terms of the renormalized quantities field equations and commu- 


tation relations become 
C-H)P = Z20'g AX} — SHd 
-(naw) A = Ze ae A Ke es 2, 'g4V,+ oor A 
TAG), Ay] = 6 2° 5 Gy) 
= a . ee 
1400, $y) § =e Zy VS) Gs) 
We finally give the field equations for TLE) +(y) and TA(x)A(y) 
(C¥2-H)T HF ly) = 
= 2,279 1 AW 3, YWFy)— SHT HFG) ZB 'Seey) 
—(O4n?) TAG) AG) = 
= 2, AUT AW My) 422597 FOG HK) AG) + 
= car ale Ak) Aly ) 5 2 ; S(x-4) 


Gr ss) 
3b. Effective Lagrangian. Local Operator Products and Operator 


Product Expansions. 


For the definition of the renormalized Green's functions in 


perturbation theory we use the effective Lagrangian 


Nhs | co ae a =o,4 oS @ ss) 
an (av.57) 
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\{ 


d= baLhaXA ~ dah AY 
dyn bi(E yet -a Fart) — nh4 
i> oe g 454A 
d= 40a,+ga,)A7+3Ob+gb)d, 4 
+ ga, + gb, ty, 


rT 


Le 


x59) 


The Green's functions are then given by the finite parts of the Gell- 


Mann Low series 


LTOG) CGI? = 
= Fm ST ¢ Sttmr OP ..0° WY, 


where 


(av-«c) 


O; = ) ss > VE A : 
and O° denotes the corresponding free field. S| m7 iS the 
J 
interaction Lagrangian (IV.57) with free fields substituted for f 
t, or Ae 


? 


On the basis of the Lagrangian (IV.57) the theory of local 
operator products and operator product expansions may be developed 
by analogy to the case of ee coupling treated in sections II.2-%. We ve- 


strict ourselves to stating the definitions and principal results. 


We consider the product 
Qik) = Ou), Q &) . 24), Ru &) (m1) 
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of operators Q; = ; ¥ or A and their derivatives 


2 Q=% ~-d, @ 


Yj “hy, Aire 
(p), 


ei Pies ) 
The dimension d of (IV.61) is 


d=2 4Q)+ > #Y), 
Jr j=! 


Ath) =dAcg)= % = d(A)= | 


Ht); =n(5) = degree of 3q), 


For S >d we define the normal product 


N. £QW)4 (r.c2) 


by the Green's functions 


KTH LQWFO GIO)? = ee gs) 
i\ded 


= Fu 2 a Q,&) OG) On Cay 


Q, denotes the operator (IV.61) with free fields Q° substituted 
for Q- For § > d the finite part (IV.60) is constructed with 


531 


c= §-d additional subtractions for proper parts containing x. 


If the degree ‘§ equals the dimension d we denote the normal pro- 


duct by 


Ni {QW} =N alean 


The difference 


oo ae 


of the number of Ny) -operators and the number of 4 -operators 
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occurring in (IV.61) is called the fermion number of the operator 


product. 


In order to formulate the normalization condition for the op- 
erator (IV.62) we use the notation 


Olc) = Ory, Se. (a) 


, 
~ is q Pas 
where OF, @) ene &); 0; (q) 

O; = aD 7 ~ IR A 


o,° denotes the free field corresponding to 0; 62 means : 


¢ ac me 
© OR 0, () | Co) « On), (c) 
With this notation definition (IV.63) leads to the following normal- 
ization conditions 
K<TN, § Qtyt Oa) SPF aaa 2m Gy. Oia 
(mr.64) 


oe a(<:) + > wy). € § €v-¢s) 


jr! yrs 


provided 


The constant appearing on the right hand side of the normalization 
condition (IV.64) is easily evaluated by using the following in- 
formation. The definition (III. 48) of the proper part implies that 


the proper function 


uy — Q. 0, 5 PR? 
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of the free field products 


Q, a ORCA i by) #, (y,) Hk, ly b) A,() A,@,) 


Oa CREE ACOL ACR IL ACAY Ce VAR 


is given by 
; PROP 
ale ‘ Q 0) = See we de! m r 4 


. Sua! i Sul S,-;, ) as SCA -% ee * 

«S6.8~ Stee), SQi-95,) 5 YoY, | 

cue). ez, 5 (ar.cc) 
The sum extends over all permutations 


CRO yes. 


Creag by Cr =) 


(IV.é6 ) vanishes unless 


¢ ( 


an=4 b=b' C=C 
For an ordinary field operator O = Y, ¥, or A we have 
eo Hee) | OMS) ORY” = o cm) 


except for 


Ly {4 (ot Geigy? = bg $4) 
ee si {4 Gos +, (4)) Ger = Seg $«-y) 
<T LAWS AG)>?™” = Sex-y) 


69 


il 
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Finally we state the results concerning Wilson's operator 
product expansion as far as needed for the work that follows. In per- 


turbation theory the following expansions hold 
T Abs 3) 46-5) ~ EB) B&) Cr.64) 


T $ad)He8) ~ 2 EG (EV BG &) (ar.70) 
T AGS AG) AGT) ~ 7 Ea B &) (x71) 


In (IV.69) the sum extends over all operator products (IV.61) of 


Fermion number one, degree 


$= dCA)4 dc) = Vo 
and dimension d <= §. In (IV.70-71) the sum extends over all 


local operator products (IV.61) of Fermion number 0, degree 


§ =d@)4+d(¢) = 3d(A) = 3 


and dimension d <§ . For 


S=ViFY Oo 


the coefficients E behave no more singular than 
es ~(%2- : 
Eas (S/a~ AC8;Y) 
en) (3 d(8,)) Gr7) 


Ei; ™5 ~G- d@B,,)) 
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3c. Field Equations and Renormalization Conditions 


Definition (IV. 63) leads to the following relations between the 


fields and the normal products of the interaction terms 
Gynt = 3 N{A¥,4} -a,4-b,G4o-n4¢} Gr73) 

~ (aim? A = A{ NIA} 0, A 46, (arma f+ 
gi NOTH} aA ebaaueA} (oem) 


Combined with the general principles of quantum field theory (IV. 73-174) 
and the expansions (IV.69-71) give a description of the model in finite 


terms. For T HY (y) and TA(x)A(y) one obtains 
(.89 -H) THQ)¥4) = 
=g1 ¥5N £ Aw) HK) F Ply) — 23 T PK) Hy) 


fa Seana be Sixy) E75) 


—Q+m TT r AG) AY) = ae 
=A a N AQ? My) - —aQ, TAG) Nu) +b. (oan?) TAG )Aly)+ 


: gl T NA Pay, a} Ais) —@z TAG) AG) +b, Come) TAR AY 


+4 § (x-y) 10) 
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Similar relations hold for time ordered products of any number of 
operators. 


For propagators and vertex functions we use the notations 


(II. 30), (IV. 17) and 
LT ip) Fay A(R = 
= £7 $69) $6) Aly” 8 (prqek) 
Lae ce $(q) A(T = 
= (any S -(p) At (R) Flog) S,¢ (~) 
(z.77) 


In addition to the renormalization conditions (IV.18), (IV.20) we 
require 


(Sp -H) 36) = ¢ ch tol (ar.78) 


T (coe) = Cg ¥s (wn) 


(IV.18) and (IV.79) are automatically satisfied due to the fact that 


and 


all subtractions are made at momentum zero. 


For the function [| we obtain from (IV. 76) 
OW = (an ACK — a,~b (ptm) + 
+ Gr) 4 (f -a,—, (pem')) 
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—-— £G) = <N tht)? f HG) Y 
BOP) = <n LP) %, He} Aly 


(IV.20) and (IV.21) can be satisfied by setting 


or) = aia 
oma 


(Gre $0) 


In order to satisfy the renormalization condition (IV.78) we introduce 
the function ma by 

/ / 

——— Siz + 5 r on Se 
Taking the Fourier transform of the vacuum expectation value of 
(IV.75) and dividing by S},' we obtain for 2_ the formula 

iE =g { M(p) ~&5—b; p-H) f 
Ao) = (25r)* <TN f Alc) J, Ho) f +(-p) > 


Setting 
sedG) b= Sah tit Ges) 
we obtain 
= | 
ao, O° oe Ip (=.92) 


which implies the renormalization condition (IV. 78). 


With the new normal operators 


EAb)Y- WI} = NEAOK, Hof -a P -bs (a- AY 
(Aud, = ME Ae)?F ~a,A +5, Conn) A - res) 


sz (iss) 


£0) % Md} = NE RIG el f- ales (om dA 
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the field equations can be written in the form 
(Vo HY = g LAY, + (Z- se) 
—(ar)A = AtAS +a fe E%h Orsi) 
Moreover, time ordered products 


Tl EOL GIO? 


OS Gh aR ss) 
0. = f, eae A 
are defined by 
Bic. [ LAG) uy afc] = TIN LAW), taf c]+ 
-a, T[4aio} ~b IT (¥-H) He) OF 
ars 
Similar definitions hold for 
T Ltawtte] TIL FQx- wiley 
Tie) y (y) and TA(x)A(y) then satisfy the relations 
(.%9-H) T Hy Ply) = Ge) 
= 9 TAG), HoHy) +6 Sir-y) 
= (n4m*) T Ak) Au) = 
=i ie [Aves pty) i 9 TAH) HOA) + Sey) 


- rap) 
(Similarly for products of an arbitrary number of operators, ) 
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The new operators satisfy the normalization conditions 


KTH Al) He He) FAG)? <6 


Leriansaapagyice 1%, 
<T FAP TAG =0 ae 
ee ash OC) alam a 
KT { He) %, Hef AG Pc 

aj 


: 
eS TPO Ayo) 
f ; ; (44) 


3d. Nucleon Field Equation and Current Operator 


In order to obtain a field equation for 
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we must express 


the current operator A J f occurring in (IV. 86) in terms of the 


fields A and . We consider the expansion (IV. 69) 
A lye) Hy-2) ~ Eb) 14) + Eby) Hy) + 
+ Ey) N LAG) Hy) f 


yaxrq, 7° 25 


Setting 
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we obtain the expansion 


Pa) = 3 ( Alt) 4AG-8)) 4K) w 
~ Fi(3) He) + WH) 4 
+ Fy@)N £ AW) 4) 


using the Taylor formula 
Hy) ~ #&) + po Ux) 
(up to terms of order s? ) and 
N Aly ely) f ~ W LAk) Hf 
(up to terms of order s ). Expansions similar to (IV.95) hold for 


time ordered products 


T PVG ly.) - On (yy) 


We determine the coefficient F3 by considering the expansion of 


LT Ped) Nl) Flo)" 
Using the normalization conditions (IV.64) we get 
R~ 688) = 


Lime Zz : lod p (one PROP 
= Gay <P 8) Ale) Ho) 
Replacing Y;N{A¥} by the new normal product {A ¥ 5} (see 
equ. (IV. 83)) expansion (IV.95) becomes 


Pr EP 4 Fath + Y{AK4} G47) 


(4) 
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In order to determine fae ; i we consider the expansion of 
LT PK) FG) ~ ET EME QI 
$F Os LT IU EG YET IAL bol GQ” 


Using (IV.68) andsetting x = 0 
(25)* <TPlc8) F (pyre rye aad 
Hm) *¥ KT {Ae He} F( im 
The coefficient F,/ is found by setting p=0 
F(t) ~ F"(§2) = 
= Qn)* <T Pls) Foy? 


es A Prep 
—Qny ¥ <T IAI HO} ¥ lc) x49) 


Differentiating with respect to pr we get 
Pas (2m) O2 ST PR) EG pce + 
= (an) VEX TIA, HOPE 


The right hand side is of the general form 
w= {¢G ) 


Bo ~ Xe < sr — a(¢4) 
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Other terms permitted by Lorentz invariance are excluded since they 
are odd under the transformations $3 f$ or ¢—+-§ 


Inserting (IV.99) and (IV.100) back into (IV.98) we get 
(amy ST PDE Ww FR + 
ODP) + DW oe) ve Ky) 


(Facey 


PRoP 


Lop) = Cam <T [MOY HOF FG) 


This suggests defining the invariant part of (IV.98) by 


Qr)* Inv ST PF) vin = 
any ‘ (s") i (¥p) F,"G?) AG *) €) (Be2) 


which depends on re and ¥p only. We introduce the re- 


normalization functions 
a3) =r)’ Tay ST Red) BQ? (Gres) 
Bue) = (any eG) Tnu ST PDEPYEE Geer) 
In terms of and 6 the expansion (IV.97) becomes 
Had) ~ ah § 6 Cvashhp — aH, 2p + 
+ ¥ {AX 43 Gros) 


“fi te 
a 
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We finally eliminate the kinetic term (i¥a - M)P_ by inserting 
(IV.86) into (IV. 105) 


PuB~ a P— odd +(gher) FAVE — Grte6) 
Dividing by g bry and taking the limit $—> © the following 


formula for the current results 
FAW, 4} = An “SS 
5 : f>0 AG) 


Ntcd) = Ped) —eQe) uu) +r" (EI, 
A(¥) = gh@) 4 y(e) 


ote) = ie 6( 3?) 
5 &x. 107) 


Combining (IV. 107) with (IV.86) we obtain the Dirac equation in the 


form 


Mut) 
asi ae & ws) 


In a Similar way we get the following field equation for T + (x) Y (y) 


)- - ae N (x &4) 
a aad 


N Fy) = T P&S) Hy) ~alFy TYG) Hy) + 
$ OPP), Op T HO) Py) 49) Sey). 4) 
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Analogous relations hold for arbitrary time ordered products 


T ¥&) CG (y,) rr Coe) 
0.= 4 Fur A 


3e. Meson Field Equation and Current Operators 


In the meson field equation (IV.87) appear the two normal 
products {P Vc Ww } and {a3} which must be expressed by the 
fields. This will be accomplished by studying the expansions of the 


operators 
PB) = 5 POE HR): + 31 POR he eld) : 
and (aw. n0) 
Bas) = SAKE AG) AGE) ! aay 


in terms of normal products of degree §=3 (see equ. (IV. 70-71)) 


P~ FIA + BAPO A + Birvd3, A + 
+ FINS {A*} + FPN AAT + 


tFONSPeh e RN ERE Gea) 
We determine the coefficients Fi, eet F) by using the expansions 


of the Green's functions 


<T P38) KO"Y 
By STP; CoB) KV AG p< 
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LTP. (03) $E)¥ GY? 
aT ui (c §) iG) 2 


and the normalization condition (IV. 64) 


ee = ST ehh 


L 


Kid = Gate e, ct) Fo 
| / PRs P 
Feit = i Gat CTP, AAO AQ, 


5 


= Qe <T Pl8) El) 4,0 


mer 


eee <A>? '°” 


tos 
FF.” is of the form 7 

LY aay 

ns) 
i 4 oe 
and must vanish since even in rs ; FE, depends on € and must 
: i) 
vanish since odd under space inversion. For F.” we use the 
notation 
= ¥,, (e?) 
2 

ra is of the form 


F? = ¥, 3. ¥") 
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Terms of the form %€ , ve Xe (times a function of 3 ) are 
excluded since odd in $ . Aterm f($*) cannot occur since FE? 
transforms as as 
F, (= 3, Fe 
under space inversion %f}? . 


Using this information and replacing the operators n{y - y } 
and n{Aa>} by {¥¥-¥ } and a3 the expansion (IV.112) becomes 


barns mail BS yy, 
YP. ~ Pe er oe ei apy A + 
i 


LY LBY YE +¥,, 1054 4) 
The determination of the coefficients rape oer F,"! follows the 
same pattern as in section IV, 2c. We give the final results only. 
The Green's functions 
y ya PRoP 
KT P08) AG)> 
are of the general form 
ey NY ‘Pee? 
QarjtSTPlS)AL)>  ~ 
2 c Pee Pp 
~ (an)* In ST Pe 3} RG + 
vee 
+ vat o,, (t+) (wus) 


where the invariant part is a function of =~ and p” only. 
Defining 
; ee Peery 
($+) = (ax) din <1 (c¥) Alp)? +, 
Gwe) 
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BP) = Gol ge Te STP CMY Gu) 


poor 
we have 


us ~ a A ~ BCA + 


~ GP LYALL LF Gnd 


where 


gt = EE gps 


B) a2 
5 
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The kinetic term ( [J + m?) A can be eliminated from (IV. 118) by 


inserting (IV.87). This leads to 
a Y,, CP + 8, fa ae 
Pi ~ ¥, feysp+ ¥, 144 
y= gh +h Yr = 982 t Yon 
Bi = NB tM hp = he 


where ; 5 
Pls P. + OP QA aA Ears) 


Solving these equations for {$y and +47 {we get the following 


expressions for the current operators 


S ao. WE 
(Pyti<de Se w= Em) 
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(IV. 122) combined with (IV. 87) 
—(orm)AG) = 9 Spy} + 1A} 
represents the limit form of the meson equation. 


We finally give the corresponding equations for the operator 
products TP j&3 )A(y) which we need for a comparison with the 
conventional renormalization constants. After elimination of the 


kinetic terms we have the expansions 
TR GY) Ay) ~ of TAGAG)— 5!" T AL WAY) + 
+ (48, YT {Fy tor} AG) + 
+ (46; +3.) 7 TAG] Au) + 
+ Bo Sc-y) G13) 


PG By) ~ Yj T {Pony He) FAL) YT {AGS Ab) 
with @w. 24) 
Pp = 1k (x3) Aly) = ot on he W)Aly) 5 


J 
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Solving these equations for TP, (& $ )A (y) and taking the limit we 
get 


TIPO Fe HO} Ay) = Len A 


8206 X 
sian tN : 
T {Aw?t AG) = Jom (arn) 
eee yo RP 
N= : Je N, = h ‘ 
eos %," 9! 


3f. Comparison with Formal Field Equations 


In order to write the field equations in a way resembling the 
formal field equations we introduce the following renormalization 


functions 


Zz = yo z= igs 


of 
Se aes 


fe) 


E.G See as 
Ae = ‘Se = (4 = GB+¥ 
pS a oH AY. 9G Yi2 

b W 
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gT Maran pa BP 
i —_—_—_—— 3 3 es 
3% : 
13 (9¥,,- rh) 6, + (A 5-9 % a. 6, 
& : ; 
: 
ie 1 lie 
a oy ae 1 
With the exception of t, ive and G ee all functions de- 


es 
pend on $. The differential equations of the fields and propagators 
then take the form 


yer = 
= hn (ZZ GP + T3,4 -SHP) Gens) 
S30 


—(D+m*) A = . (ies 4 P+ 22, ae + 
+ heey [Se A) : & 24) 
C2, -H) T Hl Hy) = bo Ry (wn) 


nen) TAs) Al) = Jim Ky G31) 
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R= Bag T PGE) Hy) + 


i} 


PTE Y, 3S T HOG) + 


-§H THQ) ly) + a Sx -y) 


Ry 7 24% Gg TP lt) Ay) + 
tZ™ 2° AT RERAG) + 
+ Td, 3y* TAG) Ay) + 
~ Su TARIAW) +2, SG-) 


These equations correspond to the formal field equations (IV.54-55) 

with the renormalization constants replaced by functions of $ : 
Since in the formal approach Ze (0) and Za (0) represent 

the same vertex renormalization constant Z, one Should expect a 


relation 


Z*(y) 
Zs *) 


Sin 


Joc 


to hold. 
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4, Neutral Vector Meson Theory. 


4a. Formal Lagrangian. 


In this chapter we consider the model of a spin 1/2 field in 
interaction with a neutral vector meson field. Even from a formal 
point of view the renormalization of this model presents a number of 
problems. The most natural way of describing the interaction would 


certainly be to use the Preca Wentzel — JI 
{= = -tV fey, ioe Esha 
+4i (9, i"), ‘ages bs . — 
Palas (qr. 132) 
= ~ 9% Map 


Unfortunately, however, the Feynman rules pertaining to this 


— “i 


Lagrangian satisfy the criterion of a non-renormalizable theory, 


the reason being the two additional powers of momentum in the 


meson propagator y 
v 


J ev 


D2 a = ize 
n ie [72] 
way out of this difficulty was suggested by Stueckelberg 


who treated the model by analogy to electrodynamics with a La- 


grangian which requires an indefinite metric in Hilbert space. It 
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is not an entirely trivial matter, however, to write such a Lagrangian 
in a consistent manner. symangtl’ Bla ntied out the renormalization 


program for a neutral vector meson theory using the lutte? 


L= kA AL + tm2A AM OAS 
SCE SLL a8 se) -NEd+ 
a. (77.133) 
A = 27a” - OPA” 


On the other hand de Cala | developed the renormalization theory 
of this model by generalizing the treatment of electrodynamics by 
GosekamenaGeie | “Temapienpins-ctnothmetodsare 


equivalent. 


We shortly summarize the results. For (IV. 133) the free 


propagator of the vector meson field is 
Svs 
dk = woe ce 
hence the theory described by (IV.133) is renormalizable. Re- 


normalized quantities are introduced by 


ae eis _Y 
Ar =Z, AP V=Z a ae (o 
“= m+ Sm H=H,+5H 
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The field equations are 


(Sd-H)P = edALP - SHY (ar. 34) 


ey, Lees = epee ae v) 
he) A = aan ( €{4 ay A on oa Pe) ayA 
= -| =; l = 
4" ee (ar.35) 
The current is conserved and dy Ar satisfies the Klein-Gordon 
equation 


(Q+m*) dAY =O 
The operator products “T Hx) Hy) and TAWA i y) satisfy 
(c¥A-H) T H6) 445) = & T AG) % 4) PL) + 
— SHT Yl Hy) +o 25° Sk-y) (ere 136) 


Dies ee 
ay ee A Lek) A, \y) =e (eT yl) A,(,) 4 
. : = -\ : 
—m | Vybd A,'y)) ~ Jew & Z, Sk-y) 
@&. 31) 
Similar relations hold for arbitrary time-ordered products. The 
field 3. Ar describes free ghost particles of mass m 


which require an indefinite metric in Hilbert space. A vector field 


describing the physical particles can be introduced by 


Paes 4. d, dy A Gr.138) 


mt 
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Vs and oy AY commute at all times 
[VW 3,4) ] =0 


The physical states are defined by the condition 


(,Arw)” E =o 
Changing the coefficient of (9 par 2 in (IV.133) by a finite 
factor would lead to ghost particles of a different mass A sue 
corresponding formalism describes the model in a different gauge. 
The renormalization constants Zo ? Zs ; $m? and §M canbe 
chosen such that the perturbation expansions provide finite Green's 


functions of the renormalized fields. 
oe F 
mse a (a 134) 
is a finite constant depending on the finite parameters of the theory. 


It occurs in Johnson's sum ruld® ol ) 
: = Gc ; 
+:-+4 + \ Ax* = (He) 
m mM xt 
where , is the weight function of the meson propagator. The sum 
rule follows from the canonical commutation rules of the Lagrangian 


(IV.133). (IV.140) implies 
= z 
m tm G4 ') 
Finally it should be remarked that the Lagrangian (IV. 133) 
has only been shown to be correct if the limit is taken from a gauge 


invariant Pauli- Villars neguitvizatien®) For a more general regu- 


larization one needs additional counter terms in (IV.133). This 
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generalization was studied in detail by Symanzik > 6] Formally the 
field equations (IV. 134-35) are invariant under the gauge trans- 


formations Sah 


ALG) A) +O, Ate) tele £L«) 
provided 


(D-+m7) Aw®=0 


4b. Effective Lagrangian and Renormalization Conditions 


The theory will be based on the effective Lagrangian which 


is the finite version of the Lagrangian used by de Calan 
te Jot Or — poets @&42) 
eee Gr) 
{=-42,A0°A, + emt AAP 
Ly = $6089), ¥ 2, vp) - 194 
nee eA, bale 
La € ee a (s,4"y) . ebd, tec py 


We briefly comment on the special form of ¥ 9° A change of the 


(ar.144) 


if 


coefficient of ( oy Ar 2 would affect the mass of the ghost particles 
aS was discussed in section 4a. With the present choice the ghost 
particles have the mass m of the vector mesons, For a more gen- 


eral form of the renormalization conditions one would have to add 
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counter terms of the form 

() Frdr ja, =) Gay” 
We do not include these terms but adjust the vertex function and the 
four-meson vertex at momentum zero. The second subtraction of the 
fermion propagator is also taken at momentum zero. This "‘inter- 
mediate renormalization" was introduced by Bjorken and pre In 
this renormalization method it is possible to take the limit to quantum 
electrodynamics without getting infrared divergencies for the Green's 
functions off the mass shell. While it is possible to include terms of 
‘type (1) and (2) aterm of type (3) would be inconsistent since it 


leads to scattering between physical and ghost particles. 


Most of the definitions and statements of section 3b may be 
taken over for the interaction Lagrangian (IV. 143) replacing pseudo- 
scalar fields A by vector fields Ay . Instead of equ. (IV.66) we 


have 
Peo? 


aie), Cn ae), ial ZY. 
Seg. Spe SG i-4},)« Se-y4j, 


x 4p. ae Ove be, S(z, ae) Coan) 
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where 


Qo = BK) PG Ede KiydAcy, d= A, (2) 


0, = ob.) Blyde Lg hog Gel, @ 


For a vector field the proper part of the propagator is 


ae PoP pe 
KT f Alot Ay [yg = 9py S&-y) (x 47) 
We have the following relations between the normal products 


of the interaction terms and the fields 


(i¥o-M) P one (Nf 9A, 4} ~c) tw 149) 


wm?) AL = {4r5-aVv" + blower) A 
G ) . e(N ir y) ra 


yr= Ar + a” a, A? 


Similar relations hold for arbitrary time ordered products. We 


will only need the relations for two operators 


( ¥2,-H) T HaivG) = & isc) 
= OTN {IA G) HF Fly) -ecT Hd Hy) 44 Sbe-y) 
(O12) TA WALiy) = eT NL; (of Ay) + 
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~ea VAW)Ay) S58 TAU Aly) ~cg. 4 Shey) Es) 


The vertex function is defined by 
<T ¥ ep) AM) ¥ ° es 
(= 2) 
vp. A 
s! ot) A rll Pr’ (pq #) S2 () 


ee 
The renormalization conditions are 
Ay : 
(p*—~) A. =¢ at p=w Ge. 153) 
-+) Se #O Ah Sp =H (154) 
filoeciee .¢ 7" (ar. 155) 
Al 
Here A ; 18 defined by 
A A 1 : 
Bit = gt Alte’) 4 Yk’ He") 


The condition (IV. 155) is automatically satisfied. In the following 
we check that the conditions (IV. 153) and (IV.154) can be satisfied 
by choosing appropriate constants a, band c. We define TT" ” by 


{ ne ——pA 4 f 
sae = ae + Ane re he (152) 
and decompose 


i oi a Tp) + pnp XG 
(IV. 153) is then satisfied if 


Th (ue) =O a: oO ot p° r ad 
P 
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From (IV.151) and (IV. 155) one obtains 
i Wow = @ {(2m) <Ntj,Co} LQ A4nuF 


~b (pm) Gey t ae PrP» j 
Setting 
Qn) ZN tert Ay” = Guu Fl + ts Cp) 
we find 
i = e(F-a-blptor)) 


and the following relations for a and b 


dF L 
ae Se dp* vee pom 


In case of the fermion propagator we have . 
LX =e Seany'< Ni vA UOFEpY =e | 
Setting i 
c= GION Yayo) BFC 
it follows 
L=0 4 =H 
which implies (IV. 154). Since we did not introduce a second counter 
term we have 
dy = Cp) =O at \ a O 
For mf 0 it is possible to normalize the residue of the pole of 
S;,' by adding a counter term ed ne to (IV. 145). In the limit 
of quantum electrodynamics (m ~»o ), however, this is not pos- 


Sible since 
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9<N {yPALle) Me) EE EPS? 
Oo (Sp) 


becomes infrared divergent at Y p = M. 


In the work that follows we will frequently make use of gen- 
eralized Ward identities. It has been shown by Brandt that general- 
ized Ward identities hold in renormalized perturbation theory of 
quantum electrodynamics. [13 4] His results can easily be extended 
to the case of a massive vector meson theory with intermediate re- 


normalization. 


4c. Dirac Equation 


A special feature of the formal Dirac equation (IV.134) is 
the fact that the renormalized interaction term SAY is not 
multiplied by a divergent faeior. This property is due to the re- 
lation 21 = Zo . In this section it will be confirmed that the product 


ie s) = aT ( Yu A (x4 ) + YAY -R)) Hy) iw. 157) 


indeed requires only additive subtraction terms in the limit =-0. 
We start out from the expansion of the operator 
hae 8) = 2 TCA C8) +A, G3) 46) (ais) 
PPts) Ee v4 CM oy¥ + Ey NTA, +4 
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The coefficients behave no more singular than 
; wh G > py be 
es as ET i «Lis 
(z154) 


for oe 
c= Viv} 20 

Similar relations hold for the time ordered products. The coefficients 
are determined by the normalization conditions (IV.64), (IV. 146) 

ey pe 


= ied mt ~ pe ee bee. “py yas 
Es tials bwEe E, E. 


EP = arr fata) Heys EO” 


Eh = (aro LT LAME) Me) Fa” FO” 


( 


ES = Galt ST LAM) HO} AD FOYO_ 


if 


Qn) ST LAME) HEA) POY + 


ae 
“4 ber: 100) 
Setting q = 0 and taking the Fourier transform of the Ward identity 
ST {ALR $0) $Q) >” = 
~ BO Tf A iy HOI) AC0y™ 
with respect to k we obtain 


Es (S= «ele 48) i Gv.(6') 
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This relation is responsible for the absence of the multiplicative re- 
normalization function in the Dirac equation. 

The treatment of the directional dependent singularities is 
more complicated than in the case of the pseudoscalar interaction. 
We indicate the necessary modifications. The functions Ej? and 


Eo have the general form 
gE! P= Q, ee tr (yt) (ar. (u2) 
Beers REY + by ot” 


Other terms (permitted by Lorentz invariance) are excluded since 
they are odd in BN or under space inversion. Inserting (IV. 161) 


into (IV.158) we obtain 
Pm Nia} FE bs 


FEY (a, $5cen fA,43) 


j= \é 3) 


ee pi: YPEL ~ YN GASP EM 4 
FES YP tee {A YE) + 
FES CD EY OF tent avd) 
fe) 
where 


Bee 


c 
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In order to avoid implicit formulae for nfaP 56 } we have to elimi- 


nate the term 
(Ys)8. WEA 


on the right hand side of (IV. 164). To this end we return to the ex- 
pression (IV. 158) of Life and form 


¥y ever bie Se C, ¥y och {AYS + G¥ + 
tGBP EOF FYE fecenf{A8) 


c = ¢. (3) 


Solving this equation for (3 Hyer ys A. yf 
result into (IV. 164) one finds 


P~ ern tad se + 
+E, ¥" GLY vce M fALt}) + co Ws) 
eee (x%) ou (o.+4 ce Pi.) 


Next we eliminate the kinetic term (¥9-t) 4 


and inserting this 


by using (IV. 148) 
Tee NiALSt wee w 4 2H) Eo - 


+E CVEVEY OLY +ceP,,) 
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Solving this equationfor ¥* W$ ALYs we find in the limit 
BPN TAL GH} = 
ay ee $4, +(¥%) t ie, (a4 +e?) 


Se 
No multiplicative renormalization function appears in this formula 


for the interaction term of the Dirac equation. 


"ae . Ste") 
7G i ee me 
L et es 
The final form of the Dirac equation becomes 
ew = 


se e? ~SHY + ur ulass eb) 
$ee & 10) 


where the complete 5 -dependence is given by 
qi F = $T ( AYGcs§) ¥AML-8)) dd) 
7 SH = Sue) 
ia 
ase al¥?) (17) 
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4d. Vector Meson Field Equation and Brandt's Form of the Current 
Operator | 

The field equation of the vector meson field (or the potential in 
electrodynamics) is particularly interesting because of the phenome- 
non of gauge invariance. Important work has been done by R. Brandt 
concerning gauge invariance and the structure of the electromagnetic 
current operator. rH] In this analysis it was shown that the directional 
dependent singularities of the current operator are closely related to the 
gauge invariance of the theory. Toa large extent their form is deter- 


mined by generalized Ward identities. 


In this section it will be shown that for a massive vector meson 
field equations of the form 


~ A = bem 25) Z Qe i &S) RV} 


Fac 
— 6 TA,pG)A,(y) = 


= dasw | 26°8) {ZG ET 4 UDA) ~ TVA, 4) fs 


F360 


= Gun & 28) 664) J 


hold where ‘m is a finite constant and iy (x=) has the form of 
Brandt's electromagnetic current. Brandt's field equation for the 


electromagnetic potential then follows by taking the limit ioe 
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To simplify the discussion we assume that the vector = is 


Spacelike. In the work that follows Rem, always means that 


the limit is taken with 


2 s 
= <O ) Vie) Doomed 


We expand the current operator 
Papxd) = & PUNY, Hct) +5 PI Ua’) rd) 


with respect to local operators of degree 3 


ieee Per ame er. 3) AD + 
PEP OO AY PEON TAA Abt 
+ BPN EH} + ENS LMA + 
+E ON fA, (AI (am) 


In the last term we combined 


EPO S CN Wch + ERY NEA, Ack 


& 03 


Hence Eg is Symmetric in kK and ¥. We can also arrange that 


Ey is symmetric in K and A , E, symmetric in Vv, K, and 
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E, symmetric in y and x. For the first term we have 
7p 
E,~ <R.&iy=o Gr-.173) 
since a is the even part of 


J.(83) = <T POSE) = 


©") 


2h Gy 
The normalization conditions (IV.64), (IV.146) imply 
> OE. { 2 
Ese (wr ns 


where the E,' represent certain Green's functions 
ures) 
aes Lea pe, ; VRP 
EL = On <1 eA oe 


{wa 
= we == 3 (on)*<T PMos)aD’ oye 


BLP. 1 oa er Pld) ROAM) 


ppowr 


a4 Sex en ae AC?) ¥ >» Kc vee 


Similar relations hold for E,', Ee" and E,'. For the time being 
we only need the information that the E' are even functions of S 
which transform covariantly under Lorentz transformations. Lorentz 
invariance implies 


E pow (~¥) oa = ace ag = 
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Bye SPRY) 4 Kah + 
a Ky on - 177) 
ola = oa ie” 237") 


In (IV. 177) y,-terms were excluded using invariance under space 


inversion. Since all Ej are even functions of $ it follows 


< es 
ee 0 


EY = dunk yrY = XK, gee 
Gr. ng) 


With this information (IV. j|7j ) simplifies to 
: F ad TS vA Nie at 
Re — ES ae ate eed Oy 8x Ay Ni 


eee NOAA, A,d+ KP NE tt 
ae eth iN) A, d,Ae $ & m4) 


For spacelike ¥< the operator P,'(x <) transforms under charge 


conjugation as 


PKS) > — PF) =~ P68) 
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Since N{ A, ,Ax } is the only operator on the right hand side of 


(IV. i79 ) which transforms even under charge conjugation we have 


1 prkr 
2 ie ies 


Hence 


RPT EPA, Hey Dard, + 


( py«s 
+E, NS AAcAy$ +A N Eas Gc) 


For time ordered products one has corresponding formulae 


with 


T (0.4) 05.) ee hi, or + 

taken on both sides of (IV.180). Brandt has shown that E,'; E,' 
and part of E,' are determined by the function J, (§) which 
was defined in equ. (IV. 174): 


BS =a ea) 
EO = wre FE%g4 THY) +E, 


alee foe a SSS t Sa 
(ar.1s1) 


if 


where 


it pvKy Cc : 
Wy Ae Ey a6 (Ww. 192.) 
for any 4-vector a p and 


KA —t py AK 
es a Ey “ 193) 
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These relations can be derived from generalized Ward identities. 
In the following we check the first of equ. (IV.181). For the proof 
of the other relations we refer to Brandt's original paper. Eo de- 
pends only on the difference of the coordinates of yp and ¥y : 
hence 

EPS) = (an)?2T F (a3) 3 16) Ale) 9? 
We write 

Oo) = ESS) Gi x28 

and take the Fourier transform 


a ° = QT {Fp HOH Ray”” 


= Gap Se IT" pp, o)5 2G) 


Applying the Ward identity 
2 OPS.) = Seip) FP lp,-p, 0) S.'G) 


we find 


a oar £. pyv f 
& (p) (2m) tr v3 S, (,) 
or 


Ces Me BP <T HS) F(-4)Y 


and 


eens) = -2e ” 5's) 
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Inserting (IV.181) into (IV.180) we obtain 
PE TMQ Ele Eee ce 
KY NGF (ar 184) 


where 
Q&s) = -2e SA - toe (FA,)7UeA) + 
tbiet2?N f(a} Gries) 


and E - Pech satisfies (IV. 182-83). Following Brandt we can 


give (IV. 185) a particularly neat form by considering the expression 


xt 
~c2 §_ dn, BX 
N f € ° «t v v 
which is defined by taking the normal product of the power series ex- 


pansion in © . Up.to terms vanishing of order ¢T we have 
Nfe es, 5 ft AG es 

xe | — 2a An = Se (Soa 
- DN (EA) + 4 ce?2” N (5A) 


The add part of this expression becomes 


Es) = ENie™ ae 5 any Bin) ¢ — 4 b (§ > -3)~ 


We Pe ee ee 
@. 136) 
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Since the leading singularities of J p ($) have dimension 3 


it follows 
TAB) Q&S) ~ FO) EG?) G 167) 


up to terms which vanish for +6 


Next we study the term 


EP") 3, Ay 


The most general tensor satisfying (7192) and (i i$3) is 
EB RY E (57) (4 gra +4 we 94 vK -¢ "y O\4 
+R) CE ghey" eh gee * Ree ls 

MA GICRiN Methane 

This implies 

EP dyAy = Fah + Be 5 2A ms 
+R, BE DAL Gu. 183) 
Combining (IV.178), and (IV. 186-88) we get 
Pola Ieee Pr Oya ttt oh At’ > 
TEED" Ay EKNG jt} KLEEN ED 


(av. 184) 
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Finally the term &* eN § j vt should be eliminated on the 
right hand side. To this end we multiply (IV.189) by §¢¢P 
v . ‘ - 
and solve the equation for 5° N ei Inserting the result into 


(IV.189) we obtain 
(Pair N (jr =|) Oh santas 
+a 88, Ot AMS + sal ee 
£0 SEK G&S) Gv 140) 
Similarly 
TRA Aly) ~ KTNE PAA) + IMT ECAR) + 
~1 9, TAG) A) ee eee AY(y) + 
Gi err T Ag le) AYly) + 
+ mS" TP, Ks) AG) (wa) 


In order to construct a field equation in limit form we proceed dif- 
ferently from the previous cases. We first express Nj® and 
TNj? (x) A”(y) by AP ana TA? (x)A” (y) and their de- 
rivatives using (IV.149), (IV. 151): 


NUL} = s0Ape + tVp ©.«2) 
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T ON {jo} Ayly) = 
=F TA, Aly) +t TVG) Ayly) 4 
A dey S&-y) fr. 193) 


S and t are finite constants 
-eb in 
S= ne t= a+ 4 (-eb) 
representing power series in @ with finite coefficients. Inserting 
(IV.192) into (IV.190), solving for oe and taking the 
limit §-+o© we obtain 


? -—5 y R 
Ave aa Ks+h 


(3, t)-ktV,) 
where 
jek) = P (ci) =I, ta) E(c¢) + 
we 5 5, oe ~ Wy, Fr EK Agr +4 


=A Sv es y) 
Similarly from (IV.191) and (IV.193) 


-3°T ALG) Aly) = 
= tin as (Ty KS)AG)-KE TW GIA Jy) 


F220 


| oe e(ks4L) Jre $6 »] 
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The final result we write in the form (IV. 168-69) setting 


kK 


ee =e =y7 
ey ear) | oe ee 


j ' (x § ) has Brandt's form of the electromagnetic current (IV. 194) 
with 
Py WB) = SHG) M8) + (8-2) 


T. (8) = <7 ¥ be XL HR)D 
EGS) > 43N fees dn, avo | - (y-5-%) 


mw 2eeSA ~ See ED) EA + 4 ce22? Nf (FaNt 


® 
We summarize the main results of this section. I was shown 

that the vector field A p satisfies a field equation of the form 

(IV. 168). While the renormalization function Za A is logarithmically 

divergent at § =0 the constant m isa power series with finite 


coefficients. Since formally 

lo z 

m = Zz Mm, 
it follows that the bare meson mass m,_ is logarithmically divergent 
despite the quadratic divergence of meson self-energy diagrams. This 
is not surprising since the current operator j p (x  ) contains a 


term linear in A p with quadratically divergent coefficient in the 
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limit $+ 0 . I this term were combined with Z,"! im? A p 
the total bare meson mass would of course be quadratically divergent 

in perturbation theory. It is entirely a matter of convenience (related 
to gauge invariance, see below) to include the quadratically divergent 


self-energy term in the definition of the current operator j p (x & ). 


Apart from direction dependent terms Brandt's current op- 


erator j pe = ) contains the characteristic subtraction term 
KF 


JG) Ni 1 e dy, AN) t Gr 47) 


The exponential of the line integral is familiar from Valatin's and 
Schwinger's wasn SS external field problems. The original moti- 


vation for this expression was that 


¥+§ 
_ r dn, A’ 
y (+5) re : i. pen #k- =] 


is invariant under the gauge transformation 
At) > A, +4,AG) 


5 —.é& A k ) ; 

Vix) —> e Y (x) 

already before the limit $06 istaken. The current (IV. 194) 
does not meet this requirement, but it is already an important re- 
sult that the contribution (IV. 197) to the current can rigorously be 


justified. Ge] 


578 Wolfhart Zimmermann 


While not necessary, it would certainly be preferable to have 
a current operator which is gauge invariant for § £ 0. Some work 
has been done in that direction, but so far no check in higher orders 


[62] 


Another problem is that the current (IV. 194) contains normal 


of renormalized perturbation theory has been given. 


products of operators A p which have not been defined other than by 
their perturbative expansions. To eliminate all normal products from 
the meson field equation would require to simultaneously discuss the 
Wilson expansions of 

Ws) Y 4G 3) 
and 


A. (43) Ay &) A. Cs. 


Similar to the treatment of the pseudoscalar meson equation given in 


section 3e. 


5. Quantum Electrodynamics 


In this section we briefly discuss quantum electrodynamics 
as limit of a vector meson theory by letting the renormalized meson 


mass approach erie 


We consider the field equations (IV. 166), (IV. 168) which, 
however, should be interpreted as weak limit equations for suitable 
state vectors other than the asymptotic incoming or outgoing states. 

IV. 141) implies —_ 
( ) imp ie aes 


Wo 
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Since 


Stays finite in the limit m ~ 0 we obtain from 


ne 
mv (xr) 
—z =1+wm> to 
ae l+m \\4« ras 
the relation 
ae 
Q. aed 
wm 


mato 


Applying the limit m -— 0 to the field equation (IV. 168) we get 
— By AMG) = hem BU) fe y*Ged) —0"2, AIS 
70 


with the current given by (IV. 194-96). It was assumed here that the 
limit m~9 0 exists and can be interchanged with the limit $0. 

(IV.198) represents Brandt's field equation for the electromagnetic 
potential. The form of the Dirac equation (IV. |66 ) does not change 


in the limit m—> 0, 


6. Further Problems Concerning Current Operators in Renormalized 
Perturbation Theory. 

Our discussion has been restricted to current operators which 
are associated with local field equations of renormalizable models. 
Except for commutation relations the properties of such operators 
seem to be fairly understood in perturbation theory 62] However, 
relatively little has been done concerning the rigorous treatment of 


current operators in general. In a renormalizable theory it is 
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certainly possible to define local polynomials of field operators which 
are finite in every order of perturbation theory. But the problem is 
to find specific current operators related to symmetries or broken 
Symmetries of the system which have certain properties like com- 


Ha] 


mutation relations, divergence relations, etc. 


A particular important case is the construction of an energy- 
momentum tensor which is finite in perturbation theory. In this con- 
nection interesting work has been done by Callan, Coleman and Jackiw 
which seems to indicate that finite energy-momentum tensors should 
indeed exist for renormalizable models ies, tthe problem will be to 
express this tensor in terms of the renormalized field operators (using 
a suitable limiting process) and to show that the space integrals of the 
zero components equal the generators of the translation group repre- 


sentation. 
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